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PREFACE 


In the summer of 1942 it was my pleasure to give a course on Electro- 
magnetic Waves at Brown University in connection with its Program of 
Advanced Instruction and Research in Mechanics. There I not only enjoyed 
the opportunity to test this book in manuscript but, through generous 
arrangements made by the University, I was enabled to put it in final shape 
for publication. To the Officers of Brown University, and particularly to 
R. G. D. Richardson, Dean of the Graduate School, I am grateful for their 
interest in the book and for the facilities which they put at my disposal. 

As a whole, the book is an outgrowth of my research and consulting 
activities in Bell Telephone Laboratories, Its first draft was prepared in 
connection with courses of lectures in the Laboratories’ “ Out-of-Hour ’’ 
program. Courses were given in 1933-34 and 1934-35, for which the lectures 
were mimeographed under the title ‘'Electromagnetic Theory and Its 
Applications.” A third course was given in 1941-42, when the notes were 
revised under the present title “ Electromagnetic Waves.” 

If this book proves to be a “ practical theory ” of electromagnetic waves 
it will be largely due to my close association with experimentalists in the 
Bell Laboratories. Some credit for its final issuance is due to Dr. H. T. Friis 
who for years urged me to publish my notes. To Dr. M. J. Kelly and 
Dr. Thornton C. Fry I am grateful for arranging a leave of absence for my 
work at Brown University. 

I am particularly indebted to Miss dSIaHon C. Gray for her invaluable 
assistance throughout the entire preparation of this book, 

S. A. S. 

New York, N. Y. 

January, 1943 




TO THE READER 


Since 1929 the opportunities for practical applications of electromagnetic 
theory have increased so spectacularly that a new approach has become 
almost a necessity. The old practice of working out each boundary value 
problem as if it were a new problem is being abandoned as repetitious and 
uneconomical because it fails to coordinate the various results. In the interest 
of unity, simplicity, compactness and physical interpretation, the con- 
ceptions of one-dimensional wave theory are being extended to waves in 
three dimensions and field theory is no longer considered as something apart 
from circuit and transmission line theories. 

All physical fields are three dimensional; but in some circumstances 
either two or all three dimensions are unimportant; then they may be 
“ integrated out ’’ and thus concealed in the first case the problem 
belongs to transmission line theory ” and in the second to network 
theory.” This suppression of some or all physical dimensions is analogous 
to the method of “ ignoration of coordinates ” in mechanics; and it may or 
may not involve approximations. It is a mistake to say that the circuit and 
line theories are approximate while only the field theory is exact. In fact 
in many important cases a three-dimensional problem is rigorously re- 
ducible to a set of one-dimensional problems. Once the one-dimensional 
problem has been solved in sufficiently general terms, the results can be 
used repeatedly in the solution of more general problems. 

This point of view leads to a better understanding of wave phenomena; 
it saves time and labor; and it benefits the mathematician by suggesting 
to him more direct methods of attacking new problems. Once these ideas 
are more generally disseminated, large sections of electromagnetic theory 
can be explained in terms intelligible to persons with elementary engineering 
education. 

The classical physicist, being concerned largely with isolated transmission 
systems, has emphasized only one wave concept, that of the velocity of 
propagation or more generally of the propagation constant. But the com- 
munication engineer who is interested in chains ” of such systems from 
the very start is forced to adopt a more general attitude and introduce the 
second important wave concept, that of the impedance. The physicist 
concentrates his attention on one particular wave: a wave of force, or a 
wave of velocity or a wave of displacement. His original differential equa- 
tions may be of the first order and may involve both force and velocity; but 
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by tradition he eliminates one of these variables, obtains a second order 
differential equation in the other and calls it the wave equation. Thus 
he loses sight of the interdependence of force and velocity waves and he does 
not stress the difference which may exist between waves in different media 
even though the velocity of wave propagation is the same. The engineer, on 
the other hand, thinks in terms of the original '' pair of wave equations ” 
and keeps constantly in mind this interdependence between force and 
velocity waves. In this book I have injected the communication engineer's 
attitude into an orderly development of “ field theory.” 

If the modern theory of electromagnetism were to be presented in four 
ideal volumes, then the first volume would treat the subject broadly rather 
than thoroughly, with emphasis on more elementary topics. The second 
volume would be devoted to electromagnetic waves in passive media free 
from space charge; in this volume electric generators would appear merely 
as given data, either as electric intensities tangential to the boundaries of 
the generator regions ” or as given currents inside these regions. Another 
volume, on ‘‘ electromechanical transducers,” would deal with interaction 
between mechanical and electrical forces and the final volume on space 
charge waves ” would be devoted to phenomena in vacuum tubes. The 
present book is confined to the material which would properly belong to the 
second of these volumes. 

It is intended as a textbook and for reference. In it a practicing engineer 
will find basic theoretical information on radiation, wave propagation, wave 
guides and resonators. Those engaged in theoretical research will find a 
stock of equations which may serve as a starting point for further investi- 
gations. 

Chapters 1 and 3, dealing with vector analysis and special functions, 
such as Bessel functions and Legendre functions, are intended for ready 
reference. These chapters are brief because it is only necessary for the 
reader to be familiar with the language of vectors and, in most cases, only 
elementary properties of the special functions are needed. Chapter 2 deals 
vrith applications of complex variables to the theory of oscillations and waves 
and Chapter 4 reviews the fundamental conceptions and equations. Ele- 
ments of circuit theory are presented in Chapter 5; there the three-dimen- 
sional character of electromagnetic fields is suppressed and the discussion is 
conducted in terms of resistance, inductance and capacitance. Chapter 6 is 
concerned with some general aspects of waves in free space, on wires, and 
in wave guides. Its last few sections cover electrostatics and magnetostatics 
to the extent needed in wave theory. The one-dimensional wave theory is 
presented in great detail in Chapter 7, The following chapter treats the 
simplest types of waves in free space and in wave guides. Chapter 10 con- 
tains a more general, systematic treatment of such waves. Chapter 9 is 



TO THE READER 


IX 


devoted to radiation from known current distributions and to the directive 
properties of antennas, antenna arrays and electric horns. Chapter 11 
presents a recent antenna theory and, finally. Chapter 12 deals with certain 
impedance discontinuities in wave guides. 

There is enough material for an intensive six-hour course; the particular 
order adopted is best suited to students of communication engineering and 
microwave transmission. In the case of radio engineers, the first four 
sections of Chapter 8 may be followed by Chapter 9; and in the case of 
students of physics or applied mathematics these four sections may be 
followed directly by Chapter 10. For a shorter course the instructor will 
find it easy to select the material best suited to the needs of his students. 


THE AUTHOR. 
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CHAPTER I 

Vectors and Coordinate Systems 


1 . 1 . Vectors 

Vector is a generic name for such quantities as velocities, forces, electric 
intensities, etc. A vector can be represented graphically by a directed 


Q d 



segment PQ (Fig. 1.1) whose length is proportional to the magnitude of 
the vector. Two parallel vectors PQ and P'Q^ having the same magnitude 
and direction are considered equal. 



The method of adding vectors is what distinguishes them from other 
quantities. This method consists in obtaining the diagon^ of the paral- 
lelogram constructed on two vectors as adjacent sides (Fig. 1.2); thus* 

A.P ri" AT^ = AQ» 

*We shall use no special marks to designate vectors if the meaning is clear 
from the context; otherwise we shall use a bar over the letters. 
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Any number of vectors may be added by using the end of one vector as 
the origin of the next; the vector drawn from the origin of the first to the 
end of the last is the sum (Fig. 1 . 3 ). 

Since by definition 

AB + BA = 0 , or BA = — AB^ 



Fig. 1.3. Addition of several vectors. Fig. 1.4. Subtraction of vectors. 


subtraction of vectors is essentially the same as addition; thus (Fig. 1 . 4 ) 

PQ-BR^PQ^RP ^ RQ. 

Hence the difference of two vectors drawn from the same origin is the vector 
connecting the end of the second to the end of the first. 

The scalar product of two vectors is defined as the product of their mag- 
nitudes and the cosine of the angle between them; thus 

A * B ^ {A^B) = ab cos 

The scalar product of two unit vectors is the cosine of the angle between 
them. Two vectors are perpendicular if their scalar product is zero. 
Scalar multiplication obeys commutative and distributive laws 

A-B B-A, {A + B)-C^A-C + B C. 

The component of a vector in the direction defined by a given unit vector 
is the scalar product of these two vectors; that is, the projection of the 
given vector on the unit vector. The direction components of a vector 
drawn from point P(a?i ,71,21) to Q{x2yy2^^y taken in the positive directions 
of the coordinate axes, are the differences ^2 ^ y2 “■ Ji> ^2 “ If ^ 
is the length of the vector and a, y are the angles the vector makes with 
the coordinate axes, then 

PQx == ^2 — -^1 ■= / cos a, 

PQy == 72 -JVi = /cos ft 

PQz = 22 — 2i = / cos y. 

The scalar product of any two vectors may be expressed as the sum of the 
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products of their direction components 

jf jff At Aft I a! Aft I At Aft 

^ Jly^y “f" ■ 

Hence the cosine of the angle between the vectors is the sum of the 
products of their direction cosines 

cos ^ = cos cos a^J + cos cos + cos cos a'/. 

The vector product AY. Bor \A^B\ of A and 
5 is a vector perpendicular to both, pointing 
in the direction in which a right-handed 
screw would advance if turned from vector 
A to vector B through the smaller angle 
(Fig. 1.5); the magnitude of the vector prod- 
uct is the product of the magnitudes of A and 
B and of the sine of the angle between them, 
that is, the area of the parallelogram con- 
stmcted on A and B as adjacent sides. 

For vector products we have 

AyB -BY A, {A^rB)YC 

The components of a vector product are expressed in terms of the direction 
components of the constituent vectors as follows 

{A' X A”)^ = A'^'J - 

( jf — Jf /iff /jf Aff 

/\ A )y — AxA^ j 

( jf jff\ jif jiff jif jfff 

\A A )z — A^Ay AyA^ • 

1.2. Functions of Position 

Injunction oj position or o, point Junction is a function Jij^c^y^z) depending 
only on the position of points. Loci of equal values of a point function 
are called level surjaces or contour surjaces; in the two dimensional case 
we have level lines or contour lines. Some level surfaces bear special names 
such as equipotential or isothermal or isobaric surfaces. Figure 1.6 
illustrates how a two-dimensional point function may be represented 
graphically by drawing contour lines. The solid lines are the contour lines 
for u = log Pi/p 2 , where pi and P 2 are the distances from two fixed points; 
and the dotted lines are the contour lines for the angle made by BP with 
PA as shown in Fig. 1.6(a). 

The rate of change of a point function depends not only on the position 
of a point but also on the particular direction of travel. If inV is the 
change in the value of a point function V{x^y') as we pass from Aipc^y^) to 
B(^x + Ax^y + Ay) and if As is the distance. (Fig. 1.7), the ratio AF /As 



Fig. L5. The vector product. 


= yfXC’+RxC. 
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is the average rate of change oi in the direction AB, The limit of 

this ratio as B approaches A while remaining on the same straight line is 
the directional derivative of V{x^y) in the direction AB. This derivative 
is denoted by dF/ds, Partial derivatives dV/d^c and dV/dy are simply 
the directional derivatives taken along coordinate axes. 
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mal curvilinear triangle, we have 

Ln = (At) cos 


and therefore 


bs 


bV 

— cos w, 
bn 


( 2 - 1 ) 


Hence the directional derivative of a point function is the component of its 
gradient in that particular direction. 



Fig, 1.7. Illustrating directional increments. 



These equations are of course equally true for three-dimensional point 
functions. If py y are the angles made with the coordinate axes by the 
normal to the level surface at we have by (1) 


dF 

dF 

dF 

— 

— cos <x. 

— 

bx 

bn 

dy 


bn 


cos 


bF 

dz 


bV 


bn 


cos 7 * 


( 2 - 2 ) 


Thus the partial derivatives are the direction components of the gradient, 
and we have 
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Another expression for the normal derivative can be obtained if the 
equations in the set (2) are multiplied by cos a, cos cos y respectively 
and then added 

dV dV bV ^ , bV 

— — cos a i cos pH cos y, 

bn bx by bz 

This relation can be written down directly if we consider that the gradient 
is the sum of the projections of its components upon itself. 

A complex point junction is a function whose real and imaginary parts 
are point functions 

We cannot speak of level surfaces of complex point functions since there is 
one family of level surfaces for the real part, another for the imaginary 
part, a third for the absolute value, etc. Loci of equal phase 

* »'l(w) 

of a complex point function are called equiphase surfaces^ they are used 
in the classification into plane, cylindrical, spherical, etc., waves. The 
gradient of a complex point function is defined as the complex vector 
whose components are the partial derivatives of the function. 

A ijector point junction is a vector whose direction components are ordi- 
nary point functions. 

1.3. Divergence 

The flux of a vector F{xy^z) through a surface S is defined as the surface 
integral 

where Fn is the component normal to the surface of integration. The 
outward flux of F through a simply connected closed surface S divided by 
the volume v enclosed by S is called the average divergence of F. The limit 
of the average divergence as 6* contracts to a point is the divergence of F 
at that point\ thus 

div F = lim , as — »■ 0. 

Dividing the total volume v surrounded by the surface S into elementary 
cells, we observe that the total flux of F across the surface is the sum of 
the fluxes through the boundaries of the elementary cells, the fluxes through 



VECTORS AND COORDINATE SYSTEMS 


7 


the common partitions between the cells contributing nothing to the whole. 
Since the flux through the boundary of a typical cell is div F dv, we have 

//-• dS = Iff div F iJv. (3“1) 

The surface divergence is defined similarly; thus 

div F = lim • , as j 0, 

where s is the boundary of the elementary area S, The linear divergence is 
merely the ordinary derivative. 

1.4. Line Integral^ Circulation^ Curl 

The line integral of a vector F along a path AB (Fig. 1.9) is defined as 

the integral / F^ ds of the tangential component of the vector. If is a 
duB) 

force, this integral represents the work done hy F on particle moving 



B 



along AB. If the curve Is closed, the line integral is called the circulation. 
The circulation per unit area of an infinitely small loop so oriented that 
the circulation is maximum is denoted by curl F\ It is a vector perpen- 
dicular to the plane of the loop. The positive directions of this vector 
and circulation are related as shown in Fig. 1.10. 

Consider a surface S bounded by a simple closed curve. Dividing 
into elements, we observe that the circulation of F along the boundary of 
S is the sum of the circulations round the boundaries of the elements, since 
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Fig. 1.10. The relationship between 
the positive directions of the circu- 
lation of F and the curl F. 


the contributions due to the boundaries 
common to adjacent elements cancel out. 
Since the circulation round the boundary 
of each element is curL F ciS wc have 

J* curln FdS, (4-1) 

1.5. Coordinate Systems 

In practical applications the most fre- 
quently used coordinates are rectangular^ 


cylindrical^ and spherical^ in these systems a typical point P is 


denoted by respectively. The meaning of these 


2 2 



Fio. 1.11. Cartesian, cylindrical, and spherical systems of cooriKnates. 

coorcUnates is explained in Fig. 1.11; x,y,z are the distances from three 
mutually perpendicular planes; p is the distance from the z-axis; r is the 
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distance from the origin; the ‘'polar angle’* 6 is the angle between the 
radius r and the 2:-axis; the “ longitude (p is the angle between the .^z-plane 
and the plane determined by the 2 ;-axis and the point P. 

In a general system of coordinates, a point P{UyV^w) is specified as a 
point of intersection of three surfaces 

= V, fzix^yZ) = w. 

The lines of intersection of these coordinate surfaces are coordinate lines \ 
thus «-lines are intersections of v- and le^-surfaces. 


W-LINE 



Fig. 1.12. An elementary coordinate cell. 


If the coordinates are orthogonal, the differential distances along co- 
ordinate lines are proportional to the differentials of the coordinates 
(Fig. 1.12); thus 

ds^ = ex duy dsv = <?2 dsyj = dw. 

For a general element of length ds we have 

ds^— {dsff^ {dsff + {dsf)^ == ^ dtP + dv^ + ^3 dvP. 

In rectangular, cylindrical, and spherical coordinates we have 

ds^ = dx^ dsy = dy^ dsz = dz; ds^ ^ dx^ + dy^ + dP:^ 

dsp = dp^ dSfp = p d(f^ dsz = dz\ dP = df?-\- p dp + dP\ 

dsr = dry dse = rddy ds^ == r sin (9 d(p; dP = dP + P dd^ + P sin^ $ dP. 

For elementary areas in the coordinate surfaces we have 

d S ~ dS/Q ds yyy d ds ■yj dSyj^y d S ”■ dS>fj^ dSyy 

dSx^ dy dZy dSy = dzdxy dS^ == dx dy\ 

dS p — p dip dZy dStp = dp dZy dS^ = p dp d<p\ 

dSj. == P sin 6 dd d<py dS$ = r sin d dr dpy dS^p ^ r dr d$. 
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And, finally, the volume of an elementary coordinate cell is 

dr — dsu ds-o dsw — dx dy d% =■ p dp dtp dz = sin 6 dr dd dtp. 

1.6. Differential Expressions for Gradient^ Divergence, Curl 
The components of the gradient of a point function V in the directions 
of the coordinate lines are the directional derivatives in the v-, a;-direc- 
tions, that is, dVfdSu, dVJds„, dV/ds.u,. Substituting the values of the 
differential distances in the three coordinate systems as defined above, we 
have 


grad* V = 
gradp V = 


dx ’ 
dp ’ 


grad,F = — , 


dV dV 

gradj, V = — , grad* ^ = -j- ; 

dy oz 

gradp r = , grad* ^ ; 

p d<p oz 

grade ^ > grad^ V = — — 

r dQ r sin B 


I BF I aV 1 dF 

grad„ ^ - j~, grade ^ = - — > V = - -- - 

ei du 62 dv ez dw 


In order to calculate the divergence of a vector at a point P we take 
an elementary cell about P, determine the flux of F through the surface of 
this cell, and divide it by its volume. The area of a ^/-surface through P, 
intercepted by the cell, is dSu and the flux of F across this area is F^dSu- 
Since the rate of change of this flux in the ^-direction is Du(Fu dSu):> the 
residual flux across the z^Taces of the cell will be Du{Fu ds^) du. Similarly, 
we calculate the residual fluxes through the n-faces and the te^-faces and 
obtain the value Bu{F^ dSy) du + D^{F^ dS^) dv + Dy,{Fy, dSy,) dw for 
the total outward flux of F from the cell. Substituting for the elementary 
areas their values in the various coordinate systems and dividing by the 
corresponding elementary volumes, we obtain 


div F = 


dx dy dz ^ 


„ 1 d .... I dF^ dF, 

p ap p d<p dz 


“ I + -■ s »«)+>' v] ’ 
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By definition, the component curl^ F of curl F in the /^-direction is the 
circulation of i^per unit area in the z^-surface passing through P (Fig. 1.13). 
If we picture F as a mechanical force, curl^ F is the work done by F per 
unit area in the zz-surface. Consider an elementary area about P bounded 
by V- and ^e74ines. The work done by F along the «e;4ine through P is 
Fyj dswy its rate of change in the ^-direction D^iFy^ dsy^)^ and the total work 



Fig. 1.13. Illustrating the derivation of the curl of a vector. 


in the counter-clockwise direction along the «;-paths of the loop bounding 
the elementary area is Dy(Fyj dsyj) dv. Similarly, the work done along the 
remaining two sides of the loop is Dw(Fy dSy) dw in the clockwise direction. 
When the total work round the loop Dv{Fyj ds^ dv — Dw{Fvdsy) dw is 
divided by dS^, the area enclosed by the loop, we have curl,^ F, The re- 
maining components are obtained by the cyclic permutation of y, w. 
Substituting the corresponding expressions for the differential elements 
and differential areas in the various coordinate systems, we obtain 


1 dF, 


dF* dFy 

curU F=- —3 P= . 

ay dz p d<p 


curly F = 


SF^ dF, 


dz 


dx " 
dF^ 


curL F = 


dz 

dF, _ dF^ 

dz 


dp ’ 

F -\y{pF^) 

p[_dp 


curUF=— — ; curUi^ 

dx dy 

curlr F ^ ! [D^(sin $ F^) — D^(Fe)], 

r sin u 


d<p 




curia F ■ 


1 

r sin 9 


[D^(Fr) — sin SDrirF^)], 
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cur4E= -[Dr{rFB) - 
r 

curlt* F — [Dvie^Fw) “ F>w{^2F^)]y 

e^ez 

curl^ F = [Dy;(eiF^) — 

ezei 

curU^* = — - D.ieiF^)]. 

] .7. differential Invariants and Greenes Theorems 
The Laplacian or the second differential invariant is defined as the diver- 
gence of the gradient of a point function; symbolically 

AF = div grad V. 

In the above considered coordinate systems, we obtain 

LV = + B%V + -div, 

^V = - [Dp(p B.V) + - {d^V) + p{B\V)], 

LV = 3-4— [sin e Br(.f^ BrV) + A (sin 6 BgV) + -4- BIV], 

7^ Sin 6 sm 6 

AV = rZ)„ (— B,,v) -f B^ D,v) + ^ B^v\\ 

^ 1 ^ 2^3 L \ / \ / \ <?3 J / J 

The Laplacian of a vector F is the vector whose cartesian components 
are the Laplacians of the cartesian components of F, 

The ^rst differential invariant is defined as the scalar product of the 
gradient of two point functions; symbolically 

- (grad V, grad V) = D^U D^V + DyUDyF + D,U D,F. 

Green's theorems are, then, expressed by the following equations; 

JJJkv,v) i, - ffu'£ds - fffuAyjv, ( 7 - 1 ) 

and 

fff^nAr-FAOU^ = ff{u^£-V^Js, ( 7 - 7 ) 

where the surface integration is extended over the boundary of the volume 
and the normal derivatives are taken along the outward normals. The 
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second theorem is the consequence of the first: if U and V are interchanged 
in (1) and the result is subtracted from the original equation, (2) will 
follow. Equation (1) is proved by integrating the left hand side by parts. 


1.8. Miscellaneous Equations 

div curl F — Oy curl grad ^ = 0, (8-1) 

curl curl F = grad div F — AF, (8-2) 

div FF = F div F + F - grad Fy (8-3) 

curl FF == F curl F -- F X grad F, (8-4) 

div [F X G] = G • curl F -- F • curl G, (8-5) 


F- + (8-6) 



CHAPTER II 

Mathematics of Oscillations and Waves 

2.1. Complex Variables 
A complex number 

2 = + /jy 

is a combination of real numbers ^ and jy and an “ imaginary unit i subject 
to the following condition: 

i^ = - 1 . 

The quantities x and^ are called the real and imaginary parts of z; thus we 
write 

X = re ( 2 ), y = im( 2 ). 

Complex numbers are represented graphically by points in a plane 
(Fig. 2.1) or by vectors drawn from the origin to these points. Complex 



numbers obey the same arithmetical laws as real numbers. In the complex 
plane the addition and subtraction of complex numbers correspond to the 
addition and subtraction of vectors (Figs, 2.2 and 2.3). 

In polar coordinates we have (Fig. 2.1) 

2 = p(cos <p + i sin <p); 

U 
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p is called the absolute value or the modulus or the amplitude of z and <fi is 
the phase of z. Thus we write 

p = ] z 1 = am(z), <p = ph(z). 
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The graphic interpretation of these equations is simple. When Zi is multi- 
plied by 22, the vector represented by Zi is stretched in the ratio p2 : 1 and 
turned counterclockwise through the angle and when zi is divided by 22, 
it is shortened in the ratio P2 : 1 and turned clockwise through the angle ip2- 
The complex number 

z* = X iy = p (cos <p — i sin <p) 

is the conjugate of 2. The point 2* is the reflection of 2 in the real axis as 
in a mirror (Fig. 2 . 4 ). In the product 

21Z2 = P1P2 cos (<pi — tpz) + fpiP2 sin — (P2), 



Fig. 2.4. Illustrating the relationship between z, z*, —z, —z*, where z* is the conjugate ofz, 

the real part is the scalar product and the imaginary part the vector 
product of the vectors represented by Zx and Z2* Making the complex 
numbers equal and extracting the square root, we obtain the following 
useful formula 

am(z) = 

For the reciprocals of z and of its conjugate we have 

- = - (cos ^ / sin 9), -T = - (cos ^ / sm 

z p 2r p 

Points z and l/sf** are said to be inverse with respect to the unit circle (Fig. 
2 . 5 ). Points on the unit circle represent unit complete numbers. 

Equations of curves can be written in terms of complex variables. Thus 
for a circle of radius r with its center at point a (Fig. 2 . 6 ) we have 

(z ~ a) ~ ^*) = 
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This equation is of the following form: 

22* + + vf*2* + -S5* = 0, 

where 



Fig. 2.5. Illustrating the relationship between z, — , 

z % 


Linear equations of the form 

Az + A*z* + BB* = 0 

represent straight lines. 



A variable to is a bilinear function of 2 and vice versa if 
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In transmission theory we shall use the following theorem: If x describes 
a circle in thez-^plane {including straight lines as special cases) ^ then w also 
describes a circle in the ^’^plane. This theorem is proved by substituting 
for zin (1) and showing that the resulting equation in w is of the same form. 


2.2. Exponential Functions 

Consider two variables % and w, real or complex. The ratios Az/z and 
Aw/w are called the relative increments. Just as the limit of the ratio Awf Az 
of two absolute increments represents the rate of change of w with respect 
to z, the limit of the ratio Aw/wAz of the relative increment in w to the 
absolute increment in z represents the relative rate of change of w with respect 
to z. The former rate of change is the derivative of w with respect to z and 
the latter the relative derivative or the logarithmic derivative. 

An exponential function is a function whose relative derivative is constant 


1 dw 
w dz 




dw , 
or — = kw, 
dz 


( 2 - 1 ) 


In particular the function whose relative derivative is unity and which 
becomes unity when the independent variable vanishes is designated as 
follows;* 


thus by definition 


w = exp z = 


^ exp z = exp z, exp 0== 1. 

In terms of this function the general solution of (1) may be expressed as 
follows: 

w = A exp kz = 

Since all the derivatives of exp z are equal to the function itself, we obtain 
from Taylor’s series 

Z^ Z^ 2^ 

^* = exp2 = 1+2 + — + — H +—-\ . 

21 0 1 nl 

In particular we have 

= exp 1 = 1 + 1 + i + 2.71828 • • • . 

Either from (1) or by multiplying the power series the following addition 
theorem may be obtained: 

exp (zi + 22 )= (exp Zi)(exp Z 2 ). 

* TTie second notation anticipates some properties of exponential functions. 



MATHEMATICS OF OSCILLATIONS AND WAVES 


19 


It is evident from the definition that all derivatives of an exponential 
function are proportional to the function itself. Hence a general linear 
differential equation with constant coefficients 

^ dz^ + «o = * (2-2) 

will possess a particular solution of the following form: 

w = (2-3) 

The constant h is obtained by substituting in (2) ; thus 

^ ^ ’ -^C^) = ajd' + + ... + ao. (2-4) 

Z{k) 

A solution of this form exists for any value of k which is not a zero of Z{k). 
On the other hand if 

Z(km) = O 3 (2-^5) 

then ( 2 ) possesses the following solution 

( 2 - 6 ) 

when ^ = 0* The most general solution of (2) when a 0 is then 


w = 


a 

W) 




(2-7) 


2.3. Exponential and Harmonic Oscillations 

Let the position of a point P(z) in the complex plane be an exponential 


function of time; thus 

2 = Ae^\ (3-1) 

where A and p are complex con- 
stants 

A = ^ + /a?; (3-2) 

then 

2 = (3-3) 

Thus the vector OP, drawn from 
the origin 0 to the point 2 , re- 
volves about 0 with a constant 
angular velocity w and its length 
varies exponentially with time. 



Fig. 2.7. Uniform rotation and harmonic 
oscillations. 
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If ^ = Oj the length of the vector OP remains constant and the point P 
moves along the circle of radius a with a uniform speed (Fig. 2.7). When 
a? > 0, the movement is counterclockwise. The projection Q of the point 
P on the real axis is said to oscillate harmonically about O. The distance 
of Q from the center of the oscillation is a sinusoidal function of time (Fig. 
2 . 8 ) 

^ = re(z) = a cos (a>f + ^o)* 


The quantity 


<p = OJ/ + 


is called the phase of the oscillation and a is the amplitude of the oscillation. 
The constant (po is the initial phase. 


p 



Fig. 2.9. Constant relative increments in the complex plane. 


Two phases which differ by an integral multiple of 2ir are regarded as the 
same because the points P and Q occupy the same positions. The interval 
T between two successive co-phase instants is called the period of revolution 
of P and the period of oscillation of Q\ this period is 

T =—. (3-^) 

The number of revolutions of P or oscillations of Q is the frequency f in 
cycles per second; thus 

/ = |, 2^. (3-5) 

The constant co is the angular velocity or frequency in radians per second. 
If f 5 ?t£ 0, we have from (3) 

dp — p{ dt^ dtp = CO dty 
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Hence the angle ^ between the radius and the trajectory (Fig. 2.9) is ob- 
tained from 

w $ 

tan ^ = 7 , or cot y/ = - . 


The trajectories of point P(z) are, thus, equiangular or logarithmic spirals; 
Fig. 2.10 shows several such spirals for different values of |/ w. In this case 



Fig. 2.10. L^arithmic spirals illustrating exponential functions of time; z = 

== p = g{f/a)<p^ so-called associated with oscillations may be 

defined as the magnitude of w/2|. 


the (hstance OQ = x is a sinusoidal function with an exponentially varying 
amplitude 

X = re(2) — cos {cat + <pq). (3-6) 

The constant J may be called the growth constant. The growth constant 
per cycle ^IJ\% the logarithmic increment (or decrement). 

Since there is one-to-one correspondence between points P( 2 ) moving in 
accordance with equation (1) and their projections on the real axis, expo- 
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nential oscillations defined by equation (6) may be represented symboli- 
cally by complex exponentials of the form (1). The complex constant p 
is called the oscillation constant. The constant A ^ves simultaneous infor- 
mation about the initial amplitude and phase. 

2.4. Waves 

A wave Junction is a function of coordinates and time. For instance the 
function 

V{xJ) - (^1) 

where A^ F, p are complex constants, is a wave function. Let 

A = ae^^\ p = ^ + /co, r = a + (4-2) 

the real part of given by 

re(^) = cos (oit — + ^o)> (4-3) 

is also a wave function. At any point x this function is a sinusoidal func- 
tion* of time, with exponentially varying amplitude; at any instant 
rc(F) is a sinusoidal function of the coordinate also with exponentially 
varying amplitude. Physical phenomena expressed by wave functions 
are called waves. As there is one-to-one correspondence between exponen- 
tial functions of the form (1) and sinusoidal functions of the form (3), we 
may use the former to represent the latter. The constant F is called the 
propagation constant^ its real part a is the attenuation constant and its 
imaginary part the phase constant. 

. The quantity 

^ 4. (4^) 

is called the phase of the wave. Fhe distance X between two successive 
equiphase points (at the same instant) is called the wavelength^ thus 

^ 27r 27r 

i3X-27r, X = — , = — . (4-5) 

P A 


The wavelength is analogous to the period. 

The velocity v with which an observer should move in order to observe no 
change in phase is called the velocity of the wave or the wave velocity or the 
phase velocity. This velocity is obtained from the following condition 


thus 


oi dt -- dx ^ 


dx o) 




(4-6) 


* Except, of course, when co == 0. 
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From (5), (6), and (3-5) we obtain 

/X = (4-7) 

Consider now a general three-dimensional harmonic wave function 


in which A and ^ are two real functions. The surfaces of equal phase (at 
the same instant), given by 

= constant, 


are called equiphase surfaces."*^ The waves represented by V are called 
plane^ cylindrical^ spherical^ etc., if the equiphase surfaces are plane, cylin- 
drical, spherical, etc. 

For any pair of infinitely close points in an equiphase surface, we have 

d# 

— dx + ~dy + -dz = 0. 
dx By Bz 


Replacing the differentials dxy dy^ dz in this equation by {X — x)y (F — y)y 
(Z — 2 ) where (x,y^) is a point in the equiphase surface and (XyY,Z) is a 
typical point in space, we obtain the equation of the tangent plane 


B^ B^ B^ 


The family of curves everywhere normal to the equiphase surfaces is given 
by the simultaneous differential equations 


d^ _ dy ^ dz 
B^ B^ B^ 
Bx By Bz 


(^ 8 ) 


These curves are called wave normals. Equation (8) implies that any wave 
normal is tangential to grad Consequently, wave normals are curves 
along which the phase changes most rapidly. 

At two points infinitely close in space-time the phases are the same if 


B^ d# 

At- — dx- — dy - —dz 
Bx By Bz 


0 . 


If ^ = ^2 = 0, the instantaneous rate with which the phase changes along 
an ^-line is B^/Bx. The ‘‘ phase constants ’’ along coordinate lines, which 

* For purposes of this definition phases differing by an integral multiple of tt are 
regarded as eguaL 
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generally are not constants at all, are 


= 


dx ’ 




dz * 


The phase constant along a wave normal is 

= I grad $ |. 

In three dimensions the phase constant may be regarded as a vector whose 
direction components are d^/dx, d^/dy^ d^/dz. 

The phase velocity is usually defined by 


v(x,yyz) = - = 
P 


grad ^ I 

This is the instantaneous velocity along a wave normal. We may also 
speak of the phase velocities along the coordinate axes 


00 

0) 

00 

00 

00 

ai’ 


~ ii’ 


isi 

11 

dx 


dy 


dz 


it is evident, however, that Vx^ Vz are not the cartesian components of the 
phase velocity along the wave normal. On the other hand, the reciprocals 
of these phase velocities, being proportional to the phase constants, behave 
as vector components should. Thus, we define phase slowness S 


S = 


- grad ^ . 

CO 


2.5. Nepers, Bels, Decibels 

The logarithmic measure has come into use because in certain measure- 
ments the logarithm of a ratio of two quantities is more significant than the 
ratio itself. When the ratio of two quantities of the same kind is expressed 
in nepers, the number of nepers is computed from 


From this we have 


N = log ^ nepers. 
A 2 


(5-1) 


A\ — A2e^ , A% A\e 


Originally the logarithmic unit was introduced for the evaluation of 
power ratios and present laboratory units are the bel and the decibel The 
number of bels and decibels (abbreviated db), expressing a power ratio 
W\/W 2 ’, is computed from 


Wx Wx 

N = logio — bels = 10 logio — decibels. 
fr2 
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More recently the use of logarithmic units has been extended to ‘‘ intensity 
ratios,” that is, to voltage and current ratios; then the number of bels and 
decibels has been defined as 

E E 

N ==^ 2 logio bels = 20 logic decibels. 

E2 E2 

It is unfortunate that the size of the ‘‘ bel ” or decibel ” is not uniform but 
depends upon the nature of the measured quantity. We shall keep the 
neper as a fixed unit defined by (1) regardless of the nature of A, Thus in 
translating from nepers into decibels, at least when dealing with electrical 
quantities, we must multiply by different conversion factors. For power 
ratios we have 

1 neper = 10 logic ^ — 4.343 db; 

and for voltage ratios, current ratios, field intensity ratios, we have 
1 neper = 20 logic ^ ^ 8.686 db. 

In accordance with the above definitions the attenuation constant is 
measured in nepers per unit length or in decibels per unit length. The 
phase constant is measured in radians per unit length. Similarly the time 
growth constant is measured in nepers or decibels per unit time and the 
frequency w in radians per unit time. 

2.6. Stationary Waves 

The waves discussed in section 4 are called progressive waves. The sum 
(or the difference) of two unattenuated progressive waves, of equal ampli- 
tude, moving in opposite directions is called a stationary wave because 
different points oscillate always either in phase or 180° out of phase. For 
instance, 

^ = 2a cos 

2.7. Impedance Concept 

The relationship between two quantities oscillating with the same fre- 
quency is g?ven by the ratio Z of their complex representations; am(Z) 
gives the amplitude ratio and ph(Z) the phase difference. Consider, for 
example, a box containing a linear passive* electric network or an impedor 
and a pair of accessible terminals A, B (Fig. 2.11). Let the instantaneous 
values Vi, li of the voltage applied across the terminals and the current 
flowing in response to this voltage be 

Vi = re(^<?“') = V^ cos («/ -f ,py), 
li = re(7^*“') = la cos (co/ + <pi), 

* No source of power. 


(7-1) 
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where Va, la are the voltage and current amplitudes and tpv, (Pi are the ini- 
tial phases; then the ratio 


_ V 

^ ^ U' 1 


!L± 

la 


expresses completely the relationship between the voltage and current. 
This ratio is called the impedance across the terminals. 

If V and I represented a mechanical force and the cor- 
responding velocity response, then Z would be called the 
mechanical impedance. The ratio of a mechanical force 
to an electric current or of a voltage to a velocity is an 
electromechanical impedance. Occasionally a name is 
desired for the voltage/charge and force/displacement Fig. 2.11. A diagram 

ratios: such ratios may be called electrical and mechan- representing an 
, . , impedor. 

ical impediments respectively. 

The impedance is generally a complex number (Fig. 2.12); its real part 
is called the resistance and its imaginary part the reactance^ thus 

Z = + iX, 



For passive impedors Z is in the right half of the complex plane or on the 

imaginary axis. The reciprocal of the im- 
I IMPEDANCE y pedance is called the admittance 

PLANE 


y = » = 


o its real part is the conductance and its im- 

^ aginary part the susceptance. 

In diagrams it is often convenient to dis- 
ances by points in a complex plLe; tmguish between numbers representing im- 
R is the resistance component, X pedances and admittances; this can be 
the reactance component, and ^ accomplished by attaching the terminals 
the phase angle. sides of the rectangles representing 

corresponding impedors in the first case and to the vertices in the second 
(Fig. 2.13). 

An impedor is a resistor^ an inductor^ or a capacitor according as the 
instantaneous voltage is proportional to the current, to its time derivative, 
or to its time integral 




li = C 


the above coefficients of proportionality are called respectively the resist- 
ance^ the inductance^ the capacitance. In diagrams resistors, inductors, 
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and capacitors are represented as shown in Fig. 2.14. For exponential 
and harmonic voltages and currents we have 

$L 

V^Rl, V = mU, 



Fig. 2.13. Diagrammatic representation of impedances and admittances. 



Fig. 2.14. Diagrammatic representation of resistances, inductances, and capacitances. 


The impedance is a function of the frequency or more generally a function 
of the oscillation constant. To any exponential voltage there corre- 
sponds a finite response in the impedor (Fig. 2.11), given by 


- 




provided p does not satisfy the following equation 


Similarly, since 


Zip) = 0. 

= Zip)Ie^\ 


(7-2) 

(7-3) 

(7-4) 


a definite exponential voltage exists across the terminals except when p is 
an infinity of the impedance function or a zero of the admittance function 


Zip) = CO, Yip) = 0. 


(7-5) 
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When p is a zero of the impedance function, then a finite exponential 
current may exist when V=^ 0, that is, when the terminals of the impedor 
are short-circuited; the zeros of Z{p) are the natural oscillation constants of 
the impedor, with the terminals short-circuited. Similarly, if ^ is a pole 
of 2j{p)^ a finite voltage may exist if 
the terminals of the impedor are open; 
these poles determine the natural os- 
cillation constants of the impedor, 
wirh the terminals open. The corre- 
sponding frequencies are the natural 
frequencies of the impedor. As we 
shall see, natural oscillations may be 

• L 

Natural oscillations may also occur Pio. 2 . 15 . A diagram showing an electric 
when the applied voltage is exponen- circuit comprised of a resistor, a capa- 
tial if this voltage is suddenly applied. an inductor connected in 

These oscillations are also called free 

oscillations or transient oscillations. On the other hand, oscillations of the 
form (2) are often called forced oscillations or steady-state oscillations. 

Let us consider a special example of an Impedor (or “ electric circuit 
consisting of a resistor, an inductor, and a capacitor in series (Fig. 2.15). 
The differential equation for this circuit is 




+ RIi + 


C 



where Vi is the instantaneous value of the applied voltage and li is the 
corresponding current. When Fi and li are exponential functions of time 
and are represented by complex exponentials, the latter will also satisfy 
the above equation since the real part of the time derivative of a complex 
variable is the derivative of the real part. Thus we have 

fle^^dt 

L- (le^^) + Rile^^) + ^ = Fe^K 

After differentiation and integration the time factor is canceled and the 
solution becomes 



(7-6) 



30 


ELECTROMAGNETIC WAVES 


Chap. 2 


When the impressed voltage is harmonic of frequency u, then p = iu and 

V 


/ = 


R + f 




If V is real,* the instantaneous current is 
V cos (w/ — ??) 


= 


\R^ + {^L - — ^ 


i? = tan ^ 


(aCj 


The zeros of the impedance function (6) are 


Pl.2 = 


R 

IL 


I R? _ _1_ 
\4L2 LC 


J^LC - 1 
oiRC 


These values are either real or complex depending upon whether R is greater 
than or less than In the latter case we have 


Pl,2 = I d= /w, I = 


2L’ 



R? 

41,2 » 


where is the natural frequency. 

In any physical problem the coefficients of the differential equation from 
which the impedance function is obtained are real; therefore Z{p) has real 
coefficients and 

Z(p*) = Z*{p). (7-7) 

Thus if p is a zero or a pole of the impedance function, p* is also a zero or a 
pole. If 

Z{m) = i?(«) + iX{w), (7-8) 

then by (7) 

Z(-to) = R(a>) - fZ(«). 

On the other hand, replacing w by — « in (8), we have 
Z{-m) = R(-a)) + fZ(-w). 

Comparing the last two equations, we find that the resistance function is 
an even function of the frequency and the reactance function is an odd 
function; thus 

R(-co) = R(co), Ar(-co) = -X{cS). 

* We can make it real by properly choosing the origin of time. 
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The impedance of a finite combination of resistors, inductors, and capaci- 
tors is a rational fraction; the difference between the degrees of the nu- 
merator and the denominator is either unity or zero or negative unity. The 
zeros and poles of a nondissipative impedor are simple; they lie on the 
imaginary axis and they separate each other. The zeros and poles of a 
passive dissipative impedor are always in the left half of the oscillation 
constant plane; they are not necessarily simple but usually so. 


2.8. Average Power and Complex Power 
The work performed by an applied voltage driving an electric current 
through an impedor is 

pt pt 

^ ” J Fi/i dt = VaJa J cos (o)/ + <py) cos (co/ + <pi) dt 


= Ja f [cos ((py — (pz) + COS ( 2 cc^ + + ^j)] 

«/o 


= 2^ oJA cos {(py — (pj) ^ ^ sin (2aj/ + + (pz) 


t 

0 


The second term is an oscillating function of time; hence the average power 
fF contributed by the generator to the impedor over a long interval of time 
is 

fF = ^Fala COS {<py — <pz) = re (8-1) 

where ^ is the complex power defined by 

^ ( 8 - 2 ) 


Introducing the impedance and admittance we have 


hence. 


^ = ^2//* = -^ = iY-FF^ = ™ ; 
^ II* “ 2^* ’ FF* “ 2^ ‘ 


(8-3) 


(8-4) 


2.9. Step and Impulse Functions* 

Three fiinctions are particularly important in wave theory: the sinusoidal function, 
or more generally the exponential function; the step function (Fig. 2.16) and the 
impulse function (Fig. 2.17). In the last case it is frequently assumed that the 
extent r of the step is infinitely small and the step itself is infinitely large, while the 
strength oj the impulse^ represented by the area under the step is finite. The inde- 
pendent variable is usually either time or distance. A step function is called a unit 

* Most of the contents of this and following sections are needed only in Chapter 10 
and thus may be omitted on the first reading. 
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step if the sudden rise is from zero to unity. An impulse function is a unit impulse (or 
a unit source) if its strength is unity. 

These functions are important in their own right; besides, by superposing either a 
finite or an infinite number of them one can obtain any function that may be met in 
practice. It is easy to see that this is so with impulse and step functions (Fig. 2.18); 



it requires some analysis to show that a function can be expanded either in a Fourier 
series ’’ or a “ Fourier integral/* representing addition of sinusoidal functions. 

In order to obtain the response of a linear system to an almost arbitrary force we 
need only find its response to any one of the three above mentioned standard functions 



and integrate the result. Naturally, the principal requirement is that the integrals 
be convergent. For example, to find the electric current /(/) through the terminals 
of a given impedor due to an electromotive force V{t) applied across the terminals, 
we write 

f VO)F{t,t)dt, (9-1) 

—00 

where F{tJ) is the current at time / in response to a unit impulse of elecjromotive force 
at time /. In the present case we know a priori some properties of F{t,t). This func- 
tion is identically zero for / < / since the electromotive force is not retroactive; for 
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/ > Hts value depends only on (/ — t). Let = F(j)-, then = F{t — /) 

and 

pt 1 

V{t)F{t - /) dt = / V0)F{t - t) dt. (9-2) 

-QO U —00 

In potential theory, the function corresponding to F{tyT) is called Green* s function^ 
we may apply this name to all responses to unit impulses. 



Fig. 2.18. Representation of arbitrary functions by superposition of impulse functions 

and step functions. 


If A if) is the current in the network in response to a unit voltage step at / = /i, then 


/(/) = VfOAit 



ro)Ait - 1) dr. 


(9-3) 


Here we have assumed that prior to / = /i the voltage is zero and that subsequently 
the voltage is a continuous function of time so that it changes in infinitely small steps, 
V\t) dt^ where F' is the derivative. If there are finite discontinuities in Vit)^ these 
must be taken care of in the same manner as the sudden change from zero to Vf {) . 
For instance, if the electromotive force ceases to act at / — / 2 , then 

lif) Vih)Ait - h) + r V'it)Ait -t)dr- Vih)Ait - /a). (9-4) 

A 11 


The upper limit of the integral can be h just as well as t since A if) vanishes for nega- 
tive values of /. More generally, we can replace (3) and (4) by 



Af - t) dVif\ 


(9-5) 
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provided we Interpret this integral in the Stieltjes sense instead of the Riemann sense. 
This interpretation consists in taking the Riemann integral and adding to it 
[F(r + 0) — V{r — 0)]J{i — r) at each point f ^ r where F(^) is discontinuous. 
In this sense the differential is permitted to be finite as well as infinitesimal. In 
electric circuit theory ^ (/) is called the indicia! admittance of the network. 



Fig. 2.19, The contour (C) involved in the representation of functions by contour integrals 
which can be interpreted as “ sums of sinusoidal functions of infinitely small amplitudes.’* 


We shall now express the unit step and the unit impulse functions as contour inte- 
grals. Consider the following integral 


-f 

2'irf t/((7) 



(9-6) 


in the complex ^-plane (Fig. 2.19). The contour (C) is along the imaginary axis 
indented to the right at the origin. If / < /, we can add to this contour a semicircle 
(Cl) of infinite radius without changing the value of the integral. On this semicircle 
the real part of p is positive and vanishes exponentially when — rr/2 < 

ph(p) < x/2; hence the integral over (Ci) is zero except, perhaps, over the portions 
corresponding to the phase angles infinitely close to ir/l or A closer study of 

the int^ral in these r^ions would show that their contributions vanish as the radius 
of the semicircle becomes infinite. The integrand is single-valued and has no poles 
within (C + Cl); hence the integral (6) is zero for ^ < f. 

If / > /, then we can add to (C) an infinite semicircle (C 2 ) in the left half of the 
plane, without changing the value of (6). Within this contour there is a simple pole 
at ^ = 0; since the residue is unity, the value of the integral is unity. Thus the in- 
tegral (6) represents a unit step at / = /. 
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By superposing two step functions, of magnitude 1/r and — 1/r, the first beginning 
at / = — t/2 and the second at / = r/2, we find that the unit impulse function, 
centered at / = 0, is 


2iri 



sinh 


pT 


.pt 


pT 

2 


dpy 


as r 


.0. 


(9-7) 


In this expression it is not permissible to let r = 0 since the resulting integral is diver- 
gent in the usual sense. At times, however, the integrals derived from (7) converge 
for T = 0 and the substitution is permissible. 

If the imit impulse is spatial rather than temporal, we write (7) in the form 



^ 7 , as 5“ 0. 


(9-8) 


If in (7) and (8) we replace / by / — 7 and by — .5, we shift the center of the 
impulse from the origin to a typical point 







(9-9) 


In the preceding equations p is pure imaginary on (C) except in the immediate 
vicinity of = 0. Thus the unit step and the unit impulse have been represented 
by superimposing sinusoids of infinitely small amplitudes with frequencies ranging 
from —00 to +00* The above contour integrals can be turned into more conven- 
tional forms of Fourier Integrals depending only on positive frequencies; but 
the present form is, on the whole, more useful. The values of the integrals will not be 
changed if (C) is deformed into any other contour provided this deformation takes 
place in the finite part of the plane and no poles are crossed in the process. 

We shall now represent an arbitrary function /(/) which is equal to zero for / < 0, 
in the form 


M 


./ 


dp. 


Sip) 


=-L r 

Ivi J 0 




(9-10) 


The function 5(p) is called the complex spectrum or simply the spectrum* of/(/) . The 
* In mathematical books •S'fp) is also called thfe LaplacC transform of fit). 
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function f{t) can be regarded as the limit of the sum of impulse functions of strength 
/Q) A/j as A/ approaches zero; thus 


/(t) 



as Af — > 0, 


— lim - 


IP 00 ^ 

t— / 

t/CO t=o 


sinh^ 


p A/ 

T" 


Az 


iTTt J ((7) c/0 


'CC) 

and we have (10). 

It should be noted that if /(z) is given by (10), then 


/(Z — Zi) = r S{p)e^^^ 
The spectrum of this function is 


Si(p) = S(p)e-Ph. 


If now the electromotive force J^(f) impressed on an impedor is expressed as an 
exponential contour integral, the current through the terminals may be obtained by 
superposition of the responses to each elementary exponential electromotive force. 
Thus 

f S(p)e^‘dp, then 1(0= f (9-11) 

In particular the responses to a unit voltage step beginning at Z = 0 and to a unit 
impulse centered at Z = 0, are respectively 

1 r 1 

TrtJ(OpZ{p) lirt 

For circuits consisting of physical elements, the second integral converges as r 0 
and consequently 


sinh 


pr 


P7 


e^^dp. (9~12) 


Z(p) 


However, in some applications it is necessary to deal with impulses of finite width 
rather than with idealized impulses of zero width. 
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Substituting for/(/) in (10) the functions A{f) and Bif) from (12), we have 




dt. 


1 _ 

“ Jo 




Since the response /(/) is zero prior to the application of the electromotive force, 
the contour (C) should be to the right of the poles of the integrand. If some poles are 
p- PLANE imaginary axis, the contour is indented as 

shown in Fig. 2.20. 

j'\ Consider now a special example. Take a resis- 

tor and an inductor in series (Fig. 2.21); the imped- 

D ance function is Z{-p) = -j- pL, Hence the 

current B{t) flowing in response to an infinitely short 
unit voltage impulse is 


f 

2*^/ Jtr 


2 *^/ J (( 7 ) pL + R. 

When / < 0, this integral is automatically zero be- 
cause of our choice of (C). When / > 0, we may 



Fig. 2.20. Infinitely small inden- 

^ / fn\ u 2.21. A resistor and an inductor in senes, 

tations in the contour (C) when 

the poles of the integrand (the ^lose (C) with an infinite semicircle in the left half of 
infim ties of the admittance func- , . ^ n/r 

tion) pass from the left half of ^here is only one pole p = -R/L with- 

the plane to the imaginary axis. ^ this contour and therefore 
This condition exists in non-* j 

dissipative (purely reactive) net- ^(/) — (9-14) 

works. 

If the zeros of Z(p) are simple, we can obtain the current ^(/) in response to a unit 
voltage impulse in a simple form. In the vicinity of a typical zero we have 
Z(p) = (p pm)Z' (pm); hence the residue of the admittance is Z'(pm) and (13) 
becomes 

= (9-15) 

(pm) 

The summation is extended over all the zeros of Z(p), 

Similarly, for an impulse of finite duration, we obtain from (12) 

2 sinh 

pmjZ' (pm) 


B(t) = i: 


(9-16) 
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for t > t/2, that is, in the interval after the impulse has ceased. During the opera- 
tion of the impulse, we have — r/2 < t < r/2 and {C) in (12) cannot be closed with 
infinite semicircles since their contributions become infinite instead of infinitesimal. 
Substituting sinhpr/2 = in (12), we obtain 

\ r r ^p[f+(r/2)I n ^p[t“(r/2)l *1 

L ic) pZip) “ j(C) pZ{p) • 


Within our interval t + t/2 is positive and (C) in the first integral can be closed on the 
left; at the same time / — r/2 is negative.and (C) in the second integral can be closed 
on the right. The second integral vanishes and we have 


1 1 


(9-17) 


assuming that Z(0) 0. The first term arises from the pole at the origin. Evi- 

dently (17) represents the response to a voltage step of magnitude 1/r at / = —t/2. 
This is not surprising, since during the operation of the impulse the circuit does not 
know that the voltage will cease to operate. 

The significance of the first term in (17) will be understood if we apply this equa- 
tion to the circuit shown in Fig. 2.21. While the impulse is operating, we have 

B{t) = ^ ^-c*/l)l<+(r/2)l _ (9_18) 


The response (14) to an impulse of infinite magnitude but of zero duration starts with 
a finite value. For a physical impulse of finite duration, the response (18) is zero at 
the instant the voltage begins to operate and builds up to the value 



at the instant t = t/2, when the voltage is off. Subsequently the response decreases 
exponentially. If the interval r is so short that Rr/L is much less than unity, B(t/2) 
becomes approximately l/L; this agrees with (14). 

2.10. Natural atid Forced Waves 

Generally speaking, several wave functions are associated with a physical wave. 
When a wave is traveling along a string under tension, a typical point is not only dis- 
placed from the neutral position but it is also moving with some velocity and it is 
acted upon by some force. Thus we have a wave of displacement, a wave of velocity, 
and a wave of force. In electromagnetic waves we are confronted with interdependent 
waves of electric and magnetic intensities. The ratios of certain space-time wave 
functions play just as important a part in wave theory as the ratios of wave functions 
depending only on time play in the theory of oscillations. These generalized ratios 
are called wave impedances and are differentiated among themselves by qualifying 
adjectives and phrases. 
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For the present we shall confine ourselves to the simplest type of wave motion: 
waves in a transmission line. The equations governing these waves are 


dx 





dx 



GVi + C 



( 10 - 1 ) 


where: Vi and li are respectively the instantaneous transverse voltage across the line 
and the longitudinal electric current in it; Ei is the voltage per unit length, impressed 
along the line in “ series ” with it; Z, G, C are constants representing the series 


I. 


Vi 


Fig. 2.22. A diagram explaining the convention regarding the positive directions of the 
transverse electromotive force V and the longitudinal electric current I in the lower wire 
(that is, the transverse magnetomotive force around the wire) of a transmission line con- 
sisting of two parallel wires. 

resistance, the series inductance, the shunt conductance, the shunt capacitance — 
all per unit length of the line. A pair of parallel wires (Fig. 2.22) is a concrete exam- 
ple of a transmission line; the arrows in the figure explain the convention with regard 
to the positive directions of the variables Vi^ liy Ei, 

Let Eiy /t, and Vi be harmonic functions; then 

JEiM = Ff = re(^0, /i = re (10-2) 

As we have seen these complex exponentials will also satisfy equations (1). Sub- 
stituting them in these equations and canceling the time factor we obtain a set of 
ordinary differential equations 

= — (i^ + ioiL)l -f- &ix), ~Y = — 4” fcoC)/^ (10—3) 

dx ax 

The expressions Z = + fwZ, T = G + /wG, are known as the series impedance and 

the shunt admittance per unit length. 

Let us now suppose that the applied force E is distributed exponentially along the 
line. To solve the equations we assume that the response 1 is also exponential 
and we write tentatively 

E{x) = Eey^, Vix) = Vey^, I{x) - 


(10-4) 
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Substituting In (3) and solving, we obtain 

^V + ZI=-E, FF+t/ = 0, 


(10-S) 




ZY 


E. I - 


ZY-y^ 


E. 


Thus we find that a response of t 3 ^e (4) is possible except when the propagation 
constant y satisfies the following equation 

7" - ZV = 0. (1(^6) 


This response is given by (5) and the corresponding voltage and current waves are 
calhd forced waves^ by analogy with forced oscillati ons. 

When 7 is a root of (6), that is, when y — ZY, there is no finite response of 
type (4), unless the impressed force E vanishes. Exponential waves may exist in the 
transmission line without the operation of an applied force along the entire line. These 
waves are called natural waves and the corresponding propagation constants are called 
natural propagation constants. 



Fig. 2.23. A spatial impulse function representing a highly localized 
impressed electromotive force. 


Just as natural oscillations can be produced by a temporal impulse of force, natural 
waves can be produced by a spatial impulse of force (Fig. 2.23). The magnitude of 
this impulse is the applied or impressed voltage 





dxy 


and it is represented by the area of the impulse. By (9-8) we have 


(10-7) 
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where (C) is a contour in the 7-plane, shown in Fig. 2.24. Consequently from (4) and 
(5) we obtain 


V{>c) 


yi f 


/(x) = 


/ 


sinh 


ys 


YV^ 


irs J^c) T^) 


dy. 


( 10 - 8 ) 



Fig. 2.24. The contour (C) in the propagation constant plane. 


These int^rals are convergent as s 
yi y 


► 0; thus for a point generator we have 


y^-ZY 


dy, I{x) 


YV' r 

2Tri J(^c) 


ZY-y 




(10-9) 


Each integrand in (9) has two poles (Fig. 2.24) corresponding to the natural propa- 
gation constants; in the present case the origin is not a p>ole and thus contributes 
nothing to the value of the integral. Let T = ^ ZY be that value of the square root 
which is located in the first quadrant of the y-plane or on its boundaries.* If x >0, 
(C) can be closed with an infinite semicircle in the left half of the 7-plane. Evaluating 
(9) we have 

YF* 

F(x) x > 0. (10-10) 


Ifx <0, (C) can be closed in the right half of the 7-plane; then we obtain from (9) 


YF^ 

F(x) ^ Iix)^—e^-; x <0. 


( 10 - 11 ) 


* Since R, L, G, C are positive, Y' ZY is either in the first quadrant or in the third. 
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Thus if a harmonic voltage is inserted at some point = 0 of an infinitely 

long transmission line (Fig. 2.25) in series with it, two waves are originated, one 
traveling to the right and the other to the left. The current through the generator is 


Vl- 0 ) = -i v‘ 


v(+o) = I v‘ 


v' 


— Cl. 

^ '■‘l ^ 

Fig. 2.25. The conditions existing in a transmission line extending to infinity in both direc- 
tions when an electric generator is inserted in series with the line. 


continuous but the transverse voltage suffers a sudden jump in passing across the 
generator. The input impedance seen by the generator is 




m 



It will be remembered that in dealing with oscillations in electric circuits there was 
a question regarding the disposition of the contour (C). For dissipative circuits, the 
correct result was obtained automatically by choosing (^) along the imaginary axis; 
and for nondissipative circuits, if regarded as limits of the dissipative circuits, it was 
natural to indent (C) as in Fig. 2.20. Nevertheless the only valid reason for making 
(C) pass on the right of the poles (natural oscillation constants) is to satisfy the physi- 
cal condition, not included in the differential equation, to the effect that there should 
be no response to a force before it begins to operate. A similar situation exists in the 
present case; this time, however, we expect the waves to travel in both directions 
from the point source and hence we want (C) to separate the poles (the natural 
prop^ation constants). But these poles might be separated as shown in Fig. 2.26, 
in which case we should obtain 


V{x) ^ /(;.)- ;,<0; 


( 10 - 12 ) 


instead of (10) and (11). We can object to this result on two counts. In the first 
place, for dissipative lines the real part of T is positive and (12) states that the voltage 
and the current increase exponentially with the distance from the generator. This is 
contrary to our experience and would imply that infinite power could be dissipated in 
die line when finite power is supplied by the generator. In the second place, equations 
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(12) imply that power is not supplied by the generator to the line but that the line 
contributes power to the generator. Thus, by (12), the input impedances of dissipa- 
tive and nondissipative lines are respectively 




yi 

/(O) 


y ’ 




7-PLANe 



Fig. 2.26. A “ forbidden ” form of the Fig, 2.27. Indentations in the contour of 
contour of integration. integration when the natural propagation 

constants move to the imaginary axis as 
the dissipation in the transmission line 
approaches zero, 

hence the current flows in opposition to the impressed force. Therefore, we come to 
the conclusion that (C) must separate the natural propagation constants as shown in 
Fig, 2.24. For nondissipative lines this contour assumes the form shown in Fig, 2.27. 

We have dismissed at the start the possibility that the wave could be started on one 
side of the generator and not on the other; for, when an alternating voltage is 
impressed at some point of the line, there is nothing to indicate on which side the wave 
should be if it is to be on one side only. In any case this possibility is contrary to 
experience. 

The method just explained is particularly useful in more advanced chapters on 
wave theory. In the present case there Is a simpler way of looking at this type of 
problem (see Chapter 7). 



CHAPTER III 

Bessel and Legendre Functions 


3.1. Reduction of Partial Differential Equations to Ordinary Differential Equations 
Numerous problems of electromagnetic theory depend on solving the following 
equation 


, b^V , bW 


( 1 - 1 ) 


subject to certain boundary conditions. The usual method consists in seeking solu- 
tions of the form 

V = X{yfY{y)m> ( 1 - 2 ) 

and forming the desired solutions by either adding or integrating functions of this 
type. Substituting from (2) in (1) and dividing by XYZ, we obtain 

X dy^ Z dz^ ‘ 


On the left-hand side we have three terms> each depending on one variable only; the 
sum of these terms is a constant. The only way we can satisfy this equation is to set 
each term equal to a constant; thus 




(1-3) 

The constants tr*, cry, cr* must satisfy 

: + U’tf + < 


(1-4) 


no other restrictions are imposed by the wave equation itself. 

Functions of type (2) are particularly suitable for finding solutions satisfying pre- 
scribed boundary conditions at plane boundaries. If the boundaries are cylindrical 
or spherical, it is more practical to transcribe equation (1) in cylindrical or spherical 
coordinates and then separate the variables. Thus in cylindrical coordinates (1) 
becomes 



p3p\ bp) p^ d(p^ bz^ 

(1-5) 


Assuming 

^ = i?(p)#(¥>)Z(2), 

(1-6) 

substituting in 

(5), and dividing by R^Z, we have 



1 d / dR\ 1 d^^ lcPZ 2 

pRdp\ dp) p^^ d<p^'^ Z dz^ 

(1-7) 
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Since all the terms except the third are independent of z, the third term must also be 
independent of z; thus 


1^-Z , d^Z 

'Z~T^ — or TT = 
Z dz'^ dz^ 


Substituting in (7) and multiplying by p\ we have 


Pj^ 

Rdp 




€1 

dtp^ 


= (o-2 — <r|)p*. 


( 1 - 8 ) 


The first and third terms are now independent of (p; hence the second term must also 
be independent of <p 




Substituting in (8), we have 


- or -=4$. 


or 


p^(p^) + K - - <^r)p^R = 0, 

•^ + P^+ [<r| - = 0 . 

dp^ dp 


(1-9) 


This is Bessel's equation. Equation (5) places no restrictions on the values of cr, 
and cr^. 

In spherical coordinates (1) becomes 


r^dr\ dr J sin 6 dd\ dS J sii 


d^F 


sin^ 6 d(p^ 


= <x^F. (1-10) 


Again letting F = R{r)T{B^<p), substituting in (10), and using the above method of 
separation, we arrive at two equations 

d^T 


sin 6 


fX”* 


dT 




+ — , + ^*sm»0T = O, 


dd J d<p’‘ 

= (>t2 + <rV)i?. 

dr\ dr J 


(1-11) 


( 1 - 12 ) 


The first of these equations is the equation of Spherical Harmonics and the second 
is reducible to the Bessel equation. 

Setting further, = ©(^)^>( 9 ?) and substituting in (11), we have 


dip^ 


dd 


(” "f ) 


+ (,^2 sin* (9 - fw*)e = 0. 


(1-13) 

(1-14) 


This is the Associated L^endre Equation. 
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The constant m in (13) may be complex; but in many problems it is real and 
frequently an integer. The constant k may also be complex but often it is real and of 
the form k- = n{n + \ )^ where n is an integer. When m is an integer, is a periodic 
function with period 2x. When n is an integer, some of the solutions of (14) are 
finite for all values of 6; for ail other values of « the solutions of (14) become infinite 
either for ^ = 0 or for 0 = x. 

There is an equation related to (12), which is important in subsequent work. 
Rewriting (12) in the form 


r^^ + 2r^= (P+(rV)i?, 
ar^ dr 


and substituting R — rR^ R = ^/V, we have 


2 ^ ^ 
dr r® 


Inserting in (15), we have 




0 the solution of (16) is 


Ae^ 


and the corresponding solution of (17) becomes 


(1-15) 


(1-18) 


For sufficiently large values of r the term k^jr^ is small compared with hence 
solutions of (16) approach asymptotically to (17) and the corresponding solutions of 
(15) approach (18). 


3.2. Boundary Conditions 

We have seen that in the case of solutions of type (1-2), two of the three constants 
cfj/, cTx are arbitrary. Various supplementary physical conditions will restrict 
these constants in one way or another. For instance, let us suppose that physical 
conditions require that V should vanish for at = 0 and x — that it should be inde- 
pendent of V, and that it should vanish at z == oo . As a function of x^ V will vanish 
as required if A'(O) and X[a) vanish. Writing the general solution for X in the form 

X{x) = A cosh cra:Ar + B sinh (2-1 ) 

we find that J5r(0) vanishes only if ^ — 0; X{a) vanishes if 

sinh = 0, = /«x, <Tx = , (2-2) 

where n is an integer. The constant B remains arbitrary. 
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V will be independent of 7 if Y is a constant; then <iy = 0. Hence, from ( 2 ) and 
'1-4) we have 

2 2 

+ (2-3) 

If we take the particular value of the square root which lies in the first quadrant, the 
general expression for Z( 2 ) may be written as follows: 

Z(2) = (2-4) 

To ensure that V vanishes at 2 = 00 , we must take Dn = 0; Cn remains arbitrary. 
Combining the above results, we find that 

Y- S; Cn sm (2-5) 

n*l a 

satisfies the specified supplementary conditions. The coefficients Cn remain arbitrary 
and it is possible to find F so that it reduces to a given function f(x) when 2 is given; 
we need only expand /( a?) in a sine series and compare the coefficients. 

There may be other kinds of supplementary conditions imposed by physical con- 
siderations. For solutions of the type ( 1 - 6 ) ^ may be required to be periodic; for 
other types of solutions some factor may have to be finite in a certain range of the 
variable; all such conditions are best considered as they arise. 



3.3. hssel Functions 

Bessel functions of order v are defined as solutions of Bessel’s equation 

„ d^w « 

2-2 _ ^ 2 — + (2^ — V^)w ~ 0. 


(3-1) 


Being a second order differential equation, it possesses two linearly independent 
solutions. For nonintegral values of v these solutions can be expressed by the follow- 
ing power series 

00 ^ yn^+^an oo ^ >'+ 2 m 

+ 12’'+^’^ ’ “ £o ml (-j> + m)! 

where the generalized factorial is defined in terms of the Gamma function 

p! = r(p+l). (3^3) 

The point 2 — 0 is seen to be a branch point. The most general solution of ( 1 ) is a 
linear combination of these two functions. 

If p is a. positive integer n, then 

— ("”0”/n(2), (3-4) 

and we are left with only one solution, regular at 2 = 0. A second solution is defined 
as follows. For any nonintegral order v the fimction 

/v(z) cosvw - J^y(z) 

Np{z) = 


Tiin PT 


(3“5) 
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is a solution of the Bessel equation. Its limit as v approaches an integer n 

Nn{z^ Ny{z) as v~-^n (3-6^ 

continues to be a solution of the Bessel equation. A series expansion for this function 


(n - m - 

■ + ;0oe»+c-iog2)/.W 

^ 00 ^ 

- i.?„ 2-+-».!(», + + ”»■ 

2 *2, ^ 

iV^oCz) = - (log z + C - log 2)/o(z) + “ E r 2 "-,_,s 2 v(.m), 

where the auxiliary function <p{m) is defined by 


<p{m) = l+-|+3 + ‘** + “‘, 

m 


and C is Euler’s constant 


From (5) and (6) we have 


C = 0.5772 


(3~7) 

(3-8) 

(3-9) 




The series (7) is obtained by differentiating (2) with respect to v. In differentiating 
power series one frequently encounters the logarithmic derivative of the generalized 
factorial function; this function ^( 2 ) is 


d 1 ^( 2 !) 


i:(- — ^). 

„=l\w « + Z/ 


(3-11) 


For integral values of the independent variable we have {m is a positive integer) 

^(0) = — C, = —C + <p(m), y}/{—m)=oo. (3-12) 


Also 


'Pi-h) = -C'-21og2 = -1.96351 •••, 

K-h ± »») = 'Pi-k) + 2(^1+ i + i + • • • + 

The following reduction formulae are useful 


2m 




(3-13) 


^(z) = ^(z — 1) + - , 

z 

yp{—z) = ^j/{z — 1) + TT cot TZ, ( 3 ^ 14 ) 

^(z — i) = ^(— z — -1) + X tan xz. 


For other formulae concerning ^(z) and its derivatives the reader is referred to 
Jahnke and Emde, Tables of Functions, p. 92. 

The V-function as here defined is identical with the V-function of Jahnke and 
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Emde and is the same as the tabulated “ y-Function ” of G. N. Watson. The 
W-notation is favored because it seems to be less confusing; there are several different 
“ y-fiinctions.” 

Two linear combinations of J and N functions are known as Hankel’s functions, 


mKz) = Mzi+ miz), 

= Mz) - iNy{z). 

For small values of z we have approximately 

- 1)1 


(3-15) 




■TIT^ 


(3-16) 


Jd(z) = 1, iVo(z) = - (log z + C — log 2), 
nr 


provided re(v) > 0 in the expression for Ny. For large values of z we have asymp- 
totic expressions 


pi ( vnr ir\ fl { vir 

j.w - - y - ij- v “ t - 



(3-17) 



These asymptotic expansions are valid only within certain phase limits: in the expres- 
sions for Jv and Nyy the phase of z must lie in the interval (— in the expression 
for the phase is in the interval (— '3r,27r), and in the expression for H^P the phase 
is in the interval (— Ixjx). These restrictions are needed because Bessel functions 
are multiple-valued functions. 

Complete asymptotic expansions of the various Bessel functions are 


rrc^),^ V 1 

f^i (z)~l — I exp«(z — ivir — fir) L, 


/ 2\i/2 

HViz) ~ j exp «■ (-Z + ivTT + iff ) , 


w=0 

“ iv,fn ) 
(2*2) 


(2*z)’" ’ 


rr^ r ^ “ (-)*(v,2*») 

■ , 1 1 ^ 

- sm (z - iPTT - JW) ^ — 


2m+l 




(3-18) 


/2\i/2r * (. 

N,iz) ~ ( — ) sin (z — Ivff — iff) ~ 

X'^TZ/ |_ m»0 


-)’"(», 2W) 

(2z)*" 


, , , “ (-)’»(v,2^+l)1 

+ cos (z - |vff - iff) I, J • 


7J»“0 


(2z)*"+i 
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The auxiliary function (y^m) is defined by 


(y,m) = 


(4y^ - l^)(4y» - 3^) • • • [4v^ - (2m - 1)" ] 

m\{y— m — i)! 


When V = w + I, then 


(m + i,m) 


V^m\ 

(r> + m)\ 
m\(n — m)l ’ 


. (3-19) 


(3-20) 


The expansions (18) are divergent; but if a finite number of terms is retained, then 
as z increases the sum of these terms will represent the corresponding function with 
increasing accuracy. 

3.4. Modified Bessel Functions 
The modified Bessel equation is 


, d^w dw 


(4-1) 


and its solutions are called modified Bessel functions. For nonintegral values of a 
set of two linearly independent solutions is 


4(2) 


^y+27n 


.y— H-2»n 




Another important solution is a linear combination of these two functions 


K,{z) 

If ? is a positive integer n, then 


2 sin VT 




(4-3) 


/_„(2) = 7„(z), 


(4-4) 

and the equations (2) represent only one solution of the modified Bessel equation. 
A second solution is obtained from (3) by allowing v to approach n and passing to the 
limit 

^n(z) = lim K,{£} as v — > w, 

(4-5) 

2 /a7_„ djA 

cos nv\ dn dn )’ 

From this definition the following series are obtained 


n-l 

KM = E 

m=0 


(-)™(w -m- 


m\ 


+ (-)"+Hlogz + C - log 2)7„(z) 


+ (-)” E 


~n4-2m 


»i=0 




(4-6) 


KM = - (log z + C - log 2)7o(z) + E 




ri 2=""(»»!)2 


<?(»*). 
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For small values of z we have approximately 

Io(.z) = 1, Ko{z) = — (log z + C — log 2), 

provided re(v) > 0 in the expression for K,. 

If z is lai^e, we have asymptotically 




2-12 ( 4 ^ 2 - 12 )( 4 ;, 2 _ 32 ) 


!8z 


2!(8z)2 


+ 


provided —2iv/2 <ph{z) < Zir/l, 

Similarly for Jy(z) we have an asymptotic expansion 


4(z) 


•Li /n_\m "h 


V^mt'o (2z)” 


V2 


irz m=0 


(2z)’« 


provided — jr/2 < ph{,z) < 2iv/2. 

The modified Bessel functions are related to Bessel functions; thus 
L(fz) = e^->^-J.{z), 


Kyiiz) = - 

In particular, we have 

■fo(/z) = /o(z), fiCfz) = f/l(2), 

iifoCfz) = ^ [/o(2) - fiVo(2)] = - ^ [iVo(z) + //o(z)], 


(4-7) 


(4-8) 


(^9) 


(4-10) 


(4-11) 


Km = -|l/i(z)-fiVfi(z)]. 

In wave problems we find that for dissipative media the I and K functions are 
more suitable than the others, in view of the usual engineering convention with regard 
to propagation constants. If the arguments of the 1 and K functions are imaginary 
it is frequently desirable to separate real and imaginary parts; then we shall employ 
the / and N functions. 

3,5. Bessel Functions of Order » + § Related Functions 

If = « + f , the asymptotic series representing Bessel functions and modified 
Bessel functions terminate. In this case Bessel functions reduce to elementary func- 
tions and the following related functions are better suited to wave problems than the 
original Bessel functions 

)?«(z) = /«(z) = (S-1) 
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N„+y2(.z). (S-1) 


The it and / functions are solutions of the following differential equation, related to 
(1-16), 

r. . »(« + i)n 


”, , »(« + 1)"] 

-[i+— 


The f and it functions satisfy 


-tt.+ 


»(» + 1 ) 


From (4-10) and (1) we have 

Liiz) = <“+Vn(z), /«(«) = *"7n(2), 

^„(<2) = |-““^[7»(2) — f)^»(z)l, ^n(iz) = »"”“*L7n(2) — li^n(2)]. 
The analytic expressions for the functions defined in (1) are 
, v- (« + m)! 


Jt„(z) = e-* £ 


0 m\(n — m)\(2z)^ ^ 


L m-om\(n — m)l{2z)” m=off»!(« 

♦ / nic . .war (_)»•(„ + 2 

V 2 2 y 2»i!(» - 2w)! 

, / «a- , . «w . 

+ I cos — cos 2 + sin — sin 2 1 2- 7 :; " ,7 

\ 2 2 / „_o (2OT4-l)!(t 

Tfc / \ / , . «w . (—)’"(« 4 

7v„( 2) = —I cos — cos 2 4- sin — sm 2 I >. - — 

\ 2 2 J f^o 2m\(ft - Im 

, / BIT . . WT \2m^-l ( — )" 

V 2 2 / “0 (2w + l)!(t 


' (” 4- >») ! 

t(im\(n — »»)!(2z)” 


(—)”*(» 4- 2»»)! 

i!(« - 2w)!(2z)*” (5-^ 

(-)"(» 4- 2W 4- 1)! 

(2ot 4- !)!(» - 2«» - 1)!(22)®“+i’ 

(-)”(« + 2w)! 

2»»!(« - 2«)!(22)*’” 


(-)”(» + 2W + 1)! 

(2w 4- !)!(» -2m- l)!(2z)*^i ' 


In particular we have 


^0(2) — ^ ^i(z) = , ^3(2) = e H 1 — ^ , 

/o(z) = sinh 2, /i(z) = cosh 2 — ^ It(z) == 4 sinh 3 


/o( 2 ) = sin 2 , /i( 2 ) = — cos ; 




I sinh z cosh z, 

z^/ z 

. 3 

smz cos z, 

z 


^ 0 ( 2 ) = - cos 2 , ^ 1 ( 2 ) = — sin 2 — ^-5 , A(z) ~ ~ 


cos 2 sm 2 . 

2 
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3.6. Spherical Harmonics and Legendre Functions 

Solutions of (1-1 1) are called spherical harmonics. We have seen that it has 
solutions of the form 


= 0(0) {A cos m<p + B sin Tnfp)^ (6-1) 

where 0 is a solution of the associated L^endre equation 

d ( . e\ 

sin 0 — ( sin 0 — J + [«(« 4“ 1) sin^ 0 — = 0. (6-2) 

o0 V do J 

For nonint^ral values of n two independent solutions of (2) arc i^(cos 0) and 
Pn (*~ cos 0), where 


P?(cos 0) = 2*” cos 


(« + m) 


/ n+ m — l \ j 

V 2 )• _, 




sin* e X 


rf ^ 
V 2 


m — n 1 , - , 

— ^ ; cos* 0 ) + 


0 


+ 2*+* sm — - 




(6-3, 




sin* 0 cos 6 X 


+ w + 2 

A 2 * 


m ^ n + \ 3 


, - ; cos^ 
2 ’ 


')■ 


The hypei^eometric function F(ayl3;y;x) appearing above is defined by the follow- 
ing power series 


P(a,/3;r;^) = 1 


y 4. «(«+ l)i3(g + 1) . 

1 • 7 ^ 1 27(7 + 1) 


(^) 


This series is convergent for \x\ <1. 

The series (3) represents Hobson’s definition of PIT for real values of the argument^ 
less than unity in absolute value. If we set 


p = cos 0 


(6-5) 


and regard as a complex variable, the general function has three branch 

points At = 1, M = “1 /X = 00 . In order to make this function single-valued a 
cut along the real axis is nx^ide from jLt==--ootoA4= + l, along this cut Pn is discon- 
tinuous, On the cut itself, in the interval —1 < At < 1, the associated Legendre func- 
tion is defined by 

P?(m) = + 0 • 0 = (r--«'*/2P”(At ^ 0 • /). (6-6 


This definition makes PJT real in the interval —1 < p <1, 
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For = 0, we have 


(cos 0) = i: [ sin^* ^ . 

5=0 (?? - 2 


For int^ral values of we have 


Pn (cos 6) = (— )”* sin’” 6 


d^Pn (cos 6) 
d (cos 


In this case the function 


TT (cos 6) = (~)"^Pr (cos 6) = sin- ^ 


(cos 6) 
d (cos ^)- 


is frequently used. 

The function Pn (cos 6) has a logarithmic singularity at ^ = x, and in this neigh- 
borhood the following series is more suitable for computing purposes 


^ sinwx ^ {-Yin 

Pn (cos 6) = 2L — ; 

TT s=0 (« 


in + s)\ r^ 

L“ 


log cos -+ \pin + s) 


2 f — Vrw 4- j'V B 

+ yp{n- s) - 2\p(s) y-- + cos nr -7 rrTT^ cos^* - . (6-10) 

J s^o in - s)\is\Y 2 


For ^ = 0, we have 


Pn(l) = 1. 


(6-11) 


Consequently the function Pn (—cos B) equals unity for ^ = x and has a logarith- 
mic singularity at ^ = 0. 

When n is an integer Pn (cos B) becomes a polynomial in cos & and Pn (—cos B) 
differs from it only by a factor (— )”. In this case the second solution of Legendre’s 
equation is represented by another function Qn (cos 0), which is defined by 


Qn (cos 6) = Pn (cos B) log COt - 


Pn-lPo + iPr^zPl + iPn^P2 +'*•+- 


^PoPn-l^, 


( 6 - 12 ) 


Qo (cos B) = log cot - , 

The second solution of the associated Legendre’s equation is defined in terms of 
Qn as follows 

(2? (cos 0) = (-)<» sin” . 

d (cos ^)- 

This is the definition for real values of B, 

The jj-functions have two singular points 0 — 0 and 0 = x. 


(6-13) 
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When ^ ~ 0, equation (l-ll) for spherical harmonics becomes 




+ X5-<>- 


(6-W) 


The most general solution of this equation may be represented in the following form 


(6-15) 


r(6,^) = 4> ( cot 2 ) + cot ; 


where # and '4' are arbitrary functions. In particular we have solutions periodic in (f> 


Tie,<p) = {m<p) cot"* I , im<p) tan” ^ . 


There are also solutions independent of <p 


T(0) = logcot-, 1. 


(6-16) 


(6-17) 


3.7. Miscellaneous Formulae 


NiM = -mx) (7-1 : 

/o(*) = /i(^). ifo(^) = -Ki(x) (7-2; 

p einV 2 (— )"/2n(<rp) cos2«^c' ±2 (— )"/2iH.l(ffp)sin(2«+ 1)^ 

n==l n«0 


^±<rp COB _ Jg(ffp) + 2 £ /n(±0'p) COS »?> (7-4) 

n=l 

^±i3p Bin »> _ yQ(|3p5 + 2 Yi Jin(fip) COS 2ks? ±2* Y /*H-i03p) sin (2w -f- l)<p (7-5) 

n**l n=0 

2] (— )V2rt03p)cOs2«V’=b2f 53 (-“)V2n4.l03p)cOS (2 m+ 1)<P 

n=l n==0 


2 ^«/2 ^»/2 
-^J dxj log [a? — ^1 = log ^ — 1.5 


-a/2 t/ -a/2 
'ia/2 /'»/2 


1 /^a/2 ^a/Z \ . 

If )3 j «: 1, then -r / / JTofi/Sjx - ^1) dS = log - - 0.222 - - 

S^J~,12 J -,/2 S 2 


Af7o(.*') = a;/x(*) 


£4MkxW dx^~ UM? + (i - 


= ■jI-/n-l(^if)/H-l(^*) + /n(^Ar)] 


(7-10) 
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/i(2.40) = 0.519, ^40/i(2.40) = 1.24 

KX - Kh = = z 


/X - = MiN„ - = — 


, /o/i + iVoVi 


jCi(/;c) ^ 

A:o(*x) xx(/o® + V|) * \/? + Vg 


^o(w) _ 


+ i 


. Ml + VoVi 


/I + iVf 


2 ,^2. (-)’»[l-3-5---(2,»-l)]^ 

r'^sin/ recast , 

Si AT = I dty Cl AT =5 / Af > 0 

1/ 0 ^ «/ 00 ^ 

1 — COS / T 

.//= C+logX-Ci;^, Si00:r:~ 

0 / 2 


a;^ at® 

Si«-«-573 + j75- 


CU-!og< + C- — + —-— + ■■■, e-O.S77 

T cosa;.^ (— )"(2m)! sin ;f (— )’*(2«+l)! 
Si * ~ 2- r- — l_ 


Cix 


,2n+l 


2 ;c „to a; „to 

sin X “ (— )"(2«)! cos A? ^ (— )”(2 » + 1)! 

Af nwQ A?^” Af n=.0 AA 

£A(±Af) = Ci Af ± * Si Af 
Si (— Af) = — Si JA 

j '~* 1 — cos ? /** 1 — cos / 

I ^ 

0 / Ja t 

Jn{x) JX= 1 

r’^Xikx) 1 
I ;; — = r . « = 1.2,3, ■ 


Chap. 3 

(7-11) 

(7-12) 

(7-13) 

(7-14) 

(7-15) 

(7-16) 

(7- 17) 

(7-18) 

(7-19) 

(7-20) 

(7-21) 

(7-22) 

(7-23) 

(7-24) 

(7-25) 

(7-26) 

(7-27) 

(7-28) 
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rM 

Jo X 

rA 

Jx X 




dx — X) 


dx 


n=l 

/ti+l(.y) _ (ffl + » + l)/n-h2(x) 

(m + n + l)(^ + ^ + 3)Jn+.3 M 


^ exp <* = CC;?) + iS{x) 

/•* IT/* /"* tA 

Jq ~2 Jo “ 


<y(^) 


C(0) = i'CO) = 0, C(oo ) = i-C » ) = 0.5 

c’c^) = E = r 


2*'‘(2«)!(4« + 1) 


ro 2^"+H2« + 1)!(4« + 3) 


IT** IT** 

C(>r) ~ 0.5 + P{x) cos sin — 

■jrx* irx* 

-SCx) ~ 0.5 + P{x) sin — + Qix) cos 

= J_ f (-m-3-5---(4n+l) 

irx^^o (xx*)^"+i 

^ ^ ^ (-)n+il-3-5--- (4»- 1) 

jrx„=o (xx®)*" 

CCx) = 22 72rH-(l/J)(5-!rx“), Six) = 23 J2v+(s/2)iivx^) 

n=0 n=0 

r SSllfcti) & . a «r, + «) - Ci «r. + z.) 

t/zi ^ 

r = "v/p^ + 2 ^, ri = + zf, r 2 = V^P® + z| 

sin iS (r + 2 ) 
r 


dz Si p(r 2 + 22 ) — Si /3(ri + zi) 


r .fe . Ci «r. - z.) - Ci ^ (n - z.) 

Jzi r 


J p** sin ^(r—z) 


</z = Si Piri — zi) — Sip (r* — zs) 


For » = 1 the numerical coefRcient is unity. 
The first term of Qix) is — 1/xx. 


(7-29)* 

(7-30) 

(7-31) 

(7-32) 

(7-33) 

(7-34) 

(7-35) 

(7-36) 

(7-37)t 

(7-38) 

(7-39) 

(7-40) 

(7-41) 

(7-42) 
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-Pn+A (cos 6) = Pn (cOS 6) + 2A Pn (cOS d) log COS " + ( 7 - 43 )* 


r 6 

-Pn+A (— COS = (— )”P»(cos 5) -t- 2A (— )”Pn (cos 9) log Sin - - 

0!!a!(« — o:)! \» + a n+a — l «4-l/ 

s'' = y; (")“(” + — I — , ^—4 ^ 

^ a«i oi!al(;7 — a)l \;7 + a n + a — w + 1/ 


(cos log sin - + Sn (7-44)* 


— sin WAT T X 
S == — r — , 0 < X <2t 

nssi n 2. 


COS fix ( x\ 

C — — = —i log 2(1 — cos A?) = — log ( 2 sin - 1 , 0 < a? < 2ir 


23 



n =1 

n 

E 

cos nx 


n =1 


1 - 

cos nx 

tP 

00 

sin nx 

E 


n*l 

00 

sinwA* 



n *=1 


1 - 

cos nx 


= T--T+T. 0^*<2^ 


2 4 


, 0 ^ < 2ir 


r*A; irx^ ,** „ ^ 

— . +,»> 0— =Af<2jr 


sin^*®- (7-i5)* 


cos2“ - (7-^6)* 


(7-^7) 

(7-48) 

(7-49) 

(7-50) 

(7-51) 




-!-•••, 0 < < 2x (7-52) 
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In equations (43), (44), (45) and (46) n is an integer, 
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CHAPTER IV 

Fundamental Electromagnetic Equations 


4.1. Fundamental Equations in the MKS System of Units 

It is assumed that the reader is familiar with fundamental electromag- 
netic concepts. An excellent description of a set of experiments underlying 
these concepts and the laws of electromagnetic induction may be found 
in the first four chapters of Physical Principles of Electricity and Mag- 
netism** by R. W. PohL* We shall use exclusively the meter-kilogram- 
second-coulomb system of units, commonly known as the Giorgi or the 
MKS system. In this system electromagnetic equations are particularly 
simple and correspond closely to physical ideas and measurements, com- 
mon in engineering laboratories. Table I gives a list of quantities, 
symbols, names of units, and some dimensional equivalents of these units. 

The definitions of common electromagnetic terms may be summarized as 
follows. The basic idea of electric charge has to be gained from experience. 
When two bodies are electrified certain forces between them are attributed 
to the electric charges ** in them and the force E per unit ‘‘ positive ** 
charge is called the electric intensity. Electricity appears to be atomic in 
structure and the smallest particle of negative charge is called the electron. 
In some substances, called conductors^ there are many ‘‘ free ** electrons, 
easily detachable from atoms; in such substances the electric current 
density /, defined as the time rate of flow of electric charge per unit 
area normal to the lines of flow, is proportional to the electric intensity 
(Ohm*s law) ; thus 


where the coefficient of proportionality is the conductivity of the substance. 
By definition, the direction of the electric current coincides with the direc- 
tion of moving positive charge and is opposite to the direction of moving 
negative charge. 

The electromotive force V (or the voltage **) acting along a path joining 
points P and Q is defined as the line integral of the electric intensity 




/ . 

{PQ) 


Eg ds. 


( 1 - 1 ) 


* Blackie & Son Limited (1930). 
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Table I 


Name of Quantify 


Sym- 

bol 


Name of Unit Dimensional Equivalent 


Length 

Mass 

Time 

Energy 

Power 

Force 

Electric charge, electric dis- 
placement 

Displacement density 
Electric current 
Current density 
Electromotive force 
Electric intensity 
Impedance (electric) 
Admittance (electric) 
Inductance 
Permeability 
Capacitance 
Dielectric constant 
Conductivity 
Magnetomotive force 
Magnetic intensity 
Magnetic flux 
Magnetic charge 
Magnetic flux density 
Magnetic current 
Magnetic current density 



meter 

kilogram 

second 

joule 


watt 

newton 

coulomb 

D 

coulomb per meter' 

I 

ampere 

J 

ampere per meter^ 

V 

volt 

E 

volt per meter 

Z,K 

ohm 

Y,M 

mho 

L 

henry 

M 

henry per meter 

c 

farad 

e 

farad per meter 

S 

mho per meter 

u 

ampere 

H 

ampere per meter 

$ 

weber 

m 

weber 

B 

weber per meter^ 


volt 

MP’ 

volt per meter^ 


volt-coulomb, newton, 
meter 

joule per second 
joule per meter 
ampere-second 

coulomb per second 

joule per coulomb 
newton per coxilomb 
volt per ampere 
ampere per volt 
ohm-second 


volt-second 

volt-second 


^ It will be clear from the context whether K stands for magnetic current or im- 
pedance. 

^ It will be clear from the context whether M designates magnetic current density 
or admittance. 

Thus the electromotive force represents the work done by JE on a unit 
positive charge moving along PQ and the work done on a charge q is 
The electromotive force is not a true force in the usual mechanical sense.* 
Consider now a homogeneous conducting rod of length I and let its cross- 

* The electromotive force may be regarded as the generalized /ohe and the electric 
charge as the generalized coordinate in Lagrange*s sense. 
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section be S; then the current I in the rod is S the electromotive force 
is /£, and therefore 


I G 





RI, R = 




The coefficients of proportionality R and G are called respectively the 
resistance and the conductance of the rod. The work done by V per second 
is Vqjt or VI = GV^ watts; this work appears as heat. The electric power 
dissipated in heat per unit volume is evidently JE = 

The magnitudes of the volt and the ampere have been chosen to suit the 
most common experience. Thus the voltages supplied to the homes for 
lighting and cooking purposes are between 110 and 120 volts; the current 
through a 100 watt electric bulb is about 0.9 ampere and the resistance of 
the bulb is about 122 ohms. For the mechanical units, similarly, the 
weight of 1 kilogram is about 9.8 newtons; the potential energy of a kilo- 
gram-mass 1 meter above ground is 9.8 joules; and the kinetic energy of 
1 kilogram moving with a velocity equal to 1 meter per second is half a 
joule. 

h perfect dielectric is a medium possessing no detachable electric particles; 
in such a medium ^ = 0. Vacuum is the only physical example of a perfect 
dielectric; in the first approximation, however, many other media may be 
treated as perfect dielectrics. Consider now the field produced by electric 
charges placed in a perfect dielectric. If a neutral conductor is introduced 
in the field, the free electrons will move under the influence of E until inside 
the conductor the electric intensity of the separated or induced " charges 
becomes equal to — £. At the surface of the conductor the total tangential 
component of the electric intensity must be zero or the electrons would 
still be moving; on the other hand, the normal component will be different 
from zero. In order to explore this "" electrostatic induction quanti- 
tatively we may take a conductor formed by two separable thin flat discs 
of small area and insert it at some point in the field. The discs are then 
separated, removed from the field, and the charges on them measured. It 
wiU be found that these charges are equal and opposite and that their 
magnitudes are proportional to the product of the electric intensity, the 
area of the discs, and the cosine of the angle formed by the normal to the 
discs with some fixed direction. The maximum charge per unit area is 
called the displacement density D at the point in question. Generally the 
components of D are linear functions of the components of E and the direc- 
tions of D and E are different; but in isotropic media D and E are in the 
same direction and 


D =* eE. 
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The coefficient of proportionality e is called the dielectric constant. In this 
book we are concerned only with isotropic media. 

For example, consider two parallel conducting plates with equal and 
opposite charges. If the distance between the plates is small compared 
with the dimensions of the plates, the electric field between the plates is 
nearly uniform except near the edges and electric lines (lines tangential 



to K) look like those in Fig. 4.1, Thus experience indicates that between 
two infinite uniformly charged plates the field would be uniform and the 
charges on the two conducting plates introduced in the field would separate 
as shown in Fig, 4.2. The displacement density is found to be equal to the 
electric charge per unit area on the positively charged plate. 




^ ^ 




* + + -*■++♦+++ + ++ ++ +-► + + 

Fig. 4.2. Electrostatic induction in the field between 
two equally and oppositely charged planes. 



In his original experiments on electrostatic induction Faraday employed 
two metal spheres (Fig. 4.3). He placed a fixed charge q on one sphere 
and then enclosed it within the other. After connecting the outer sphere 
to ground, he measured the charge remaining on the sphere- He found 
that this charge is equal and opposite to the charge on the inner sphere 
regardless of the dimensions of the spheres and the medium between them*. 
In the case of concentric spheres electric lines of force are radial and there- 
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fore the total displacement through any sphere concentric with the sphere 
containing q is 

JfDndS = q.’ ( 1 - 2 ) 

The voltage is found to be proportional to q; hence D is proportional to E, 
In the region between concentric spheres we have then 


Dr 




(1-3) 


where r is the distance from the center of the inner sphere, 
between the spheres is 


F = 



The voltage 


The ratio q/F is called the capacitance; hence the capacitance of two con- 
centric spheres is 

C/ ~ , * 

— a 


When the outer sphere is removed to infinity, then C = 47re^. 

Let the outer sphere be infinite and the inner vanishingly small. Then 
any other “ point charge q' will not affect the field of q and the force 
exerted by one charge on the other is 




4T€r^ ’ 


This is Coulomb’s law. In free space € is approximately equal to 
(l/36'n-)10”® farads per meter (8.854 X thus small charges produce 

large electric intensities. 

By direct integration it may be shown that for a point charge and there- 
fore for any distribution of charge the displacement through a closed surface 
is equal to the enclosed charge so that (2) is true regardless of the shape 
of iS). 

An electric current exerts a force on each end of a compass needle and 
thus is surrounded by a magnetic field. In the case of two coaxial cylindrical 
sheets or two plane sheets, carrying equal and oppositely directed steady 
currents (Figs. 4Aa and 4.4^^), the field is confined to the region between 
the cylinders or the planes. In the first case magnetic lines (that is, lines 
tangential to the forces on the ends of the compass needle) are circles coaxial 
with the cylinders and in the second case they are straight lines parallel 
to the planes and perpendicular to the direction of current flow. The 
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arrows In Fig. 4.4 indicate the direction of the force on the north-seeking 
or the ‘‘ positive end of the needle; +/ is supposed to be flowing toward 
the reader. Between two plane current sheets the ma^etic intensity H 
is uniform; i t depends on the linear current density in the sheets but not 
on the SstaSce between them. This linear current density is taken as the 


•i-I 


(^) w 

Fig. 4.4. The magnetic intensity between coaxial cylinders and parallel planes. 

measure of H\ hence the unit of H is the ampere per meter. Similarly 
the magnetic field is uniform inside a closely wound cylindrical coil; the 
magnetic intensity is independent of the shape and 
size of the cross-section of the cylinder, is parallel 
to the generators of the cylinder, and is equal to 
the circulating current per unit length of the coil. 

In this case H is also equal to the number of 
‘‘ ampere-turns/' that is, to the product of the 
current in the wire and the number of turns per 
unit length of the coil. 

It is an experimental fact, discovered by Faraday, that a y oltage e jdsls 
across th e terminals of a loop (Fig. 4.5) in a varying magnedc_field_. For a 
small loop this voltage is proportional to the cosine of the angle between H 
and the axis of the loop; the maximum voltage is proportional to the prod- 
uct of the area S of the loop and the time derivative of H; the coefficient 
of proportionality ix depends on the medium and is called the permeability. 
The time integral of the voltage is called the magnetic flux or the magnetic 
displacement ^ through the loop; thus for a small locp 

(1--4) 

where B is called the magnetic flux density. The magnetic flux through 
any surface is defined as the surface integral of the normal component of B 
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Th.e following time derivatives 




( 1 - 6 ) 


are called respectively the magnetic current and the magnetic current density. 
The first law of electromagnetic induction (Faraday's law) may then be 
expressed as follows 


V ^ -K, or 



// 

*^( 5 ) 


MndS, 


(1-7) 


where the line integral is taken round the closed curve forming the edge of a 
surface (iS*). The negative sign indicates that the electromotive force 
round the curve appears to act counterclockwise to an observer looking in 
the direction of the magnetic current (Fig. 4.6). 

The magnetomotive force U is defined as the line integral of H 


U J H,ds. 


( 1 - 8 ) 


The second law of electromagnetic induction (Ampere’s law, amended by 
Maxwell) may then be expressed as follows 

or ff JndS; (1-9) 

«/ ^ (S) 




Fig. 4.6. Reladve directions between magnetic and electric currents and electromotive and 
magnetomotive forces induced by them. 


that is, the magnetomotive force round a closed curve equals the electric 
current passing through any surface bounded by the curve. The magne- 
tomotive force appears clockwise to an observer looking in the direction 
of the current (Fig. 4.6). 

These two fundamental laws of induction form the basis of electromag- 
netic wave theory. They are abstractions from experiments performed 
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under restricted conditions and as such they are postulates which may be 
considered valid as long as theoretical conclusions derived from them agree 
with all available experimental evidence. 

Inside a conductor the electric current density is gE\ the magnetomotive 
forces may be calculated from this current density only if 
the surface (<?) in equation (9) lies completely inside 
the conductor. Suppose now that we connect two elec- 
trically charged spheres with a conducting wire (Fig, 4.7). 

The magnetomotive force round a small loop encircling 
the wire is /; if equation (9) is to hold for any surface 
such as {S) in Fig. 4.7 through which no conduction cur- ine nme 

rent is flowing we should include in J another term. If derivative of the 

the positive direction of I is chosen to be from the lower mward dispkc^ 

sphere to the upper, then 1 = bqjbt and there exists a is equal to the out- 
time rate of change of electric displacement through {S) ward conduction 
which, when regarded as an “ electric current,’’ is just current, 
sufficient to give the right value of the magnetomotive force. Thus we 
define the displacement current density 





( 1 - 10 ) 


Displacement currents must be included if (9) is to be true irrespective of 
the choice of (*?); but, of course, there is no a priori physical reason requir- 
ing that (9) should be so general and only experiment can decide if it is. If 

(9) is really general, we should expect mag- 
netomotive forces to exist where there are 
no other currents but displacement cur- 
rents; this happens to be the case. Con- 
sider for example a circular loop round 
which we measure the magnetomotive 
force TJ and an electric charge q moving 
Fio. 4.8 An electric charge moving (P; 4 8). the dis- 

on the axis or a arcular loop. i i t r t i 

placement through the plane or the loop 

increases until the charge reaches this plane. If ^ comes from a great 
distance, the time integral J* Udt is ^q; as q passes on to a great distance 
the time integral becomes* q> 

For complete generality a third term should be included in the current 
density in (9). Imagine a cloud of electric charge moving with a velocity v; 

* The absolute value of Dn diminishes but its sign is negative. 
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if the volume density of electric charge is the current density is 

/ = qrV. (1-11) 

This is the convection current and it differs from the conduction current in 
that it exists outside conductors and its density is not proportional to E. 
In particular we shall be interested in forced convection currents produced 
by forces external to the field (chemical^ mechanical, etc.); such currents 
will be called impressed currents. In our equations such currents provide 
a link between an electromagnetic field and its external cause. Thus we 
shall write the total electric current density in the following form 

+ ( 1 - 12 ) 

The first term alone exists in conductors;* in perfect dielectrics we ordi- 
narily have only the second term; in ordinary good dielectrics this term 
predominates but a small conduction current term will usually exist; and 
finally in “ electric generators ” we have p. In electrolytic cells and 
vacuum tubes we have convection currents; in a dynamo the current is of 
conduction type but its density is not equal to gE^ where E is the electric 
intensity of the electromagnetic field. In a dynamo the current density 
is g{E + E^')y where E^ is the ‘‘ motional electromotive force which is 
an example of an impressed electromotive force. If the wires of the dynamo 
were “ perfect conductors,” g would be infinite and E E^ would equal 
zero; however, would be finite. 

In wave theory we use P for closing circuits and introducing hypothetical 
generators of simplified type. Suppose we wish to find what happens when 
a variable current is flov/ing through a wire loop (Fig. 4.5). We assume 
that the electric charge is being transferred back and forth between the 
terminals of the loop under the influence of some applied or impressed 
force. The current in the loop produces a magnetic flux ^ through the 
loop; this flux is proportional to I and the coefficient of proportionality L 
is called the inductance of the loop. The voltage V across the terminals 
of the loop is and the impressed force needed for the transfer 

of charge between the terminals against this ‘‘ electromotive force of self- 
induction ” is 

//*=-F=L — . (1-13) 

dt 

This is not the total impressed force needed for the transfer of charge; the 
wire has a resistance and an “ internal ” inductance which will be con- 
sidered in a later chapter. 

Physically there is only one type of magnetic current, namely the dis- 
Except at optical frequencies when the second is appreciable. 
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placement current defined as the time rate of change of magnetic displace- 
ment or magnetic flux. Compass needles exert forces on each other con- 
sistent with an assumption that there exist ‘‘ magnetic charges ’’ near the 
ends of the needles and that the forces between these charges are similar 
to those between electric charges; but efforts to separate magnetic charges 
have consistently failed and all present experimental evidence indicates 
that there are no physical magnetic charges and that consequently there 
can be no physical magnetic conduction and convection currents. On 
some occasions, nevertheless, considerable mathematical simplifications 
may be secured if we write Maxwell’s equations in a more symmetrical 
form by including hypothetical magnetic charges and corresponding con- 
vection currents. These should be defined to be analogous to electric 
charges and currents in order to preserve whatever symmetry there is in 
Maxwell’s equations. The field of a magnetic “ pole ” is assumed to be 
radial and the magnitude m of the magnetic charge is assumed to be equal 
to the magnetic flux emerging from the pole. If then in Fig. 4.8 the moving 
electric particle is replaced by a magnetic charge the time integral of the 
electromotive force round the loop AB as m passes from ■— oo to + «= will 
be 772. The magnetic convection current density is defined as equal to 
m^v where 772^ is the volume density and v the velocity of the charge. The 
total magnetic current density will be expressed as 

bB SH 

M = — + = + (1-14) 


In general therefore we shall write the fundamental electromagnetic 
equations in the following form 




(1-15) 


where the conduction and displacement current densities are included 
explicitly and the superscripts designating the Impressed current densities 
have been dropped. 

Since we are concerned primarily with fields varying harmonically with 
time, we replace the instantaneous field intensities and current densities by 
the corresponding complex variables and write Maxwell’s equations as 
follows 


icOfxHn dS — If 

^H,ds = // {g + iui€)En dS + Sf JndS. 


(1-16) 
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One more remark about magnetic charges. The force on a magnetic 
charge in a magnetic field is assumed to be Hm, The dimensions are cor- 
rect but a numerical factor might have been included. The torque on a 
magnetic doublet (two charges —m separated by distance /) of moment ml 
placed normally to the lines of force is then Hml. In Chapter 6 we shall 
find that with the above definitions in mind the field of a magnetic doublet 
is the same as that of an elementary electric current loop provided ml 
= p.SIy where I is the current and S is the area of the loop. The torque 
on the loop whose axis is normal to the magnetic lines would seem to be 
ixHSI = B SI; this happens to be the case and we have a machinery for 
replacing in calculations circulating electric currents by equivalent magnetic 
doublets. Coulomb's law for the force between magnetic charges as above 
defined is evidently mxm^l^yir^^ 

Maxwell's equations in the form in which we have expressed them possess 
considerable symmetry; E and H correspond to each other, the first being 
measured in volts per meter and the second in amperes per meter; D and B 
correspond to each other, the first being measured in ampere-seconds pet 
square meter and the second in volt-seconds per square meter; electric 
and magnetic currents correspond to each other, the first being measured 
in amperes and the second in volts. In literature one finds arguments to 
the effect that "" physically " E and B (and jD and H) are similar and that 
B is more ‘‘ basic " than H. All such arguments seem sterile since electric 
and magnetic quantities are physically different; whatever similarity there 
is comes from the equations. 

4.2. Impressed Forces 

In equations (1-15) and (1-16) electric generators are represented by 
the current densities J and M whose values are supposed to be given. Of 

course, in order to obtain given 
values of the generator currents we 
must have properly distributed 
impressed intensities which sustain 
these currents against the forces 
of the electromagnetic field. These 
impressed intensities are not in- 
cluded in E and H in equations 
(1-15) and (1-16); they are equal 
and opposite to the field intensities against which the charges in the gen- 
erator have to be moved. 

For example, in an electrolytic cell there exist contact forces tending 
to separate positive and negative charges. In Fig. 4.9 the lightly shaded 
region represents an electrolyte and the heavily shaded regions are greatly 



Fig, 4.9. A diagram of an electrolytic 
cell. 
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magnified regions of contact between the electrolyte and the metal plates 
A and D. The contact forces move the negative charge to the metal plates 
until the electromotive forces of the separated charges just balance the 
contact electromotive forces. Contact forces are different for different 
metals and when two plates A and D are submerged there may exist a net 
impressed electromotive force between A and D fFis. 4.10) which is equal 



Fig. 4.10. The electromotive force between the metal plates of the cell due to the electric 
charges separated within it is the same for any path either inside or outside the cell. In- 
side the cell there are also contact forces acting on the charges. 

and opposite to the voltage V produced by the separated charges. The 
voltage F’xp£> = — V j^qj^ and the total electromotive force of the field round 
the closed path is zero^ which is consistent with (1-15) since there is no 
magnetic current through the circuit. If A and D are connected by a 
conducting wire, the electric intensity of the field of separated charges will 
move the electrons in the wire and a 
current will be produced. 

As another example let us take a 
fixed pair of wires AB and CD and a 
sliding wire MN of length / equal to 
the separation between AB and CD 
(Fig. 4.11). Let there be a uniform 

magnetic field H perpendicular to pio. 4.11. A conducting wire sliding alon^ 
the plane of the paper and directed a pair of parallel wires in a magnetic field, 
toward the reader. Let the velocity of 

MN be V, Consider a circuit MNPM of which MN is the only moving 
part. In time dt the magnetic flux through this circuit changes by Blv dt 
and the electromotive force in the circuit due to the motion of MN is 

== -Bh. 

This force is independent of the fixed part of the circuit and hence resides in 
the moving wire MN\ for this reason it is called the motional electromotive 
force. The relative directions of Hy v and the motional E are shown in 
Fig. 4.12. More generally the force on a charge moving with velocity v 
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in a magnetic field is 

F ^ qv X B. 

In subsequent work we shall assume as given either impressed or gener- 
ator currents or impressed electromotive forces, according to circum- 
stances. In a pair of parallel wires (Fig. 4.13) for instance, we may start 
with a given current P flowing from B to determine the charge and 



Fig. 4.12. The relative directions of the Fig. 4.13. A diagram illustrating the sim- 
motional electric intensity, the mag- plified conception of an electric generator 

netic intensity, and the velocity. in wave theory. 

current distribution in the wires, the field due to these charges and currents, 
and hence the electromotive force V oi this field acting from A to B. The 
impressed electromotive force needed to sustain P against 
Or we may start with a given and determine the corresponding P. 

4.3. Currents across a Closed Surface 

The total electric and magnetic currents across a closed surface vanish. This 
theorem follows immediately from (1-15) when these equations are assumed 
to hold independently of the choice of (*5*). We simply draw a closed curve 
on a closed surface (5), and apply (1-15) to each part of the surface. 
Thus we have 

// + ■ f^) " - 

where I and K are the impressed currents flowing out of the volume bounded 
by (5). 

In perfect dielectrics = 0. Substituting in (1) and integrating with 
respect to /, we have 

f J ^EndS^ J J DndS= - f Idt^q, (3-2) 



FUNDAMENTAL ELECTROMAGNETIC EQUATIONS 73 



where q and m are the electric and magnetic charges inside {S) at time /. 

4.4. Differential Equations of Electromagnetic Induction and Boundary 
Conditions 

Applying the integral equations (1-15) to an infinitely small loop and 
using the definition of the curl of a vector, we obtain 


curl £ = — 


dt 


&E 

M, cuxlH^ gE + €— + /. (4~1) 

dt 


Similarly, equations (1-16) for harmonic fields become 

curl E — —io)fiH — My curl H — {g + i(jO€)E + /. (4-2) 

At a boundary (5*) between two media the above equations are not 
necessarily satisfied because E and iTmay be discontinuous. A connection 
between the fields on opposite sides of (S) is obtained from the integral 



Fig. 4.14. A cross-section of a boundary between two media and a rectangle having 
two sides parallel to this boundary and the other two sides vanishingly small. 

equations. Thus, assuming that all variables and constants in these 
equations are finite, and applying the equations to a typical rectangle with 
two sides, one in each medium, close to and parallel to (5*), such as the 
rectangle A' B' ^ A' ^ in Fig. 4.14, we have 

E[ = Efy Hi ^ Hi'. (^3) 

Hence the tangential components of E and H are continuous at the interface 
of two media. 

Since the circulation of the tangential component of H per unit area is 
the normal component of /, the latter is continuous across S. The normal 
component of M is also continuous and we have 

r:. Mi = M'S. ( 4 - 4 ) 

For harmonic fields in source-free regions, these equations become 

ig' + = ig' + (4-5) 
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For static fields in perfect dielectrics, the conditions are 

(4-6) 

In perfect conductors (^ = ) the electric intensity is zero for finite 

currents and the condition at the boundary is 

or Fn = 0. (4-7) 

The conception of perfect conductors is valuable chiefly because it helps 
to simplify mathematical calculations and to provide approximations 
to solutions of problems involving good conductors. In the future we shall 
assume all perfect conductors to be infinitely thin sheets. For reasons 
that will become evident later we may describe perfectly conducting sheets 
as sheets of zero impedance. 

A sheet of infinite impedance is defined by the boundary conditions com- 
plementary to (7), that is by 

Hi = 0, or En = 0. (4r-8) 

Such a sheet can be pictured as having an infinite permeability and it is 
useful as an auxiliary concept for simplifying certain problems. 

4.5, Conditions in the Vicinity of a Current Sheet 
Another auxiliary concept is that of a current sheets defined as an infi- 
nitely thin sheet carrying finite current per unit length normal to the lines 
of flow. Let us suppose that Fig. 4.14 shows a cross-section of an electric 
current sheet whose linear current density J is normal to the plane of the 
figure and is directed to the reader. Applying (1~15) to the rectangle 
we obtain 

'H[ - = /, E[ = E[\ (5-1) 

The positive directions of the current density, the tangential component 
of H and the normal to the sheet are assumed to form a right-handed triad. 
Similarly for a magnetic current sheet of density M, we have 

E[ - Ef = -M, H[ = Hf. (5-2) 

The discontinuities in the tangential components of the field intensities 
imply discontinuities in the normal components of the field current densi- 
ties. Imagining a pill box with its broad faces infinitely close and parallel 
to the electric current sheet on its opposite sides and then calculating the 
current into the pill box and out of it, we have 

r - = -div' /, M' - M''. (5-3) 

Similarly for the magnetic current sheet, we obtain 

= -div'M, 7' = /^ 


( 5 ^) 
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4.6. Conditions in the Vicinity of Linear Current Filaments 
These conditions are obtained directly from (1-7) and (1-9). Thus in 
the immediate vicinity of an infinitely thin electric current filament 7, and 
magnetic current filament we have 




I 

2tp ^ 




K 

2*-p’ 


assuming that the filaments coincide with the z-axis. 


( 6 - 1 ) 


4.7. Moving Surface Discontinuities 

We shall now consider the case in which the time derivatives of E and H 
are infinite as, for example, at a wavefront defined as the boundary between 
a finite moving field and a field-free space. Without loss of generality we 
may ignore the impressed currents. 

For reasons of simplification our dis- 
cussion is restricted to homogeneous 
perfect dielectrics. Since there is no 
surface charge on the wavefront {S) 

(Fig. 4.15), the normal components of 
the electric and magnetic displacement 
densities are continuous; in homo- 
geneous media this means that the nor- Fig. 4.15. A cross-section of the wave- 
mal compo„=„ts of the electric and 
magnetic intensities are also contin- 
uous. Since the field is identically zero on one side of the wavefront, the 
normal components vanish and E and H are tangential to the wavefront. 

Let us assume that the positive directions of jE, H and the velocity v 
of the field (normal to S) form a right-handed triplet and consider a rec- 
tangle (Fig. 4.15) in which A^B^ is normal to H. The magnetic 

displacement through the rectangle increases at a rate where / is the 
length of A^B' , This must be equal to the electromotive force El around 
the rectangle, where E is the electric intensity along A^ B^ \ in view of our 
convention regarding the positive directions of jE, 77, t?, we have E = pvH, 
Similarly, if we choose A'B* in the direction of 77, we obtain 77 == tvE, 
These equations connect 77 and the component of E normal to it. If there 
were a residual component of £, then, starting with this component and 
proceeding as above, we should have to acknowledge the existence of 77 
normal to it which would be inconsistent with the original assumption 
that we have started with the total 77. Multiplying and dividing the 
above equations we have 

— 1, ± , £ = db V ~ 

V pL€ 
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The velocity of the wavefront and the ratio Ej H on it are thus fixed by the 
properties of the medium; this velocity will be called the characteristic 
velocity and the ratio rj = E/H the intrinsic impedance. In free space we 
have approximately* Tq = 3 X 10® m/sec, i?o = 1207r os: 377 ohms; in 
pure water a = f X 10® m/ sec, 17 42 ohms. 

Since E is positive when the product of ^fand v is positive, the field is mov- 
ing in the direction in which a right-handed screw would advance when turned 
from EtoH through 90°. Depending upon the relative directions of E and 
H, the field is either moving into the field-free space or receding from it. 
Imagine for instance a uniform “ field slice ” (Fig. 4.16) in which E and H 
have constant values between two parallel planes. As we have shown. 



Fig. 4.16. The cross-section Fig. 4.17. An electric current 

of a “ field slice. ” sheet generating a field slice. 

such a slice cannot remain stationary but must move with the character- 
istic velocity. That such a moving field could conceivably be generated 
may be seen as follows. Imagine an infinite plane sheet containing uni- 
formly distributed equal and opposite charges and let a constant impressed 
intensity £' set these charges in motion at the instant / — 0. At this 
moment magnetic intensities must appear on each side of the current sheet 
(Fig, 4,17) and H'^ = —IT'— f/* where is the current density in the 
sheet. For the electric intensities on the two sides we have = E~ 
= — Considering the relative directions of E and we find that on 
both sides the field will be propagated away from the sheet. Between the 
two wavefronts the field remains uniform until E ceases to operate, at the 
instant / = T, let us say. Thereafter we shall have two field slices of 
thickness / = rT moving in opposite directions. The work per unit area 
performed by E in sustaining during the interval (0,T) is E^J^T and 
the energy contributed to the field is carried away by the field slices. 

Similar but spherical field shells expanding outwards are created when- 
ever an electric particle is accelerated or decelerated. 

^ The subscript zero is used to indicate specifically that the constants refer to free 
space. 
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4.8. Energy Theorems 

Starting with the fundamental equations of electromagnetic induction 
(4“1)3 let us take the scalar product of the first equation and H and subtract 
from it the scalar product of the second equation and E 

H-cyxAE- E-axrlH= -M-H - E- J - gE^ - 

dt dt 

Integrating over a volume (t) bounded by a closed surface (.?), using equa- 
tions (1.8-5) and then (1.3—1), and rearranging the terms we obtain 

- rr r E-jdr- j c c M.Hdr=^ c c f 

+ i I ft + i fit + /X. ^ 

( 8 - 1 ) 

As usual the positive normal n to (S) is directed outwards. Integrating 
(1) with respect to / in the interval (—<»/) and assuming that originally 
the space was field-free, we obtain 

- f dt ^ f f {E^ J + M-H)dr ^ f dt f f f gE^dr 

+ fff + inH^) dr + f ‘df f f (ExH)^dS. (8-2) 

J J d iy) d «.oo d t/(5) 

The left side in (1) is the rate at which work is done by the impressed 
forces against the forces of the field in sustaining the impressed currents 
and the left side in (2) is the total work performed by the impressed forces 
up to the instant /. In accordance with the principle of conservation of 
energy we say that this work appears as electromagnetic energy and we 
explain the various terms as follows. The first term on the right of (1) 
is the rate at which electric energy is converted into heat and the first 
term in (2) is the total energy so converted.* The second term in (1) 
may be interpreted as the time rate of change of the electric energy within 
(^) and the third term as the time rate of change of magnetic energy; the 
corresponding terms in (2) represent the electric and magnetic energies 
within (.S’) at the instant /. The last term in (1), being a surface integral, 
is interpreted as the time rate of energy flow across (iS*); similarly the last 

* Since gE is the conduction current density gE dt is the electric charge moving in 
response to E; consequently gE^ dt is the work done by the field and must appear as 
some other form of energy. This form is heat and gE^ is the power conversion per 
unit volume. 



78 


ELECTROMAGNETIC WAVES 


Chav. 4 


term in (2) is interpreted as the total flow of energy across (S) up to 
the instant /. 

In this interpretation we assume that the electromagnetic energies are 
distributed throughout the field just as the energy dissipated in heat is 
known to be distributed- In conformity with (2) the volume densities 
of electric and magnetic energies are assumed to be 

= hE^ Sm = (8-3) 

It is consistent with (1) and (2) to interpret the Poynting vector 

P = EX H (8-4) 

as a vector representing the time rate of energy flow per unit area. Cer^ 
tainly the surface integral of this vector over a closed surface represents 




Fig. 4.18 The field of a magnetic doublet 
and an electric charge at the center of the 
doublet. 


Fig. 4.19. The cross-section of 
a moving field slice and a 
“pill-box” with the flat 
faces parallel to the wave- 
front at vanishingly small 
distances from it. 


the difference between the energy contributed to the field inside (*5*) and 
the energy accounted for within (^S*). On the other hand it is also true 
that the value of this integral remains the same if the curl of an arbitrary 
function is added to P. Furthermore, in the case of a magnet and an 
electric charge at its center (Fig. 4.18), P does not vanish; and yet in this 
case we are averse to assuming an actual flow of energy even though such 
an assumption is permissible. 

In another instance, however, the interpretation of P as power flow per 
unit area is attractive. Consider a uniform field slice, moving in a perfect 
dielectric, and a pill box with its broad surfaces parallel to and on opposite 
sides of the wavefront (Fig. 4.19). In this case / = M = 0, ^ == 0, and 
(1) becomes 


EHS - (^eE^ + 


(8“5) 
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where S is the area of each of the broad surfaces of the pill box. The 
vector P is in the direction of the advancing wave and it seems as if the 
energy associated with the wave were actually traveling with velocity y, 
which is reasonable since the wave itself is advancing with this velocity. 

If in the volume bounded by (S) there are no sources of energy, the 
energy dissipated in heat should enter the volume across (S). Consider 
for instance a direct current / in a cylindrical wire of radius a. If E and H 
are the components tangential to the wire, then the energy flowing into a 
section of length / in time / is 

{lTraH){lE)t ^ Fit, (8-6) 

where V is the voltage along the surface of the wire. Since It is the charge 
which has passed through the wire in time Fit is indeed the work done by 
the forces of the field. 

We shall now derive another energy theorem, particularly suitable to 
harmonic fields. Multiplying scalarly the first equation of the set (4-2) 
by if*, the conjugate of the second by £, and subtracting, we obtain 

H* - curl E ~ curl if* = -M- H* - E • J* - gE • E* 

+ ioieE * E* — /ojjuif • if*. 

Integrating this over a volume (r) bounded by a closed surface (S)y using 
(1.8-5) and (1.3-1), rearranging the terms and dividing by two, we have 

-I f + f Jf^^gE-E*dr 



The real part of the expression on the left of this equation is the average 
power spent by the impressed forces in sustaining the field. Some of this 
power is transformed into heat and the precise amount is given by the 
first term on the right; the rest flows out of the volume across (3’) and the 
amount is represented by the real part of the last term. The second and 
third terms on the right are equal to the product of 2a> and the difference 
between the average magnetic and electric power stored inside (S), 

The last term in (7) is called the complex power flow across {S) and is 
designated by ^ 


dS, 


^ ^ J J (£ X H*)n 


( 8 - 8 ) 
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The vector P = X i/* is the complex Poynting vector; its real part is 
the average power flow per unit area. 

If (6') is a perfect conductor, the tangential component of E vanishes; 
hence there is no flow of energy across {S) and P is parallel to the surface. 
A closed perfectly conducting sheet separates space into two electromag- 
netically independent regions. Similar complete separation is afforded by a 
closed surface of infinite impedance {Ht = 0). In the physical world 
metals are in some respects good approximations to perfect conductors; 
but there are no good approximations to infinite impedance sheets except 
at zero frequency (or nearly zero) when substances with extremely high 
permeability act as high impedance media. 

Only the tangential components of E and H contribute to If u and v 
are orthogonal coordinates on (iy) and if Uy Vy n form a right-handed triplet 
of directions, then 



- EJI*) ^iS. 

(8-9) 

Introducing the ratios 



JZj (f^t 



^uv jj- y "" zj y 

tiv Clu 

(8-10) 

we obtain 

2/ f (ZvuHJI* + dS. 

(8-11) 

If now 




(8-12) 

then 

2/ f ZniHJIt + HrH*) dS. 

(8-13) 


In this case Zn is called the impedance normal to the surface {S), 

Consider now a conducting surface of thickness /. The linear current 
density f is equal to //, where J is the surface current density. If g is 
the conductivity, then J gE and consequently f = gtE, If / approaches 
zero and g increases so that the product G = gt remains constant, we have 

J = GE, E = Rf, (8-14) 

where G and R are called respectively the surface conductance and the 
surface resistance of the sheet. More generally we define the surface ad- 
mittance y, and the surface impedance Z« by equations similar to the above 

J = YgEy E = Zajy (S-^IS) 

where the constants of proportionality are complex. 
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Imagine now two infinitely close sheets^ one with infinite surface imped- 
ance and the other with finite impedance Since the component of H 
tangential to an infinite impedance sheet is zero, the component of H tan- 
gential to that side of the finite impedance sheet which is not adjacent 
to the infinite impedance sheet is equal to the linear current density /; 
thus 

Hu ^ Jvy Hy — ~~ ]uy (8—16) 

and the impedance normal to the combination of the two sheets* is equal 
to the surface impedance. Equation (13) then becomes 

iff + /J?) dS. (8-17) 


4.9. Secondary Electromagnetic Constants 


The conductivity the dielectric constant €, and the permeability ji 
are the primary electromagnetic constants of the medium in the sense that 
they appear directly in the formulation of the electromagnetic equations. 
In equations (4^2) the terms on the left are three dimensional derivatives 
corresponding to ordinary derivatives in one-dimensional problems. The 
transmission line equations (2.10-3) represent a special case of Maxwell's 
equations and the terminology of the former may be extended to the latter. 
Thus we may call io^fi the distributed series impedance of the medium and 
(g + /coe) the distributed shunt admittance. The constants jtx, gy e are 
respectively the distributed series inductance, shunt conductance, shunt 
capacitance. In wave theory the important constants are not the primary 
constants. Thus in transmission line theory two secondary constants 
are introduced: the propagation constant T and the characteristic impedance 
Ky the first being defined as the square root of the product of the series 
impedance and the shunt admittance and the second as the square root of 
their ratio. Likewise, in three dimensional theory the important constants 
are the intrinsic propagation constant cr and the intrinsic impedance tj defined 


by 




(9-1) 


These constants are independent of the geometry of the wave; hence the 
adjective ‘‘ intrinsic," as synonymous with characteristic of the medium." 
The characteristic impedances of various types of waves will contain ij as 
a factor. 

The primary constants are non-negative except when the frequencies 

* As seen from the side of the finite impedance sheet. 
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are very high;* hence the square roots in the above equations are either 
in the first quadrant or in the third. The definitions (1) are made un- 
ambiguous if it is agreed that c and 17 lie in the first quadrant or on its 
boundaries. In fact, cr is never below the bisector of the first quadrant 
and rj is never above it. For non-dissipative media (perfect dielectrics) 
(T is on the positive imaginary axis and tj on the positive real; for good 
conductors c*?€ is negligible compared with g (except at optical frequencies) 
and both <r and rj are on the bisector. 

In general and rj are complex quantities 

cr = a “b 17 = Si “b (9—2) 

The quantities a and ^ are respectively the attenuation constant and the 
phase constant of the medium; 91 and 9C are the intrinsic resistance and 
reactance. 

Bearing in mind the wave terminology introduced in section 2.4 we have 
the following expressions for perfect dielectrics 

•/> r, y — CO 2t r 

<r = /ft i3 = coV/xe = - == — , 77 == f \ = v, 

V A \ € 

(9-3) 

1 

t/ ~ i — : J X — — y /X — “5 e— . 

Vjiie p V 7}V 

The phase velocity v as defined by these equations is called the character- 
istic velocity of the medium. For some electromagnetic waves the phase 
velocity is equal to this characteristic velocity; but in general the char- 
acteristic velocity is only one factor in determining the actual phase velocity 
of a wave. Similarly the wavelength as defined above is called the char- 
acteristic wavelength^ it is one of the factors determining the actual wave- 
length. 

For free space we have the following numerical values of various con- 
stants 

= 376.7 377 1207r ohms, 

vq = — ===== = 2.998 X 10® ^ 3 X 10® meters/second, 

V;uo€o 

Vo~'- = J- = 2.654 X l(r» mhos, (9-4) 

\uq 120t 

* At optical frequencies e may be negative. 
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/io = X 10~^ = 1.257 X 10~® henries/meteTj 

eo = 8.854 X ^ X lO"® farads/meter. 

36x 

The value IIOtt for the impedance of free space corresponds to the value 
3 X 10^ for the characteristic velocity; for most engineering purposes 
these values are suiBciently accurate and we shall use them in all subsequent 
numerical calculations. 

The permeability and dielectric constant of any medium relative to free 
space are called the relative permeability and the relative dielectric constant 
of the medium. It is the relative permeabilities and dielectric constants 
that are usually given in tables of physical constants. These constants 
are dimensionless; we shall designate them by y.r and €r. The square root 
of €r is called the index of refraction. 

For conductors we have 


KXlkg^ 7} 


iWZQglXr _ ^ . 

« = = ^T^ijfg = 34.4 



CD GT ^ _ 34.4 

ZK ^ cA. \ f — y- — y 

^ V^Xo V^Xo 

where Xq is the characteristic wavelength in free space. The simple relation 

a ^digy 91^- y (9-6) 


between 91 and a should be noted- 

For .pure copper we assume g = 5.8005 X 10^ ^ 5.8 X 10^; then we 
have 

r ^ 26.2 X 10^ 82.9 X 10^ 

(9-7) 

, ^ . .r. 7 17 4.52 X 10-3 0.0143 

«.2.MX10r'y7-8.2SXlCr'^i 

The “ ^ ” of a medium is defined as the ratio of the displacement current 
density to the conduction current density 

g 


(9-8) 
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If L the displacement currents are much stronger than the conduc- 
tion currents and the medium is called a quasi-dielectric \ if ^ 1, then 

the medium is a quasi-conductor. Some media belong to one class or the 
other over the entire working frequency range; others may change their 
character within this range. The frequency /or the corresponding free 
space characteristic wavelength for which 

Q = 1 (9-9) 


may conveniently be used to indicate whether in a given frequency range 
the medium is a quasi-conductor or a quasi-dielectric. From the above 
equations we have 


S 


A ^0 

\q = -z . 


Introducing Q into the definitions (1), we have 


<r = V''i£OAt^(l + iQ) = iaiyj/xe^ — , 

_ / ioifi m /, 

’’ yga + iQ) VA q)' 


(9-10) 


(9-11) 


Separating real and imaginary parts, we obtain 

a = '^^o}n(Vg^ + - toe) = I 7 


/3 




9 . 



(9-12) 


€C = 


a 


5? 1 = + a)V)~^^^ = 



V = \ v\e 




d- 


T 

4 


1 


tan Q, 
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a - 



(9-12) 

(coin’d.) 


-Kflf 


s 


(1 + - f 


•), 


^ = ^/Y (1 + -iAQ^ - ■ •■•), 



_3_ 35 

8^2 + 128 ( 2 ^ 

L 4. „ Ar.. 

■ 802 ^ 1280 ^ 




The last two series are appropriate for 0 > 1 and the preceding pair for 
^ < 1. While there exist rapidly converging series expansions in the neigh- 
borhood of 0 = 1 it is more practicable in this range to compute directly 
from the first four equations. 

The first terms of the last two series are first approximations for quasi- 
dielectrics ^ 1) and the first two terms in the preceding pair are first 
approximations for quasi-conductors (0<C 1). The frequency and free- 
space wavelength for which Q = 1 are determined from (10) or still more 
conveniently from 


/= 


1.8 X 10^ V 


A 27r€r 

— = — 

vog 


60^- 


(9-13) 


The following table illustrates the extent to which media may differ from 
each other electromagnetically. 

Mica, .? = 1.1 X l(r^*, 5.7 < €r< 7, 2.8 X lCr®</< 3.5 X KT®, 

Quartz, ^ = 8.3 X 10“^®, «r = 4.5, f= 0.00332, 

Dry Soil, g = 0.015, €r = 10, Xo = 11> 

Wet Soil, g = 0.015, er = 30, U = 33, (9-14) 


Sand, g = 0.002, = 10, to = 83, 

Sea Water, g = 5, e, = 78, to — 0.26. 
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The figures for soil and water are subject to considerable variation from 
place to place and are given here in order to give some idea of their magni- 
tudes. 

If g is independent of the frequency the Q may be conveniently expressed 
in the following form 

^=4 = ^. (9-15) 

It should be noted, however, that for many dielectrics g is nearly propor- 
tional to / and hence Q is nearly constant. 

The propagation constant of a good conductor is always much larger 
than that of a dielectric. Thus for a conductor and free space we have 

Iri = V60^. (9-16) 

Po 

Since ^ is of the order 10^, this ratio is large even for the highest “ engineer- 
ing ” frequencies. 


4.10. Waves in Dielectrics and Conductors 

If the impressed current densities J and M are differentiable, then either E or H 
can be eliminated from Maxwell’s equations (4~1) and (^2). It is then found that 
E and H and more generally {gE + e{dE/dt)) and H satisfy non-homogeneous ‘‘wave 
equations.” In practice, however, J and M are usually discontinuous and hence 
non-differentiable; in such cases E and H cannot be eliminated without introducing 
auxiliary functions, called potential functions. 

In source-free regions, on the other hand, we can always eliminate either E or H, 
Thus in homogeneous media from (4-2) we have 

^E = a^E, AH = 

More generally from (4-1 ) we have 

d^E BE IB^E 2a BE 1 

^^2 + MS' „ Qfy '■ . 

and a similar equation for H, 

We shall now consider exponential waves. Designating by 
component of either E or we have 



H a typical cartesian 


BW BW BW 

Evidently this equation is satisfied by the following wave function 

where the propagation constants r„ T,, T, in the directions of the coordinate axes 
are subject to the following condition 

r|-h rj + i^ 


(T* = idiflg • 




(10-3) 
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In nondissipative media we have 

Tl + Tl +Tl= = - ^* • (10-4) 

Thus the laws of induction impose only one condition on the three propagation con- 
stants. Two of these constants are controlled by the distribution of sources pro- 
ducing the field. If this distribution is uniform in planes parallel to the ^ry-pkne, for 
example, we should expect the field to be similarly uniform and Tj: = Fy — 0; then 
the propagation constant in the z-direction is equal to the intrinsic propagation con- 
stant. 

Consider a typical plane through the origin 

X cos ^ cos + 2 cos C == 0, (10-5) 

where cos cos B and cos C are the direction cosines of a normal to the plane. The 
distance s from this plane along the normal passing through the origin may be ex- 
pressed as 

j cos ^ + jy cos 5 + z cos C. 


Hence if the field is uniform in planes parallel to (5), we have 

^ O’* -a A -h U CO* B + M cas 0) 

The propagation constants along the coordinate axes are 

r* — 0 * cos Fy — (7* cos B, F, == (T cos C, 
and for uniform plane waves in nondissipative media, we have 

jSjc = cos yf, jSy == jS cos By Px ^ p cos C; 


X* = X sec Xy = X sec By X, == X sec C; 

Vx = V sec zjy = 0 sec 5, r* “ z? sec C; 


-L 1 -L_l 1 1 1-i 


( 10 - 6 ) 

(10-7) 


( 10 - 8 ) 


Thus in the case of uniform plane waves the phase velocities in various directions are 
never smaller than the characteristic phase velocity and the phase constants Pyy ffx 
never greater than /3. 

If the propagation constants F*, Fy, F* are all imaginary, then 

+ = (10-9) 

None of the phase constants is greater than the characteristic phase constant and we 
can identify planes in which the field is imiform as those normal to the straight line 
whose direction cosines are 

Sz 

cos^ = ^, cos5 = ^, cosC = ^. (10-10) 

P P P 


But if the phase constant in some direction is greater than then there must be a real 
propagation constant in some perpendicular direction. Thus let ^z> then 
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— i3= > 0. For instance if /3* = ^^2 and therefore = r/V^ and 
if Fj, = 0, then Fi = jS = 27r/X, F^X = Iff. The attenuation in the ^-direction per 
characteristic wavelength is about 6.28 nepers or 54.6 decibels; the field intensity is 
reduced to 0.00187 of its value if x is increased by X. 

In the general case of complex propagation constants we have 

y _ ^—icczZ-rosyy-\-ocsz) ^—ii0zX-hffyV+M^ 

From (4) we obtain (for nondissipative media) 

+ + Oil- al- c4^ + ( 10 - 11 ) 

The second equation shows that the equiamplitude planes 

+ <x.vy d" ^*2 = constant 
axe perpendicular to the equiphase planes 

+ Pyy + == constant. 

Thus in nondissipative media equiamplitude planes either coincide with or are 
normal to equiphase planes. In the former case the waves are uniform on equiphase 
planes in the sense that E and H each have constant values at all points of a given 
equiphase plane at a given instant; in the other case the amplitude varies exponen- 
tially, the fastest variation being in the direction given by the direction components 
{az,ay,az). 

^In dissipative media the second equation of the set (11) becomes 

+ OCyPy + 

and equiamplitude planes are no longer perpendicular to equiphase planes. 

The foregoing general conclusions concerning waves of exponential type (2) have a 
broader significance than appears at first sight. The constant F* represents the 
relative rate of change of F in the ;c-direction and we have 

' y dx ^ V dx^ 

The second equation is also satisfied by — F* and in it F may be a sum of two expo- 
nential terms, one proportional to and the other to If the wave function 

is not exponential we may still define F* by the second of the above equations; Fy 
and Tg may be defined similarly. If these quantities vary slowly from point to point, 
the solutions of the wave equation will be approximately exponential, and the above 
properties of exponential waves will be applicable in sufficiently small regions. 

Some broad conclusions may be drawn with regard to waves at an interface between 
two homogeneous media whose intrinsic propagation constants are of difiFerent orders 
of magnitude, as is the case for conductors and dielectrics. Consider a plane inter- 
face (the ;fy-plane) between air (substantially free space) above the plane and some 
conductor below the plane (Fig. 4.20). For an exponential wave of type (2) the 
propagation constants F*, Fy in directions parallel to the boundary must be the same 
in both media in order that the boundary conditions may be satisfied at all points of 
the air-conductor interface. This is evidently so if F represents a component of 
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either E ot H parallel to the boundary; in this instance E is continuous across the 
boundary and the continuity cannot be satisfied at all points unless Fx, Ty are the 
?ame on both sides of the boundary. The same argument applies to the normal com- 



JbiG. 4,20. A plane boundary between two semi-infinite media, 
ponents of the current densities and io^yHz- Thus we have 

r® + r' + r=o = tI+tI + tI = 

Subtracting the first from the second, we have 

Fg = + ^ + F 2 0- 

We have seen that the propagation constant for a conductor is always much larger 
than that for free space. F^ 0 is the propagation constant in free space in the direc- 
tion normal to the interface; it may be comparable to /So if the direction of the wave is 
nearly normal to the conductor, or much smaller than jSo if the wave direction is 
nearly parallel to the conductor. Hence in the conductor the propagation constant 
normal to the interface is substantially equal to the intrinsic propagation constant 
at all engineering frequencies. 

Since the current density normal to the interface is continuous, we have 

SE'„' = icaeoE'n-, 

hence the normal component of E in the conductor is negligibly small compared with 
the normal component of E in the air. 

Even at moderately high frequencies the attenuation constant in the conductor is 
large and the field becomes quite small at rather small distances from the interface. 
For frequencies of 10^, 10®, and 10^ cycles per second the attenuation constant for 
copper is respectively 0.478, 15.1, 478 nepers per millimeter; or 4.15, 131, 4150 decibels 
per millimeter- Each 20 decibels represents a 10 to 1 intensity ratio; thus at a 
million cycles the field intensity one millimeter from the surface of the conductor is 
less than one millionth of the intensity at the surface. Except at low frequencies the 
fields are confined largely to thin skins of conductors. 

The current density at the surface of the conductor is gEt and elsewhere it is 
where s is the normal distance from the surface. Then the total current per unit 
length normal to the lines of flow is 

/ = f” gEte-^^ dz = ^Et = -Ef (10-12) 

On the other hand, Ht-J and therefore the impedance normal to the interface is 
equal to the intrinsic impedance of the conductor. The conductor may be replaced 
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by a sheet whose stirface impedance is rj, adjacent to a sheet of infinite impedance 
which would effectively exclude the space previously occupied by the conductor. 

The resistance normal to a sufEciendy thick metal plate may be expressed as 

Si=- = -, / = -; (10-13) 

g « 

hence this resistance is equal to the d-c resistance of a plate of thickness /, defined by 
the reciprocal of the attenuation constant. This thickness is called the “ skin depth 
but the term should not be interpreted as meaning that the rest of the conductor could 
be removed without changing its a-c resistance. The attenuation through the skin 
depth is only 1 neper and the field is reduced to only 0.368 of its value on the surface. 
If the entire current were compelled to flow in the “ skin ” of thickness given by the 
above equation, the a-c resistance would be 8.6 per cent higher than the actual resist- 
ance. The field is reduced to one tenth of its value when the distance from the 
surface is 2.3 times the skin depth. 

It will follow from the equations of section 8.1 that the surface impedance of a 
conducting plate whose thickness / is small compared with the radius of curvature is 
77 coth <r/. 

4.11. PolartTotion 

In electromagnetic wave theory the differences between various media are expressed 
by three primary constants e, /z. Inasmuch as material media are regions of free 
space in which are imbedded various material and electric particles, one can expect 
that in the final analysis there is only one medium, this being free space, with j' = 0 , 
€ = eo> M = J“o- An electromagnetic field acts on the electric particles of the medium; 
their spatial distribution and velocities are changed; and they act as secondary 
sources of the field. The macroscopic effect of these secondary sources is described by 

e — € 0 , jLi — jLto. In wave theory we are not interested in physical explanations of 
the electromagnetic differences between various media, the constants |f, €, /x are sup- 
posed to be known, and we are not concerned whether their values have been obtained 
experimentaliy or somehow computed; but the principle of replacing one medium by 
another with compensating secondary sources is sometimes useful and can profitably 
be examined. 

Before passing to generalities let us consider a few examples. Take a pair of con- 
centric conducting spheres (Fig. 4.21 ). If the electric charge on the inner sphere is 
that on the outer (after being grounded) is — regardless of the dielectric between the 
spheres. By (1-3) the electric intensity is 


while in free space it would be 


47r€r^ 

c*/ ^ 

' 4x«or*‘ 


( 11 - 1 ) 

( 11 - 2 ) 


_ £; = _L_ ("I _ = Zi(LZ_!£) . 

47rr^ \ € € 0 / 47r€o€r^ 


(11-3) 


The (Merence is 
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This difference in intensities could be produced in free space by an electric charge 
-$^[1 — (eo/e)] on the inner sphere and q[l - (eo/e)] on the outer. If we postulate 
these charges on the surfaces of the dielectric adjacent 
to the spheres, we can account for the actual electric in- 
tensity on the assumption that the dielectric constant 
between the spheres is eo instead of e. In order to ex- 
plain the postulated charges we may assume a reser- 
voir of equal and opposite quantities of electricity in *j‘ 
the dielectric so distributed as to render it neutral in 
the absence of an electric force. After the inner sphere 
has received an electric charge +q and the outer — 
an electric field (2) is established. Under the influence 
of this field the electrified particles in the dielectric are 
displaced, n^ative particles toward the inner sphere 
and positive toward the outer. The total effect is to 
give rise to surface charges on the boundaries of the dielectric. These charges pro- 
duce a field acting against the field (2), thus reducing the intensity to the value 
given by (1). 

The displacement density between the spheres is 



Fig, 4.21. Polarizadon of 
dielectrics. 


Dr - eEr^ eoEr + (e — €o)Er. 


( 11 ^) 


It differs from the displacement density that would have been produced by the same 
intensity in free space. The difference is called the polarization of the dielectric 

P - (€ (11-5) 


As another example let us take a pair of conducting planes with a stratified dielectric 
between them (Fig. 4.22). If on the lower plane we have charge q and on the upper 
plane —q then 

^ D = ^7= €iEi= 62E2. (11--6) 

We can now say that the dielectric constant is €1 everywhere between the conducting 
planes but that in the shaded region (Fig. 4.22) the medium has become polarized 
relative to the surrounding medium. The relative polarization P is defined by 

P = (€2 - €i)E. (11-7) 


In the polarized r^ion we now have 

D = €iP + P. 


( 11 - 8 ) 


On the boundaries between the polarized and the unpolarized regions E and tiE are 
discontinuous and since this discontinuity is no longer ascribed to a difference in 
dielectric constants, it must be explained by surface charges. At the upper boundary 
the discontinuity in €iP is €i(Pi — P2); by (6) this is equal to (e2 — €i)E2 and there- 
fore to the polarization P. Thus the density of the surface charge on the upper 
boundary is P; similarly on the lower boundary the density is •— P If €2 < € 1 , P is 
negative and the surface charges on the boundaries are of the same sign as those on the 
conductors nearest to them. 
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If instead of a stratified dielectric between the parallel plates we have a stratified 
conductor through which an electric current of density J is flowing, we shall have 
exactly the same results as above with conductivities gx and g 2 in place of dielectric 
constants €i and eo and with / in place of g. 


€i 



€, 




ei 


^ ^ ^ 4 ^..» 4 . ^.4.4.4.44444.4444. 




€i 


•+• + + + 4+ 44 4444 


Fig. 4.22. The medium may be r^arded as electrically homogeneous if we assume the 
existence of compensating charges. 


More generally let us consider a medium which is homogeneous except for an 
“ island ” (Fig. 4.23) and suppose that the island is source free. Within the island 

we have 

curl E == curl H = (/' + /coe")^, (11-9) 

and at the boundary 

4 = £7, = 

(£' + iue')E;, = is" + ( 11 - 10 ) 

Since equations (9) can be written in the form ^ 

Fig. 4.23. The cross-secrion . /rr 

of an “ island” in an ocher- ^ ^ ^ ^3 

wise homogeneous medium. curliif = {g' io)e^)E /, ( 11 — 11 ) 

where 

is"- i')E + Me" - €')E, M = £co(m" - (11-12) 

it is theoretically possible to assume that the electromagnetic constants of the island 
are the same as those of the surrounding medium and that the field external to the 
island has induced in the latter the electric and magnetic currents given by (12). The 
island is said to polarized relative to the external medium and /, M are called polariza- 
iion currents. The latter act as impressed currents in addition to those producing the 
field. 
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Furthermore there is nothing to prevent us from ascribing an arbitrary set of elec- 
tromagnetic constants to the entire medium provided we compensate for the new 
values by introducing polarization currents equal to the difference between the actual 
currents and the currents that would flow in the hypothetical medium in response to 
the same field intensities. Polarization relative to free space may be called absolute 
polarization. 

If the island is homogeneous then div E and div H vanish. Likewise we have 


div/ = 0, divM=0. (11-13) 

/ and M appear to originate on the boundary of the island; from (10) we obtain the 
densities of polarization currents appearing to flow out of the boundary 

/n = ig' + /a,6')(£; - = ig" - g')E'' + ,«(6" - 

(11-14) 

- HZ) = mip." - m'W;'. 

If CO = 0, (14) become 

Jn = (/' - /)£;', Mn = 0. (11-15) 

If g' = == Oj the surface charge densities on the boundary of the island are 

= (e" ^ = Gu" - (11~16) 

Within the island we have an electric polarization P* and a magnetic polarization P^ 
pe ^ (g// _ P«^ = Oti" - (11-17) 


The surface charges (16) are seen to be equal to the normal components of polariza- 
tion 

. (11-18) 

If the island is not homogeneous then div J and div M represent the sources within 
the island. In nonconducting media we have volume distributions of charge given by 

qv = —div P% — —div P^, (11-19) 

as well as surface distributions (18). 

The reader must have been impressed by the artificial character of the foregoing 
transformations and it should be admitted that from the point of view of wave theory 
alone the concept of polarization is highly artificial and for the most part useless. 
J and M, as given by (12)^ depend on the a priori unknown field intensities and gen- 
erally cannot be computed prior to the solution of the problem itself; after a solution 
has been found, J and M are only of academic interest. On the other hand, if the 
electromagnetic constants of the island are very different from those of the surround- 
ing medium, it may be possible to obtain an approximate expression for the internal 
field without solving the complete problem and the action of this field on the sur- 
rounding medium may then be evaluated. An outstanding example of this is the 
antenna problem where the properties of the conducting wire serving as an antenna 
are very different from the properties of the surrounding space. Likewise, if the 
constants of the island and the external medium are nearly equal, the difference may bq 
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ignored in the first approximation, the problem solved, and then the polanzation 
currents computed and used as secondarj' sources to obtain the first correction. 
Polarization currents are not true applied currents and contribute no energy to the 

Md. 

4.12. Special Forms of MaxscelVs Equations in Source-Free Regions 

The most useful sets of Maxwell’s equations appropnate to source-free regions are 
those expressed in cartesian, cylindrical or spherical coordinates. The general equa- 
tions and some of the more important special forms will be listed for convenient refer- 
ence. In cartesian coordinates we have 


dy 

dE. 

dz 

dEy 

dx 


dEy 

dz 

dx 


—iufiHn 


—miiHy, 


dy 


= — ios/iHi, 


dHs dHy 
dy ' dz 

dHs_ dHy 
dz dx 

dHy dHs 
dx dy 


+ i(ae)Ex, 
(g -h io>€)Ey, 
{g -f »W6)£,. 


( 12 - 1 ) 


In cylindrical coordinates we have 

dEy dE^ 


dp 

dEp dE: 


—iuiipHp 


oz op 


dHy dH^ , . • N r 

— p -- — i (g -j- tu)t)pEg, 

dip dz 

^ {g+io>e)E^, (12-2) 

dz dp 


dHp 


d dEp , ^ f u \ 

- (p£,) - — = -smpHy, ^ w - 


= {g + io}e)pEy. 


In spherical coordinates we have 

^ (sin dE^)-^= -wprsin $ Hr, ^ irEe) “ = -tuprH^, 

i (sin (g+ sin 6 Er, |; {rHe) -^^(s + 

— Sin 6^ {rEep) = — wjur sin 0 Hq^ (12-3) 

dip dr 

— - sin ^ — {rHep) {g + sin B Ee- 
dip dr 


If the field is uniform in the direction of the z-axis, that is if the field is independent 
of the z-coordinate (d/dz = 0), then the foregoing equations separate into two inde- 
pendent sets. Thus in cartesian coordinates we have the foUowir^ sets connecting 
E„ Hx, Hy and the remaining components H,, Ex, Ey. 


—iufiHx, = icx/iHy, 

dx 


dHy 

dx 


dHx 

dy 


dy 


(g -h io>i)Ey, (12-4) 
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= C?+ t03€)Esy = -“(i’+ /W€)£y, — — « tOiflHt, (12-5) 

cy' ujy 

In cylindrical coordinates we have 

dEz . ^ f TT \ di/p / I • \ 17 /10 

— = --toifj.pHp, — = — (pH^) — = (g + io)€)pEz; (12-6) 

d<p op op dip 


SHz , , . X ^Hz 

— = C? + ^W€)pEp, — 
op 


■ + iue)E^ (fiE,f) — ~ = —ia)HpHx. 

Op dip 


(12-7) 


If the field is circularly symmetric, that is, if it is independent of the coordinate, 
then the general set of six equations again breaks into two independent sets. In 
cylindrical coordinates we have 

= iwpH,,, (pE^) = —iasppHx, = (r + »<oe)£^; (12-8) 

02 op Oz Op 

= - (^ + »“«)Ap, ipH^) = (^ + icoe)pE„ ^ - — = iupH^. 
dz dp dp dz 

(12-9) 

In spherical coordinates we have 

d d 

—(sin 6 E^) = — /ojprsin 6 Hr, — (r^E^) — ioiprHe, 
dS dr (12-10) 

irHe) - ^ = (j:+ ,«e)r£^; 

d d 

— (sin 6 Hf) = is + <«6)r sin 9 £„ — (rH^) = — (^ + iae)rEgy 
do dr 

a a£, . (12-11) 

-irEo)- — --*o>prH,. 


( 12 - 11 ) 


If the field is independent of two coordinates, x and^ let us say, then equations (1) 
become 


^ = -ioipHy, ^ = - (j: + i«e)£, 
dz dz 


( 12 - 12 ) 


= iupHx. 


= is + »we)£„ 


(12-13) 


£. = 0, 


H, = 0. 


(12-14) 


We shall also have occasion to use the following sets, substantially the same as (4) 
and (5). If the field is independent of the ^-coordinate, then 

dEx . „ dEx . jj dHx dHy , , • -.p ic\ 

= —tupHy, — = fcapHx, — — = (^ + t03e)Ex; (12-15) 

dz dy dy dz 
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^ (g+ ios€)Ey, - 


— 4 * icce)Ezy 


dEy dEz 


ioofi 


(12-16) 


If rK#» i.<i inHeni^ndent of the v-coorcimatej th._ 

^ = /com* ^ - ^ = (^+ *«6)£„5 (12-17) 


3 g, 

dz 


— (^ 4 i(a€)Ez, 


dHy 

dx 


{g 4 /coe) JT 5 , 




dEz 


(12-18) 



CHAPTER V 

Impedors, Transducers, Networks 
5.1. Impedors and Networks 

An impedor is any combination of conductors and dielectrics, with two 
accessible terminals (Fig. 2.11). It may be as simple in structure as a 
laboratory resistor or as complicated as an antenna. In the latter case 
the impedor includes the wires of th6 antenna proper and the surrounding 
medium, including the earth, the Heaviside layer, etc. The impedor is 
hnear if in the steady state the harmonic electromotive force between the 
terminals is proportional to the current 


V ^ ZI, 


( 1 ~ 1 ) 


where the coefficient Z, called the impedance of the impedor, is a function of 
the frequency and in general of the oscillation constant. 

Strictly speaking, we should specify the path between the terminals A 
and By along which we compute or measure the electromotive force. For 
any two paths the difference of the electromotive forces is equal to the 
magnetic current through a surface bounded by these two paths. If H is 
the average magnetic intensity over the surface whose area is Sy then the 
difference between the two voltages is* 




J^2 = icapLoHS 


, 240ir^SHav 


t 


ko 


( 1 - 2 ) 


In the immediate vicinities of the wires the magnetic intensity is equal to 
the current divided by the length / of their circumference; hence Hav is 
certainly less than ///, in fact considerably less since the integral of H along 
the radius will vary as log /. But even with I in the denominator of (2), 
the voltage difference is small if the distance between the terminals is a 
small fraction of the wavelength. Thus at low frequencies it becomes 
unnecessary to specify the path, except in precision calculations. At high 
frequencies we shall assume that the path is a straight line connecting the 
terminals, unless otherwise specified. 

In the unrestricted frequency range the impedance is a complicated 

* Assuming that the paths are in free space. 
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function of the frequency; but its ex- 
pansion in the vicinity of w = 0 gen- 
erally is* 


Fig. 5.1, A wire loop as an electric 
circuit. 


Z(ia)) = T-p, + + ^coZ. + 

( 1 - 3 ) 

If C CO and R 7 ^ 0^ then for suffi- 
ciently low frequencies the impedor is 
a resistor; if C == co and R = Oy then the impedor is an inductor; and if 
R = L 0 but C 7^ 00 , it is a capacitor. In practice R and L may be very 
small but they never vanish. 

Consider for example a conducting loop (Fig. 5.1). From Faraday’s 
law (4.1-7) we have 


f Rs f Es 

^UCB) 


(1-4) 


the first integral being taken along the conducting wire and the second 
along the straight line joining the terminals. The impressed electromotive 
force F'y needed to transfer the charge from B to A against the field pro- 
duced by the charge and the current in the wire must be equal and opposite 
to the second integral 


7 ^- 



E^ds, 


(1~5) 


Substituting in (4), rearranging the terms, and dividing by the current 
flowing out of Ay we have 


Z 


V 

I 


f 


(.4CB) 


Eg ds 



( 1 -^) 


The first term, representing the ratio of the electromotive force along the 
surface of the wire to the input current, is called the internal impedance or 
the surface impedance of the wire; the second term is the external impedance. 

At « = 0 for a homogeneous wire of length I and of uniform cross-section 
S, we have 

y-|, 

* Always, for actual physical structures; but for idealized physical structures the 
origin may sometimes be a branch point. 
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The impedance of the loop is just its resistance. The magnetic flux ^ is 
proportional to /. If L is the coefficient of proportionality at o? ~ 0, then 
at low frequencies the external impedance is approximately proportional to 
the frequency. In the next chapter we shall obtain the next higher term 
in the expansion for the impedance of the loop. 

From (2) we find that except at rather high frequencies the impedance 
of a loop of practical dimensions is small. This impedance may be in- 
creased by winding the wire into a coil (Fig. 5.2). Thus inside a long coil 
the magnetic intensity is approximately equal to the number of ampere- 



Fig. 5.2. A solenoid as an inductor. Fig. 5.3. An electric circuit 

containing a capacitor- 


turns per unit length. The magnetic flux through the coil is then 
where n is the number of turns per unit length. The electromotive force 
round each turn is --icafiSnly and per unit length it is —icaixSn^L The 
impressed electromotive force needed to drive the current through the coil 
against this electromotive force of “ self-induction ’’ is equal and opposite. 
Hence by increasing the number of turns, the impedance of the coil may be 
raised. 

Consider now another structure consisting of a conducting wire and a pair 
of closely spaced conducting plates (Fig. 5.3). Applying the first induction 
law to the circuit ACBEFBA^ we have 

r E,ds-\^ (E,ds-^ ^ E,ds^-io^y (l-»7) 

where the second integral is taken along A CD and EFB. The first term 
is equal and opposite to the impressed electromotive force F. The time 
derivative of the charge q on the lower plate is the current Ic flowing into 
the capacitor and 

i(aq = 4 , ^ ^ . ( 1 - 8 ) 


When w — 0, the charge is proportional to the voltage across the capacitor 
and therefore 




( 1 -^) 
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except for the terms vanishing with to. Hence from (7) we obtain 


( 1 - 10 ) 


where I is again the input current and Zi is the internal impedance of the 
wire and the outer surfaces of the capacitor. The first two terms are 
small and the impedance is nearly inversely proportional to the frequency. 
The ratio /c// is substantially unity unless the wires are “ long.” The 
meaning of “ small ” and “ large,” ‘‘ short ” and ‘‘ long,” will be discussed 
in more detail in the next chapter. 

From elementary considerations we find that approximately 

c = ~, (1-11) 

S 


where S is the area of each plate and s is the separation between them. 
This is a small quantity even for the smallest practicable values of s. In 


£ 



Fig. 5.4. A method for securing larger Fig. 5.5. A short doublet surmounted 
capacitances. by two spheres. 

order to increase C and make the impedance smaller, the area S is made 
larger in some such way as shown in Fig. 5.4. 

Take another structure consisting of two short wires surmounted by 
spheres (Fig. 5.5). Applying the first law to the circuit ACEDBA and 
dividing by the input current, we obtain equation (10) in which Cis approx- 
imately the capacitance between the spheres at o) = 0. 

One of the fund ament al problems of electromagnetic theory is to calculate the 
impedances of certain basic structures. The province of network theory is to 
study the impedance functions of various combinations or networks of such 
structures in order to design networks possessing specified desirable prop- 
erties. While It is outside our province to be concerned extensively with 
network theory, we should know its elements in order to present our results 
m usable form. Calculation of impedances usually involves solution of 
auxiliary problems of wave propagation and the ultimate object (from tne 
point of view of applications) m.ight easily be forgotten. 
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Consider a number of impedors connected in series (Fig. 5.6). Assuming 
that their impedances are not too small, we may neglect the impedance of 
the connecting wires and write 

Vbc ^DE + ^FG Vha = 0 , ( 1 - 12 ) 

where the separate terms are the electromotive forces of the field which act 
between the various terminals in the order indicated. The last term is 
— where V is the impressed electromotive force between H and A. The 
above equation expresses the first Kirchhof law. From (12) we then have 

^ = (Zi + Z2 + Zs)/, Z - Zi + Z 2 + Z 3 , (1-13) 

where Z is the impedance of the entire circuit. The internal impedances 
of the connecting wires and the external impedance of the connecting loop 
could be added to (13). In the above equations we have assumed that the 
current through each impedor is equal to the input current of the entire 



Fig. 5.6. A series connection of Fig. 5.7. A parallel connection of 

impedors. impedors. 

circuit and thus disregarded the chsplacement currents between the con- 
necting wires. Since the dielectric constant is small, it may be anticipated 
that these currents are negligible even at comparatively high frequencies. 
In order to obtain more precise information about their magnitudes and 
effect on the input impedance of the circuit we shall have to consider wave 
propagation on wires. 

Consider now a number of impedors in parallel (Fig. 5.7). At a branch 
point the total current flowing in or out is zero; this is the second Kirchhoff 
law and it follows from Ampere's law of induction if we neglect the displace- 
ment current flowing from the branch point. Thus 

/ = /i + /2 + h. (1-14) 

Applying Faraday’s law to various circuits in Fig. 5.7 and to a circuit in 
which the parallel combination is replaced by an “ equivalent " impedor Z, 
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we have 

V = Zih = Z2I2 = Zziz = ZI. 

Consequently 

+ ^ + or r-K. + n + n. (1-15) 

Z Zi Z2 Z3 

Let US now consider a more general network (Fig* 5.8). We could apply 
KirchhofF’s laws to different circuits or meshes of the network and write 
a number of equations connecting the impressed voltages with the currents 
through various impedors or branches of the network. A simpler set of 



equations is obtained, however, in terms of mesh currents as shown in 
Fig. 5.8. Mesh currents satisfy automatically the conditions at a branch 
point. Applying the circuital law to the chosen fundamental set of 
mesheSj and substituting the mesh currents for the branch currents, we 
obtain the following typical set of equations for an ;2-mesh electric network 


Zii/i + Z12I2 4- Z13/3 + 

+ Zin/n = Vly 


•Z21/1 + Z22I2 + Zj 2 zIz + 

+ Z 2 nln = 


Z31/1 + Z32/2 + Z33/3 + 

+ Zznlfi = F’s, 

(1-16) 

Znl/l + 2^2/2 + Znziz + * 

4" Zyindn “ F" pj. 



where the % are the total applied voltages in the corresponding meshes. 
The coefficient is called the impedance of the mth mesh and the coeffi- 
cients Z-mh are the mutual impedances between meshes m and k. If the 
electric current in the ^th mesh is 1 ampere and the currents in the remain- 
ing meshes are equal to zero, then the voltage in the mth mesh is volts. 
In Fig, 5.8 we have: Z12 = -Z^jPy Z13 = 0, Z23 == -2^^, etc. 

If the matrix of the coefficients in (16) is nonsingular, we can solve the 
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equations and obtain 

h - + ¥^2^2 + FlS^S + • • • + Tinian, 

I2 = Y 2 \F I + Y22F2 + Y23FS + . . . 4 - Y 2 nYnj 

Iz - T 31 F 1 + Y 32 V 2 + ^33^3 + • ‘ (1-17) 


hn, — YnxV I + Yn2F 2 + YnzVz + - - - + Ynn^ny 

where the are the admittance coefficients of the network. If the elec- 
tromotive force in the kth. mesh is 1 volt and the voltages in the remaining 
meshes are equal to zero, then the electric current in the mt\i mesh is Y^nk 
amperes. 

Solving (16) for the /’s and comparing with (17), we have 

= (1-18) 

where D is the determinant of the coefficients in (16) and Dkm is the co- 
factor of the element Zjcm in D. 

Similarly solving (17) for the F^s and comparing with (16), we obtain 

= (1-19) 


where A is the determinant of the coefficients In (17) and is the co- 
factor of the element Yjcm in A. 

The impedance seen by the generator in the mth mesh is the ratio F^/Im 
when all the Y’s, except F^y are equal to zero; hence this impedance is 

= ^ = (1-20) 


The impedance and admittance matrices are synunetric 

Ymh ^ F/]cmy Ymjc = Yj^m,. 


( 1 - 21 ) 


That is, the electromotive force in the mth mesh due to a unit current in the 
k/A mesh is the same as the electromotive force in the k/A mesh due to a unit 
current in the mth meshy and also the current in the mth mesh due to a unit 
electromotive force in the kth mesh is the same as the current in the kth mesh 
due to a unit electromotive force in the mth mesh. This is the Reciprocity 
Theorem. Since it is possible to choose the fundamental meshes in such 
a way that any two given branches belong to two different meshes and to 
no others, the reciprocity theorem implies that an interchange of the posi- 
tions of a generator and an ammeter does not change the ammeter reading. 
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To prove the theorem we shall first establish the following lemma: let 
be the electromotive forces in the various meshes of the 
electric network and /o, * * ■ In the corresponding currents, and let 
/i', In be the currents in response to another set of electromotive 

forces FW ; then 

E V'J'L = E (1-22) 

er=0 iS=0 

On the left side of this equation we replace a typical voltage by the sum 
of the branch voltages in that mesh and group the terms having common 
branch voltages. If any particular branch PQ is common to several 
meshes, the voltage Vpq multiplied by the respective mesh currents will 
occur in several terms, the sum of which will be PpqIpq^ therefore 


E vUa = E f^^lpQ E Zp^lklm^ 

a=0 (PQ) (PQ) 

where the last two summations are taken over all the branches. The last 
expression is symmetric in the primed and double primed /’s; hence (22) is 
true and our lemma is proved. 

Since /], / 2 > * * ‘ In and I^l^ * • * Tn are two independent sets of quan- 
tities, we may set 

/' = 1, if a == m\ = 1, if = k; 

= 0, if a ^ m; =0, if p L 

Substituting in (22) w’e obtain 

Fi = F'J:, and Zto = 


Similarly choosing 

Fa = 1, if a = m; F'^ = 1, if = k; 

= 0, if a 7^ m; — 0, if ^ 9^ k; 


we obtain 


7" = n, and = Y^. 


Thus the reciprocity theorem has been proved. 


5.2. Transducers 

four-terminal transducer or simply a transducer is any combination of 
conductors and dielectrics with two pairs of accessible terminals (Fig. 5.9). 
The pairs of terminals may be those of a transformer, or of a telephone 
transmission line between two cities, or of two antennas. In the last case 
the transducer includes the space between the antennas, the ground, etc. 
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If the transducers are linear we have d priori equations 


^1 = -Zii/l + 

(2-1) 

V ^ = Z21/1 + Z22/2; 

similarly the currents are linear func- 
tions of the voltages 

h = + ri2i^2, 

(2-2) 

h = ^21^1 + F22^2. 



Fig. 5.9. A diagram for a four terminal 
transducer. 


The Z’s and Y’s are functions of the electrical properties of the transducer 
and of the frequency but not of the ^’s and /’s. The coefEcient Zn is 
called the impedance seen from the first pair of terminals and Z22 the im- 
pedance seen from the second pair; Z12 and Z21 are the mutual impedances 
or the transfer impedances. Similarly Yu is called the admittance seen 
from the first pair of terminals and y22 the admittance seen from the second 
pair; yi2 and 1^21 are the mutual admittances or the transfer admittances. 

If we leave the second pair of terminals open so that I2 = 0 , ( 1 ) be- 
comes 

Vi = Zulu V2 = Z21/1. ( 2 - 3 ) 

Thus if one ampere is passing through the first pair of terminals, Zu is the 
voltage across this pair and Z21 is the voltage across the second pair. Simi- 
larly if the second pair of terminals is “ short-circuited so that = 0 , 
then ( 2 ) becomes 

( 2 - 4 ) 

Hence if a unit voltage is impressed on the first pair of terminals, then Yu 
is the current through this pair and Y21 is the current through the second 
pair. 

Consider an w-mesh passive network of impedors with two pairs of acces- 
sible terminals, one pair in the mth mesh and the other in the ^th. Then 
in ( 1 - 16 ) all the F’s are zero except and Fk- Eliminating all the Fs 
except Im and we obtain equations of the form ( 2 ) and hence the imped- 
ance coefficients of the transducer. By the theory of determinants it may 
be shown that the transfer impedances of a transducer consisting of a net- 
work with two pairs of accessible terminals are equal. For each type of 
transducer the corresponding reciprocity theorem should be proved sep- 
arately as there is no d priori reason why the matrix of the impedance 
coefficients should be symmetric. In connection with cylindrical waves 
we shall encounter generalized transducers whose impedance matrices are 
not symmetric. 
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The admittances can be expressed in terms of the impedances and vice 
versa; thus solving ( 1 ) for the Fs and comparing with ( 2 ), we have 


^ Z22 


Fio - ~ 


^12 


D ^ 


2^21 


F21 -^3 5^22 = 


^11 
D ^ 


D ~ Z11Z22 Z12Z21 — Z11Z22 

Similarly we obtain 

^22 ^ i"i2 y^i 


A 


V ~ nr 


A = - ^*12^21 - YttY, 


12 -<' 21 


11 22 


y 2 
•T 12- 


( 2 - 5 ) 


( 2 - 6 ) 


These equations show that if Z21 = Z12, then 1^21 = 5^12 ^.nd vice versa. 
If the expression for any of the Z*s from ( 6 ) is substituted in the expression 
for the corresponding Tin ( 5 ), we obtain DA = 1 . 

Multiplying the first equation of set ( 1 ) by /f, the second by and 
taking half the sum, we obtain an expression for the complex power 

^ + ^ 2 if) - UZnhlt + 2 x 2 (/i/f + Ifl 2 ) + Z22I2III ( 2 - 7 ) 

If fi and I2 are the amplitudes of /i and I2 and If ^ is the phase angle 
between them, then ( 7 ) becomes 

^ = iiZnPi + 2ZX2/1/2 cos ^ + Z22P2 ) . ( 2 - 8 ) 

The real part of is the average power contributed by the impressed forces 
to the transducer. 

Multiplying the first equation of the set ( 2 ) by the second by 
and taking half the sum, we have the corresponding expressions for the 
conjugate complex power 

- i[Yl^F^Ft + Y^ 2 {FiVt + FtV 2 ) + ^ 22 /^ 2 /^] 

( 2 - 9 ) 

= UYiiH + 2yi2^i^2 cos ^ 

where ^ is the phase angle between F-^ and F2. 

It is convenient to express ’ 5 " as the sum of three terms 

^ = -qrii+ 2^12 + ^22, ( 2 - 10 ) 

and to call the term 2^x2, depending on both Jj and J2, the mutual power. 
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The mutual impedance and admittance can be expressed in terms of ^ 12 ; 
thus 

2^12 -^12 


Z 12 = 


Ti2 = 


+ /i/acosf?* 




( 2 - 11 ) 


12 


+ FtFz 


*12 

^ 1^2 cos ^ 


If Ii and I 2 are impressed in phase we can assume their initial phases to 
be zero, then 

z.. - If . (2-12) 

ili2 

In (1) the electromotive forces F^i an(i are the forces necessary to 
sustain /i and I 2 against the forces of reaction of the transducer; they 
are the total electromotive forces developed by the generators only if the 
internal impedances of these generators are equal to zero. If the genera- 
tors possess internal impedances Zi and Z 2 , then the total impressed forces 
Fi and F 2 are 

Fi - + Zilu F 2 - Fa + Z 2 / 2 . (2-13; 

Thus it is easy to extend (1) to include the generator impedances; we have 
only to add Zi to Zn and Z 2 to Z 22 

= (Zi + Zii)/i + 

(2-14) 

V 2 = Z 21/1 + (Z 2 + Z 22 )/ 2 . ^ 

If in (1) the second pair of terminals is short-circuited, V 2 ^ 0 and we 
have 

T — ^21 

^22 

More generally if, instead of a generator, an output impedance ” Zo is 
inserted across the second pair of terminals, or output terminals,” the 
“ input impedance ” across the first pair is 


;/i, = (2-15) 


Z? 


12 


7 = z 

“ Z22 + Zo' 


(2-16) 


This is the ratio of the voltage across the input terminals to the current in 
the input circuit and it is obtained from (13) and (14) by setting F? = 0 
and Z 2 = Zo- The total impedance seen by the generator is 

^ = Z„ + Zi, 

where Z^ Is the internal impedance of the generator. 


(2-17) 
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5.3. Iterated Structures 

Consider a semi-infinite chain of identical transducers (Fig. 5.10). The 
input impedance K of this chain may be obtained very readily since /q 
and Ii will not be altered if we replace the chain to the right of the terminals 
Ax, Bx by an impedance equal to K. Thus we have the following equations 

•2ii/o "T Zx2^i ~ Fq, Z^xla "h (•Z 22 ~t" K)Ix = 0, ^^3—1) 



Fig. 5.10. A chain of transducers. 


where Vq is the counter-electromotive force of the chain which acts from 
Aq to Bq and hence is equal to the impressed electromotive force acting 
from Bq to Aq. Eliminating /i, we obtain 




(3-2) 


Since by definition the ratio Vq/Iq is equal to we have 

72 
^12 


K = Z 


11 


Z22 + K 

Solving, we obtain 

+ (Z22 - Zxx)K - (Z11Z22 - Z? 2 ) = 0 , 


^1,2 “ §(2ll ~ Z 22 ) ^\{Zii + 222)^ — 2i2. 


(3-3) 

(3-4) 

(3-5) 


The current transfer ratio /i//o may be found from (1); thus 

Zl — _ -^12 2 Zi2 

Jo “ Z 22 + is: “ z„ + Z 22 ± V (Zii + Z22)2 - 4Z?2 

^ (3-6) 

_ Z22) 4: (Zxx + ^ 22 )^ — 4Zf2 

2Zi2 

where the signs in front of the square root correspond to those in (5). This 
is the common ratio of the currents in two successive meshes of the chain; 
hence the transfer ratio across n transducers is 




Iq Iq Ii 1% In—i {IqY' {Ii) 
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It is evident on physical grounds that the input impedance of the chain 
and the transfer ratio across each transducer are unique and we are faced 
with the problem of choosing the proper sign for the square roots in (5) 
and (6). The product of the two values Xa for the current transfer 
ratio is unity. Thus if the absolute value of xi is less than unity, the ab- 
solute value of X 2 is greater than unity. In a dissipative chain the ampli- 
tude of the current must necessarily decrease and we must choose that sign 
of the square root in (6) which makes the absolute value of the current 
transfer ratio less than unity. This choice determines uniquely the sign 
in the expression for K. It is apparent from (6) that for small values of 
Z \2 the proper sign is positive. 

We may represent the current transfer ratio as an exponential function 



the constant V is the propagation constant or the transfer constant of the 
chain. The real part of T is positive and is called the attenuation constant-, 
the imaginary part of T is called the phase constant. 

Since one of the values of the current ratio in (6) is e~'^ and the other 
is its reciprocal e^ , we have 


cosh r = 


..r ^ r 


■Zll + ^22 

2Zi2 


(3-7) 


The current and voltage across the terminals Bn may now be ex- 
pressed in the form 


It = Vt = 


n = ^^ 4 -, 


where the superscript plus ” is used speci- 
fically to indicate a wave traveling from the 
source toward the right in an infinite chain 
(Fig. 5.11) of which the semi-infinite chain 
forms a part. For a wave traveling to the 
left in an infinite chain, we should have 



” 0 > 5 Two sections of a chain 

since in this case the amplitude should “Ending ta infinity in both direc- 
decrease as n decreases. Here the current 

ratio is represented by the second value in (6). For the voltage we have 


where '—K is the value of K m (5) other than the one designated by 
The impedance is the impedance of the semi-infinite chain extending to 
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the left, as seen from any pair of terminals. In fact if happens to 
correspond to the upper sign in (5), so that 

= i(2u ~ JZ 22 ) + + 222)2 - Zfs; (3-8) 

then, in accordance with the above definition, 

= §(^22 “■ Zii) + + Z22)^ — Z 12 . ( 3 ” 9 ) 

If the elements of the chain are symmetric, then Zn = Z 22 and 
Since and are impedances of passive networks, their real parts 
cannot be negative. These two impedances are called the characteristic 
impedances oi the chain of transducers. 

The expressions for the current and voltage in a chain consisting of a 
finite number of transducers may now be written in the following form 

4 

where A and B are constants obtainable in terms of the terminal conditions. 
For instance, let the total number of transducers in the chain be m and let 
an impedance Z be inserted across the ?; 2 th pair of terminals; then we have 

^ Im Ae'^^^ + Be^'^ 


7) 


T 


■QEI — " 


From this equation we can express B in terms 
of A. The constant A can then be found in 
terms of the input voltage ox the input 
current /q. 

Similarly A and B can be expressed in 
terms of and /q, or in terms of and 
or in terms of /o and In the last two 
cases we obtain equations representing the chain of transducers as a single 
transducer. 


Fig. 5.12. A symmetric 
T-network. 


5.4. Chains of Symmetric T-Networks 

A symmetric T-network (Fig. 5.12) is a transducer whose impedances 
are 

Zxi == Z22 = ^Zi + Z2, Z12 == — Z2. (4^1) 

Substituting in (3-7) and (3-8), we have 


^ ,^iZi + 2Z2 /Zi . A 


i:+ = ir = fv'ziCZi + 4Z2). 


These are the constants for the iterated network shown in Fig. 5.13. 


(4-2) 
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Evidently any symmetric transducer may be represented by a symmetric 
T-network; thus from (1) we have 

~ ^ 12)5 -2^2 = — 2i2* (4—3) 

Hence expressions (2) may be used for any chain of symmetric transducers. 



Fig. 5.13. A chain of symmetric y-networks. 


5.5. Chains of Symmetric TL-Networks 

Consider now a symmetric Il-network (Fig. 5.14). Starting with the following 
mesh equations 

2Z2/1 - + Q = -IZJi + iZi + 4Z2)J - 2Z2/2 = 0, 

0 - IZiJ + 2Z2/2 = Vi, 


ar i eliminating the current I in the intermediate 
mesh, we obtain 


2Z2(Zi + IZi) 


Zi + 4Z2 


44 

Zi + 4Z2 


It = Vi, 


44 

Zi + 4Z2 

Hence we have 


I1 + 


2Zt(Zi + 2Zi) 
Zi + 4Z2 


It = v^. 


Zii = Z22 = 


2Z2(Zi + 2Z2) 
Zi 4" 4Z2 


Z12 = 




Fig. 5 . 14 . Asymmetric 
n-network. 


44 

Zi + 4Z2 


Therefore 



Fig. 5.15. A chain of symmetric n-networks. 


K = \/4i - 2?2 = V(Zu + 2i*)(Zu - Z 12 ) = 2Z2 _ , 

f Zi AZ% 

is the characteristic impedance of a chain of H-networks (Fig. S.lSl. 


(5-1) 
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The propagation constant is evidently the same as in the case of the chain of 
T-networks; K has a different value only because of terminal differences between 
the tw^o chains. In fact, we can obtain (1) from the characteristic impedance in (4-2). 
Designating the latter by K and the former by we have 

, {K -j" 4^2-^ ~h 2 ^i^2 

^ K+iZi + lZo " 2K + Zi + 4Z2* 

It may be shown that K' is identical with K in (1). 

5.6, Continuous Transmission Lines 

A continuous uniform transmission line may be regarded as a limiting 
case of a chain of transducers. If the distributed series impedance and 
shunt admittance per unit length of the line are respectively Z and then 

where dx is an element of length. By (4r-2) we have 

cosh r = 1 + |r2 -I = l+iZYdx\ r = VzYdx. 


Thus the propagation constant per “ section is proportional to the length 
of the section and the propagation constant per unit length is VZK 

5.7. Filters 

If in the chain of transducers Zx and Z^ are pure reactances, their ratio 
is real and therefore cosh T is also real. Let a and ^ be the attenuation 
constant and the phase constant, then 

cosh r = cosh (a + iff) = cosh a cos jS + f sinh a sin 


This expression is real if 


that is, if 


sinh a sin = 0; 
a = 0 or /S = zb n'jT, 


Thus there are three distinct ranges of values of cosh T to be considered, 
namely 

cosh r = cos i5, — 1 < cosh F < 1, if a = 0, 

cosh r = cosh a, 1 < cosh T < «>, if/3 = 0, (7-1) 

cosh r = —cosh a, — 00 < cosh F < — 1, if = tt. 

The value of cosh F depends on the frequency; at some frequencies 
there will be no attenuation while at others the attenuation may be very 
high. Hence our chain of transducers will act as a filter- The frequency 
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interval of zero attenuation is called the pass-band of the filter; the fre- 
quency interval of nonzero attenuation is called the stop-band. By (4-2) 
and (1) the pass-band is determined by the following inequality 

-4 < < 0, or 0 < ~ f < 4. (7-2) 

The end points of the pass-band are called the cut-off frequencies. The 
pass-band may also be obtained from 

-2 < < 2. (7-3) 

^12 



Fig. 5.16. A low-pass filter. 


Fig. 5.17. A high-pass filter. 


The following are a few simple examples of filter structures. In the 
chain of series inductances and shunt capacitances shown in Fig. 5.16, wc 
have 







in this case the pass-band is specified by 




0 < O) < Wc = 




(7-4) 


The frequencies below the cut-off are passed and the filter is a low-pass 
filter. As Z-i and become smaller, Wc becomes greater; in the limiting 
case of uniformly distributed constants all frequencies are passed. 

For the chain shown in Fig. 5.17, we have 

Z2 ’ 



thus the pass-band is determined by 


W > Wc, 


1 

T^LzCi 


(7-5) 


and the chain is a high-pass filter. In the limiting case of uniformly dis- 
tributed series capacity and shunt inductance, no frequency is passed. 
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Our next example is the chain shown in Fig. 5.18. Here we have 

Zx = wZi + , 22 = -4r , = -co^LiCa + ^ , (7-6- 

/<oCi /ajC2 ^2 



Fig. 5.18. A band-pass filter. 


0 < J^LiC2 tt ^ ^ <0 < a>c^3 


This is a band-pass filter. If however Z.i, Ci, ^2 are continuously dis- 
tributed, we have 


L\ = Cl 


5 C 2 — C 2 


where Zi, Ci and C 2 refer to unit length. The upper cut-oflF frequency 
becomes infinite and the transmission line has the characteristic of a high- 
pass filter with a cut-oiF given by 


We shall see that propagation of transverse magnetic waves is governed 
by equations of this type. 



Fig. 5.19. A band-pass filter. 

For the structure shown in Fig. 5.19 we have 

Z: = i<.Lx, ~ = i«C2 + -\ , ^ ^ . 

^2 ^2 -^2 
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This structure is 9.1so e bEnd-pEss filter in which the lower End the upper 
cut-offs sre specified by 


When such a structure becomes a continuous line, then 

Li = Li dxy C2 = C2 dXy Z2 = -7= , 0?' = ( 7 - 11 ) 

vZ^ 

and the upper cut-off has receded to infinity. Propagation of transverse 
electric waves is governed by equations of this type. 

5.8. Forced Oscillations in a Simple Series Circuit 
One of the simplest electric networks is a circuit consisting of a series 
combination of a resistor, an inductor, and a capacitor (Fig. 5.20). The 
impedance of such a circuit is 


Z = 7? + ioiL + 

icaC 


R i 





The reactance component vanishes when 


'^LC 

the frequency so defined is called the resonant fre- ^ ^ , 

. ^ £ Pig- 5.20. A simple series 

quency of the circuit. At the resonant frequency dreuit. 

the reactances of the inductor and capacitor are 

equal except for sign; thus 

= -?- = ./I = K. (8-3) 


The quantity K is called the characteristic impedance of the circuit. The 
impedance of the circuit at any frequency can now be expressed in the form 


R’^-iK 


( 03 Co\ 

W 03 / 


At resonance the absolute value of the impedance is minimum and the 
current is maximum. The sharpness of the resonance curve (current vs. 
frequency) is seen to depend on the ratio of the characteristic impedance of 
the circuit to the resistance, that is, the Q ’* of the circuit 

^ R^ R ^ c3RC ■ 


(8-5) 
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This quantity can be defined in terms of the total energy S stored in the 
circuit at resonance and the average power W dissipated in i?. Starting 
with the definitions of the resistor^ inductor, and capacitor (section 2.7) 
and obtaining the work done by the applied electromotive forces, we find 
that at any particular instant the power dissipated in the resistor, the 
energy stored in the inductor, and the energy stored in the capacitor are 
respectively where Ii is the instantaneous current in the 

resistor or the inductor and Vc,i is the instantaneous voltage across the 
capacitor. Since at resonance the reactance seen by the generator is zero^ 
the energy" S stored in the circuit is constant and is equal to the energy 
stored in the inductor when the current is maximum and hence the voltage 
across the capacitor is zero, or to the energy stored in the capacitor when 
the voltage across it is maximum and the current is zero; the average 
dissipated power W is one half of the power dissipated when the current 
is maximum; that is, 

where / is the amplitude of Ii, Substituting L and R from these equations 
in (5), we have an alternative definition of 0 

= ( 8 - 6 ) 


independent of the concepts of resistance and inductance. 

The current is proportional to the admittance Y of the circuit. The ratio 
of this admittance to the admittance at resonance depends only on Q and 
the ratio co/5; thus 


RY^ 


1 


^+iQ 


( ca 00 

5 co^ 


Introducing 5 defined by 


CO — CO f f 


we obtain 


/ 


RY = 


1 


1 +z25!?(H-i5)(l+5)-i 
For small values of 5 this is approximately 

1 


RY 


1 + i-lSQ 


(8-7) 


( 8 - 8 ) 


(8-9) 
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Thus for “ high Q circuits ” the input resistance and reactance are equal 
when 

2ai?=±l, S = (8-10) 

At these frequencies the current amplitude is 50^2 cst 71 per cent of its 
maximum value and the power absorbed is one-half the maximum power 
that can be absorbed by the circuit. The quantity 

\2S\== ^ ( 8 - 11 ) 

is called the relative width of the resonance curve. 



Fig. 5-21. Universal resonance curves. The heavy curve represents the amplitude and the 

light curve the phase. 

Plotting the amplitude and phase of the ratio BY as a function of h we 
obtain the universal resonance curves (Fig. 5.21). The heavy curve repre- 
sents the absolute value of RY and is proportional to the amplitude of the 
current in the circuit when the impressed voltage is constant. The light 
curve is the phase of BY. 

Other useful forms for the i- mt admittance of the series circuit are 


y- 


CO 

Ro3 + i(c0^ — 00^) L 


liX> 



( 8 - 12 ) 
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In the nondissipative case we have simply 


y- 


ioj 


(8-13) 


Let us now consider the instantaneous energy fluctuations. Choosing 
the origin of time so that the initial phase of I is zero, we have the following 
expressions for the instantaneous current in the circuit and the instan- 
taneous voltage across the capacitor* 

/ . 

= — sin ct)/. 
coC 


/i == / cos W/, cos 

ocC 


0)/ 


-i) 


Therefore the energy stored in the inductor and the capacitor is 


S = I LI'^ cos^ co/ + 


sin^ co/ 




The first term of the latter form of $ represents the average stored energy 
and the second the energy fluctuating between the circuit and the generator. 
At resonance the fluctuating energy is zero and the average energy stored 
in the inductor equals the average energy stored in the capacitor. Evi- 
dently the above average energy^' may be expressed in the form 

Sa = (8-14) 

where X'(ca) is the slope of the input reactance plotted as a function of u. 


5.9. Natural Oscillations in a Simple Series Circuit 
The natural oscillation constants px and p 2 are the zeros of the impedance 
function (2.7-6). The impedance and admittance functions can be fac- 
tored and thus expressed in terms of these zeros: 


2(?) 


^ ip~ Pi)(j> - h) 
P 


, Y{S>) 


L{p — i>x)(p> — P2) 


(9-1) 


Depending on the relative values of the circuit constants the natural 
oscillation constants may be either real or complex. Thus if 



I 

VZc’ 


or i? > 2K, 


the constants are real and the oscillations degenerate into an exponen- 

*The impedance of the capacitor is — //coC and the voltage is lagging behind the 
current by 90®. 



IMPEDORS, TRANSDUCERS, NETWORKS 


119 


tial decay. On the other hand if R < IK, the oscillation constants are 
conjugate complex 

pi=p = i + iC), p2 = p* = 1- ii,, (9-2) 

where the amplitude constant | and the natural frequency w are given by 
^ R W 

^ “ 1L~ 2g 20' 

(9-3) 

For high Q circuits the natural frequency is nearly equal to the resonant 
frequency i — 3. 


5.10. Forced Oscillations in a Simple Parallel Circuit 
The theory of a parallel combination of an inductor, a capacitor, and a 
resistor (Fig. 5.22) is very similar to the theory of the series circuit. The 
input admittance of the circuit is 

y=G + f«c + TV- (10-1) 

Comparing this with the input impedance (8-1) 
of the series circuit, we observe that the equa- 
tions of section (8) can be adapted to parallel 
circuits if we interchange L and C, Z and Y, and Fig. 5.22. A simple parallel 
replace R by G. We should also replace the circuit, 

characteristic impedance K by the characteristic admittance M\ but 
subsequently it may be more convenient to reintroduce K. Thus we have 
the following expression for the input impedance of the circuit 



GZ 


where Q is defined by 


1 


^+iQ 



coS M 1 

W G ^ ThGL 'kg * 


( 10 - 2 ) 


(10-3) 


If the input current is fixed, the voltage across the circuit varies with the 
frequency exactly as does the current in the cas^ of the series circuit (Fig. 
5.21). 

Another type of parallel circuit is that shown in Fig. 5.23. In general 
the frequency characteristics of this circuit are different from those of the 
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circuit in Fig. 5.22. If, however, both circuits have high Q values, then 
their behavior in the neighborhood of resonance is approximately the same. 

To prove this, consider a parallel combination of two 
impedances Zx and Z 2 such that j Z 2 | ^ | Zi | . For 
the input impedance Z of this combination we have 
approximately 

Z1Z2 



Z - 


Zi + Z2 


i 


Fig. 5 . 23 . Another If Zi is a pure reactance and Z 2 a pure resistance, 

of simple parallel cir- then the last term is positive real and a large resist- 
ance Zo in parallel with Zi may be replaced 
by a small resistance in series with Zi or vice versa. Hence the circuits 
in Figs. 5.22 and 5.23 are approximately equivalent in the neighborhood 
of resonance if 


R 


or 





(10-4) 


Substituting in (2) and (3), we have 

Hence the maximum input impedance is 

= K.Q- 

If a generator is connected as shown in Fig. 

5.24, then the maximum input impedance is f 

t^ 2 7-,2r2 

Z... (10-7) 


(10-5) 


( 10 - 6 ) 


L-L, 


Assuming that K\ is still large compared parallel 

with jR, the effect of shifting the terminals 

of the circuit is to reduce the inductance to Lx and to increase 
the effective capacity. The resonant frequency is evidently unchanged; 
but the maximum input impedance is reduced in the following ratio 

i • (10-8) 


Of course, if Lx is so small that ojLi is no longer large compared with i?, 
the above formulae must be modified. 

For the circuit shown in Fig. 5.22 and approximately for the one shown 
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in Fig. 5.23 we can obtain an equation similar to (8-14); thus 

(10-9) 

where F is the maximum voltage amplitude across the circuit. 

5.11. Expansion of the Input Impedance Function 

The input impedance (1-20) as seen from the terminals of a generator in a typical 
mesh of an electric network is a rational fraction when considered as a function of the 
oscillation constant p. The numerator and the denominator are factorable and the 
impedance may be represented as a ratio of two products 


Z(p) = A 


(p — pi)(p — ^2) * • * * 


( 11 - 1 ) 


where A is 3 . constant. The zeros pi, pz, • • • of Z{p) are infinities of Yip); they 
represent the natural oscillation constants of the network when the voltage across 
the input terminals is zero and hence when the terminals are short-circuited. The 
infinities pi, p%, • * • of Z(^) are the zeros of Y{p^\ they represent the natural oscilla- 
tion constants of the network^when the current through the input terminals is zero and 
hence when the network is open at these terminals. 

A rational fraction can be expanded in partial fractions. If all the zeros of the 
admittance function are simple we may write Z{p) in the following form 


Z(p) = 


di 


P — Pi. p — pi 


+ • • • +/(^)> 


( 11 - 2 ) 


where f{p) is a polynomial in p. Multiplying by {p — pi) and letting p approach pi, 
we have 


p — Pi 

/ 7 i = lim (p — pi)Z(p) = lim -^^7777 as p -~>pi. 


Y{p) 


Therefore 


1 




r(pi) ’ 


consequently we have 




where the summation is extended over all the zeros of Y{p). 

Similarly the admittance function may be represented as follows 


T(P) = 1 : 


1 


(p (pm) 


■Yg{p)- 


(11-3) 


(11-4) 


(11-S) 


In network theory it is shown that fip) and g{.p) are polynomials of d^ree less than 2 . 
We have seen that the complex zeros and poles of Zfp) occur in conjugate pairs; 
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( 11 - 6 ) 


122 

thus for typical pairs of zeros and infinities we h^e 

pm = Im + fo’mj pm = tm ~ 

pm ~ |m + fw«. P^ = — *Wm. 

The real parts |m and Im are never positive since positive values would mean that the 
ImptodL of the currents and voltages in the network were steadxly mcreas^. 
tS infinite power would be dissipated in the resistors and mfmite energy stored .n 
the inductors and capacitors without a continuous operation of an impressed force, 

that is, without a continuous supply of energy to the network. 

Let us now consider the values of Z(p) and YCp) on the imaginary axis 

ZO'a) = i2(w) + 

y(*£d) = G(w) + 

R(w) and G(«) are never negative; if they were negative for some value of then at 
this frequency power would be contributed to the generator by the supposedly passive 
network If the network is only slightly dissipative, R(w) and G(w) are small. In 
this case the zeros of Zip) and Yip) are given approximately by 

Xiicm) = 0, 5 (aim) = 0. (11-8) 

In order to obtain the second approximation we note that 

Zii&m + Sm) = ZiiUm) + tmZ' iio>m) + ‘ 

YiiUm + 5m) = Yiioim) + SmY' itUm) + 

Solving, we obtain 


= 0 , 

■ 0. 


(11-9) 


5»= - 


ZjWm) 
Z'ii6}m) ’ 


5m — 


YiicOm) 

y'(fwm) ' 


Differentiating (7) 


iZ'iiUm) = R'i^m) + iX'i&m), 
iY'iiom) = G'ieom) + iB'itom), 
and substituting in (10), we obtain 
Sm= - 


( 11 - 10 ) 


( 11 - 11 ) 


i?(Wm) 


5m 


' X'iiilm) - fi2'(d)m) 
GiUm) 


R(Wm) _ . RiSim)R'i^m) 

X'imrn) * [VTwm)P ’ 


Giu>m) ■ Gio)m)G'io>m) 


( 11 - 12 ) 


B'iUm) — iG'icOm) B'iUm) [5'(“m)P 


Thus the approximate expressions for the real parts of the natural oscillation con- 
stants are 


|m=- 


Rjoim) 

X'icCm) ’ 


Sm= - 


G(a)m) 

B'i0)m) 


(11-13) 
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Since R and G are positive and the |’s are negative, we have the following inequalities 

> 0, B'M > 0. (11-14) 

Substituting the above approximations in the general equations (4) and (5), we 
have* 


Z(iu) = 



2iw 

0,2 - 




(11-15) 


y(f«) = 


E 


2io3 

- 0,2 - 2icol„)X'(^,n) 




Comparing the second of the above equations with (8-12), we find that a slightly 
dissipative network behaves like a parallel combination of simple series circuits whose 
inductances and Q’s are given by 




2|„ 2R(o,„) 


(11-16) 


Likewise we can regard the network as approximately equivalent to a series com- 
bination of parallel resonant circuits whose capacitances and Q's are 


Cm = 5-STWro), 


OimB'jUm) 

2G(o,„.) 


(11-17) 


In view of (8-14) and (10-9), equations (15) can be expressed in terms of the 
eneigies stored in the circuit at the various resonant frequencies. Thus we have 


Ziiu) = 



fo^\ 

Qr. } 


+ /(*“), 


(11-18) 


where Sm is the energy stored in the circuit at the wth resonant frequency when the 
input terminals are open and when the voltage amplitude at these terminals is unit> ■ 
Similarly we have 


T(ia,) 


E 





+ 5:(»«), 


(11-19) 


where Im is the energy stored in the circuit at the »jth resonant frequency when the 
input terminals are short-arcuited and when the current amplitude at these terminals 
is unity. 

So far we have tacitly assumed that none of the natural oscillation constants falls 
on the real axis. Let us now suppose that p = po is a real simple xero of y(p). 

* It should be recalled that JYfc) and 5(w) are odd functions and therefore X' (w) 
and £'(«) are even. We retain only the principal terms in the final approximations. 
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Then the corresponding term in (4) is not paired with any other; it is 

1 


2o(p) = 

If po is small, we have approximately 


(p - Po)r(po) 


--ISr’ V'(?o) = 5'(0); 
is {U) 


I that, for p = /o), equation (20) becomes 




( 11 - 20 ) 


( 11 - 21 ) 


G{0) + io^B'iO) ‘ 

G(0) is the direct current conductance of the network and ^'(0) the direct current 


capacitance; thus 


G(0) = G = ^0, 5'(0) = G - 2So, 


( 11 - 22 ) 



Fig 5.25. Two equivalent representations of a general reactive network. 


where is the power lost in the conductance and So is the energy stored in the 
capacitance when a unit voltage is applied to the network. The term (21), which is 
to be added to (18), now becomes 


Zo(/Cx)) = 


1 

G -f* fwC 


1 

0 2/ct;^ 0 


(11-23) 


Similarly if Z(j>) has a simple zero on the real axis, we should add to (19) the 
following term 


RiO) + icoA'(0) R + mL w, + 2;-«lo ’ 

where R and L are respectively the d-c re^stance and inductance of the network, 
^0 is the power lost in the resistance and So is the energy stored in the inductance 
when a unit current is passing through the input terminals. 

The foregoing results may be summarized graphically as shown in Fig. 5.25. A 
purely reactive finite network may be represented either as a series combination of a 
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series resonant circuit (or in a special case nonresonant) and a succession of parallel 
resonant circuits or as a parallel combination of a parallel resonant circuit and a suc- 
cession of series resonant circuits. In the first case the series circuit is obtained when 
one of the parallel resonant circuits degenerates into an inductance and another into 
a capacitance; the parallel circuit in the second case is obtained similarly. The 
d^enerate circuits correspond to the zeros and poles of Z(p) at the origin and at 
infinity. If the network is slightly dissipative, then in the first approximation the 
equivalent networks will differ from those in Fig. 5.25 only in that each series and 
parallel branch will contain a resistance element. 



CHAPTER VI 
About Waves in General 


6.0. Introduction 

If the impressed currents are known throughout an infinite homogeneous 
medium, the field can be calculated fairly easily; we need only obtain the 
field of a current element and then use the principle of superposition. The 
solution of this problem is useful even though most practical problems are 
concerned with fields in media composed of homogeneous parts and not in 
completely homogeneous media. Thus if the medium is homogeneous 
except for isolated islands, it is sometimes possible to obtain approximate 
polarization currents which can be used as virtual sources in an otherwise 
homogeneous medium (section 2.1 1 ). The first few sections of this chapter 
are devoted to this problem. 

The boundaries between media with different electromagnetic properties 
or the “ discontinuities may have a profound effect on wave propagation. 
In a homogeneous medium, for example, the energy from a given source 
will travel in all directions; but in the presence of parallel conducting wires 
at least a fraction of this energy will flow in the direction of the wires. The 
effects of such discontinuities will be studied in detail in subsequent chap- 
ters; but some general considerations are introduced in this chapter. 

A brief discussion of electrostatics and magnetostatics is also included 
in this chapter. These topics are of interest in wave theory for the follow- 
ing two reasons: (1) they furnish approximations to slowly varying fields, 
(2) they furnish exact solutions of certain two-dimensional wave problems. 

6-1. The Field Produced by a Given 'Distribution of Currents in an Infinite 
Homogeneous Medium 

Our problem is to solve the electromagnetic equations (4,4r-2) for har- 
monic fields. This is the most important case in practice; besides, the 
solution of the most general case can then be expressed in the form of a 
contour integral in the oscillation constant plane. The usual procedure 
for solving a simultaneous system of equations is to eliminate all dependent 
variables except one. In the present case this procedure would be un- 
necessarily restrictive since we should have to differentiate / and M and 
hence assume that they are continuous and differentiable functions. In 
practical problems / and M are localized and for aU practical purposes 
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the regions occupied by them have sharp boundaries. Thus it is conven- 
ient to introduce a set of auxiliary functions, generally called potential 
functions. 

To begin with let us write 

E = E' + E", H^H' + H", (1-1) 

where (E'yH') and (E",H") are solutions of 

curl E' = —iunH', curl H' = J + (g + iixx)E'y 

( 1 - 2 ) 

curl E^' = — M — curl H” = (^ + ia)t)E". 

The field (E^,H') is produced by electric currents and by mag- 

netic currents. Their sum satisfies (4.4-2). 

Taking the divergence of each equation in the set (2), we have 

div H' = 0, div E' , 

(1-3) 

div H” = - div E" = 0. 

iCOJJL 

The second and third of these equations require / and M to he continuous 
and differentiable; but one form of the solution of our problem is obtained 
without using these equations. In the other form of the solution which 
depends on them we may assume / and M differentiable to begin with and 
then extend the results to include discontinuous distributions. The first 
and last equations show that H' and E" can be represented as the curls 
of certain vector point functions 

if' = curl J, E" = --curl F. (1-4) 

Substituting from (4) into (2), we obtain 

E' = - grad F, if" = - + icce)F - grad U, (1-5) 


where F and U are two new point functions which are introduced because 
the equality of the curls of two vectors does not imply that the vectors 
are identical. 

From (4) and (5) and the two remaining equations in (2), we obtain 
curl curl A — J — (F^A — (|: + iwe) grad F^ 

(1-6) 

curl curl F ^ M — a^F — iiafi grad U. 

Using (1.8-2) we have 

LA — grad div A = — / + <^A + (g + ioje) grad F, 

(1-7) 

AF — grad div F = —M + o^F + zw|i grad U. 
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Thus we have expressed E and H in terms of two vectors A and F and 
two scalars V and 17', the new functions being connected by two vector 
equations. So far the vectors are somewhat arbitrary since equations (4) 
are unchanged if we add to A and F the gradients of arbitrary functions. 
The functions /^and U are completely arbitrary. Hence we have an oppor- 
tunity to impose further conditions on these functions to suit our conven- 
ience For instance w'e may set 


- 


div A 


17= - 


div F 


( 1 ~ 8 ) 


so that equations (7) become 

AA ^ <F A - J, AF=^ <FF- M. (1-9) 


When specified in the above manner, the functions Ay F, V and U are 
called wave potentials^ the first two being vector potentials and the last 
two scalar potentials. More specifically A is called the magnetic vector 
potential, F the electric vector potential, V the electric scalar potential 
and TJ the magnetic scalar potential. Lorentz was the first to introduce 
these wave potentials in dealing with nondissipative media and he called 
them retarded potentials for reasons that will soon become obvious. In 
general the wave potentials are not only ‘‘ retarded ” but also “ atten- 
uated,” and the more general designation “ wave potentials ” is more 
appropriate. 

Thus we have the following expressions for the field produced by a given 
distribution of impressed currents 

E = —icafiA — grad F — curl Fy 


H = curl A — grad tJ — (^ + ioid)F^ 


( 1 - 10 ) 


where V and U are defined by (8) and A and F are the solutions of (9). 

If J and M are differentiable functions, J^and U satisfy equations similar 
to (9). Thus taking the divergence of (9) and substituting from (8), we 
have 


Ar= ^ , 

g + icae 


AU == 


a^U + 


div M 

tan 


( 1 - 11 ) 


In nondissipative media div / is equal to the negative time derivative of the 
volume density of electric charge; thus 

div / = —iaq^, div M = —iam^. (1-12) 

Consequently 


AU = -/32C7 _ I 


AV = - - 


(1-13) 
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From the physical point of view the vector potentials can be obtained 
much more satisfactorily by the method explained in the next section than 
by solving equations (9) formally. 


6.2. The Field of an Electric Current Element 

Consider a short current filament (Fig. 6.1) and assume that the current I 
is uniform and steady between the terminals A and B so that the entire 
current is forced to flow out of B into the external ^ 

medium and then back into A. If the medium is a 
perfect dielectric this would mean a concentration of 
electric charge at B at the rate I amperes per second 
and an ever increasing electric field around the fila- 
ment. The product II of the current and the length 
of the filament is called the moment of the electric 
current element. 

Let us suppose that the current element is centered 
at the origin along the 2-axis. From a point source the 
current would flow outwards uniformly in all directions; the density would 
then be 



Fig. 6.1. An electric 
current element. 



Hence for two point sources separated by distance / the current density, at 
distances large compared with /, is the gradient of the following function 

_/A(_ JL) = 

dz V 47rr/ 4717^ 

Consequently 

^ II cos 6 ^ II sin d 1 % 


The dotted lines in Fig. 6.2 are the flow lines. 

The magnetic lines of force are circles coaxial with the element and in 
order to obtain the magnetic intensity we need only calculate the magne- 
tomotive force round the circumference of a circle PP' coaxial with the 
element (Fig. 6.2). This magnetomotive force is equal to the electric 
current 1(6) passing through any surface bounded by PP\ Choosing the 
surface as a sphere concentric with the origin, we have 

9 • //sin^^ 

1(6) = J Jrf^ sin Bde d<p = — — ; (2-2) 
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hence 

I{9) !lsin9 
“ Ittt sin 8 


(2-3) 


Equation (1-10) shows that H is expressible as the curl of a vector J. 
From (1-9) we conclude that each cartesian component of depends only 


\ ' 



Fig. 6.2. Electric lines of force in. the vicinity of an electric current element. 


on the corresponding component of the impressed current density. Thus 
in the present case ^ is parallel to the 2-axis and we should have 


= - 


dp 


- 

Comparing with (3), we have 


dr dp 


— 0 ^ 


dr 




Az 


I]_ 

4irr 


(2-4) 


(2-5) 


Let us now suppose that the current is a harmonic function of time. As 
the frequency approaches zero the field must approach that given by the 
above equations where /, A^ H are now complex amplitudes of the corre- 
sponding quantities and the time factor is omitted. From (1) we 
obtain the electric intensities 


Er 


II COS B 

2Tr(g + fa?e)r^ ’ ^ 


II sin d 
47r(^ + /w€)r^ 


( 2 - 6 ) 


Next we seek that solution of Maxwell’s equations which approaches (6) 
as a> 0. At all points external to the current element the magnetic vector 
potential A must satisfy (1-9) with / = 0 and by (5) it must be independ- 
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This is equation (3.1-15) with ^ = 0 and its general solution is 


^ Pe-" , Oe" 

A: 1- ' 

r r 


In dissipative media the second term increases exponentially with the dis- 
tance from the element and hence cannot represent the field produced by 
the element. The first term approaches (5) as <a (and therefore cr) ap- 
proaches zero if P = ///4ir. Thus we have 


Nondissipative media may be regarded as limiting cases of dissipative 
media and then 

, Ile-^ 


By (1-8) we have 

^ = — — = - — M -I Je " cos A 

g -f- fue az 47rr \ trr/ 

The field intensities are now obtained from (1-10); thus 
^ n///, . 1\ _ . .. v/// . 1\ .. 


{-a 


iojfiiri 


T/ 1 IN 


In nondissipative media we have 
_ 'flu f ^ . 1 \ _ — i£r ^ 


( 2 - 10 ) 






( 2 - 11 ) 


If >0, these expressions approach (3) and (6). 

Similarly the field of a magnetic current element of moment Kl is ob- 
tained from the following electric vector potential 


(2-12) 
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Any given distribution of applied currents may be subdivided into ele- 
mentSj and the field can be obtained by superposition of the fields of individ- 
ual elements. Take an infinitesimal volume bounded by the lines of flow 
and two surfaces normal to them. The current in this element is / == J dS, 
where dS is the cross-section of the tube of flow; hence, the moment II is 
equal to J dv^ where dv is the volume of the element. Thus we shall have 



where r is the distance betw^een a typical element and a typical point in 
space. The scalar potentials are then computed from (1-8). 

If, however, ] and M are differentiable functions, then V and U can also 
be computed from equations similar to the above. We note the similarity 
between equations (1-9), (1-11), and (1-12) and write 




div J e 
^{g+ ib>e)r' 


in% 


— 


4x€r 


• dv^ 


U 

U 




4Trici3/xr 


Iff 




~0r 


Airixr 


^dv. 


dv^ 

(2-14) 


These equations can be extended to include the case of nondifferentiable 
J and M by adding appropriate surface integrals, and, more generally, by 
adding line integrals and discrete terms representing the potentials of point 
charges. Thus in the case of an electric current element in a nondissipative 
medium (Fig. 6.1) we have two point charges at the terminals 


i 

he scalar potential ij 

rr 


I I 

(2-15) 

qA = — ~ : qs = —> 

103 tU) 

is then 


^ I /e-^^ e-^^\ 


^Tfioye \ ri ^2 / ^ 

(2-16) 


which leads to (9) when / is very small compared with r. 

For surface and line distributions of impressed currents, the expressions 
for A and F are similar to (13), the surface and line integrals appearing in 
place of the volume integrals. For any filament carrying current I(s) we 
have 


A - 


/ 


47rr 


ds. 


(2-17) 


where ds is a directed element of length. 

We shall now define the terms “ large distance ” and “ small distance ” 
as used in wave theory. A given distance r is large if | or [ » 1 and 
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small if I or I -Cl. In perfect dielectrics this means that r is large if 
= 2irrA is large compared with unity; r is small if /3r is small compared 
with unity. For example, r = 2X is fairly large since 2j3X = 47r = 12.57; 
on the other hand r = X/80 is small to about the same degree since (8X/80 
= x/40 = 1/12.7. The length r = X/Itt = 0.16X may be taken as the 
reference length. 

At large distances from the element the field is particularly simple. 
Thus in a nondissipative medium we have approximately 

//p = ^ e~'^^ sin Ei = Et = 0. (2-18) 


6.3. Radiation from an Electric Current Element 
The flow of power across an infinitely large sphere concentric with the 
element is* 


p2x px T\P‘V‘ P^ 

JE = ^ j I EgH*r^ sin 6 d6 d(p — — ^ I I sin® 6 dd d(p. 

Jo Jo 8X“ J 0 Jj/ 

Integrating, we have 

where p is the moment of the element; the last two expressions represent 
the power radiated in free space. 

This radiated power must come from the source; it can also be calculated 
from the work done by the electromotive force impressed on the current 
element. From (2-11) we have the electric intensity on the axis of the 
element 


2r + I 


The first two terms are in quadrature with I and on the average do no work; 
but the third term is 180° out of phase with I and work is done against the \ 
field by the impressed electromotive force. The in-phase component of^? 
this force is then 


3\2 


* By properly choosing the origin of time we can make the initial phase of I zero; 
hence I will be real and II* = P. 
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The work done by this force per second is seen to be equal to IF in (1). The 
ratio 


is called the radiation resistance of the element. 

The reactive forces in the vicinity of the element are very large. Assam- 
ing a finite radius for the element, we can compute these forces at the ele- 
ment itself; since, however, they de- 
pend on r, we should subdivide the 
element into smaller elements and then 
integrate the effects. In order to 
r^r-j ^ I ^ sustain a uniform current the im- 

pressed forces must be distributed along 

Fio. 6.3. A short energized at the element. It will be shown 

center. 

(section 6.8) that if the element is 
energized at the center (Fig. 6.3), the current distribution is approximately 
linear. Then the moment of the current distribution is 




where / is now the input current at the center. If the element is short the 
distant field and hence the radiated power will be determined by the mo- 
ment. Thus from (1) we obtain 


lOwW 

Xo 




It is sometimes convenient to express the field of the current element in 
terms of the radiated power. From (1) we obtain 

Vv^ Ejf yWw 
^ = X-J — = 

^ ^1? 2irVlO 

hence for the distant field in free space we have 
; ‘s/w sind , _ , 2 ■/ 

4irVl[0r ’ I r 


6.4. The Mutual Impedance between Two Current Elements and the Mutual 
Radiated Power 

Consider two infinitesimal current elements of moments Ii dsi and 
I 2 ds 2 ^ and let ^ be the angle between the positive direction of one element 
and the -E-vector of the other (Fig. 6.4). Let Ei be the electric intensity 
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due to the first element and E 2 the intensity due 
to the second. The electromotive force of the 
field of the first element acting along the sec- 
ond element is £i.«(j 2 ) where £i,*(j 2 ) is the 
component of Ei in the direction of ds^-, hence 
the electromotive force which should be im- 
pressed on the second element in order to counter- 
act the force of this field is 



Fig. 6.4, Two current 
elements. 


(4-1) 


The ratio of this impressed force to the current in the first element is the 
mutual impedance between two current elements 


Z 12 — 


E\,,{S2) dS2 

h 


h 


(-^ 2 ) COS ds2 

h 


■^ 2 (^ 1 ) cos Tp dsi 


h 


(4-2) 


The reciprocity implied by this equation follows immediately on writing 
explicit expressions for the forces involved. For 
example, the mutual impedance of two distant 
I 2 CI 22 elements, perpendicular to the line joining 

their centers (Fig. 6.5) is 


Fig. 6.5, Two parallel cur- 
rent elements. 


Zio — 


iTje 


-0r 


2Xr 


■ dzi dz2 . 


(4-3) 


If the reactive components of the self-impedances Zn and Z 22 are tuned 
out, then 


+ Zi2/2> 


^2 = -Z12/1 + R 22 d 2 , 


(4-4) 


where Fi and F 2 are the applied electromotive forces. If the elements are 
of equal length, then 


R 


R + Rly 


R22 = i? + Rly 


R = 



(4-5) 


where i?i and R 2 are the internal resistances of the elements and R is the 
rachation resistance. 

If F 2 = 0, then 


/2- - 


Zi2il 


(4-6) 
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and the power dissipated in R-^ is 


^ = hRM = 


j?2Zi2^12 

2{R + R 2 ? 


hlf^ 


(^7) 


This is the power “ received by the load resistance R 2 - 

If i?2 = 0, the received power is zero; if R 2 ^ the received power is 
also zero. For some value of R 2 the received power must be a maximum; 
this maximum value is obtained from 


dfF 

dR2 


(^8) 


Thus w^e find that for maximum reception the load resistance must match*' 
the radiation resistance 


i?2 = R = SOtT^ 

r. 

(4-9) 

The received power is then 



fP' = ^12^12 j j 

max 1 -^1 

r. 

(4-10) 

Substituting from (3) and (9), we obtain* 



„ 3,l/./l» 45, 

““ " 64^2 Sr^ ' 


(^-11) 


In terms of the power radiated by the first element, we have 


h == = 


R 


hence the received power is 


fTr = 


45P]^t 

4Rr^ 


(^)V, - 0.0.42 



(4-12) 


Equation (12) ^ves the power received by the load resistance R 2 ; the 
total power fP' received by the second element may be taken as 

^ = Ki? + R,)I^ = (^13) 

of which the following amount 




= 


2(R + R2f 


hit 


(4-14) 


* Tk“ first expression holds for any dielectric and the second is for free space. 
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is “ reradiated.” When R 2 = R, we have 

(4-15) 

and the power absorbed by the load is equal to the reradiated power. If 
R 2 = 0, the “ received ” power is completely reradiated and 

(4-16) 

The power radiated by the two elements is the real part of (5.2-8) 

W = + IRizl-J^ cos + i?22.?l)> (^17) 

where li and 1 2 are the amplitudes of Ii and I 2 and i? is the phase differ- 
ence. In this equation Rn and R 22 are, of course, the radiation resistances 



Fig. 6.6. Two current filaments. 


of the elements and do not include the internal resistances of the generators 
driving the currents. We have seen that the Ks are proportional to the 
products of the lengths of the elements 

■^12 “ ^12 Rll = k\i ds\y i ?22 ~ ^22 (4—18) 

It is also evident that 

kii = ^^ 22 * 

The total power radiated by any two current filaments of arbitrary 
shape and length (Fig. 6.6) can be expressed in the form 

+ 2^12 + W 22 . (4-20) 

where TFn is the work done by the impressed forces in sustaining the cur- 
rent in the first filament against the forces produced by this current, with 
W 22 defined similarly for the second filament; fFi 2 is the work done in 
sustaining the current in the first filament against the forces produced by 
the current in the second filament. While JVn and JV 22 are inherently 
positive, JV 12 may be either positive or negative. For the mutual power 
radiated by two arbitrary filaments we have 

2Wi2 ^ cos ^ dsx ds 2 - (4“21) 
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For coincident filaments this becomes 

I 

T X r r u . 


hj* j* hzisl.Si)! (S i)T(S 2) COS^dSi dS2. 0r-22) 


If the elements are collinear (Fig. 6.7), then 

re(Er dzz) 

^12 r 

■11 


(4-23) 


Fio. 6.7. Two jg ig jjue to the lower element. Using (2—11) we 

coaxial cur- . o \ / 

rent elements, obtain 


Ri2 — 


2x(zi — 22 )' 


Tsin |3(zij 

'L Pizi - 


— Z 2 ) 


— cos /3(zi — Z 2 ) 


dzi dZ2y 


, ri Fsm /5(2 i - Z 2 ) 1 

0 / n 2 “ii/ - cos /3(2 i - 22 ) , 

2ir(2i - 22)^1 jff(zi - 22 ) J 

where | zi — 22 j is the distance between the centers of the elements. 
Expanding i^:l 2 in a power series we obtain 

2,rnr, - 22)", 2x"(zi - 22 )* 1 


(4-24) 


^12 = 


2 ir^(zt — 22) 2 ir^(zi - 22)^ 
5X2 + 35^4 




(4-25) 


6.5. Impressed Currents Varying Arbitrarily with Time 

In nondissipative media the vector potential of a given electric current 
distribution varying harmonically with time is 

. C C CJ‘~^ .. 


-HP 


If the phase of / is <d/, the phase of the corresponding component of the 
vector potential is — /Sir = w [/ — • (r/t?)], where v is the characteristic 
velocity of the medium. The time delay rjv is independent of the fre- 
quency; hence all frequency components of a general function 
are shifted equally on the time scale and A will depend on — (r/v)]. 

Thus we have 


^(XyyyZ'^) = 


f ff 

J J J 4irr 


A similar equation is obtained for the scalar potential. Then the field is 
obtained from 

S A 

E, = — — grad F, H curl A. (5-3) 
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Representing / by a contour integral of the form (2.9-10), the proof can be 
made more formal. In the dissipative case no simple formula analogous 
to (2) exists. 

Let us now consider an electric current filament of length / along the 
z-axis at the origin and suppose that the current starts from zero at r = 0 
and is an arbitrary continuous function of time thereafter; thus 


/(/) 


0 > 


/< 0 ; 


. . 

— IS finite. 
dt 


The charge q{t) at the upper end is zero when / < 0 and 


q{t) = f 1(f) dt when / > 0. 

do 




(5-5) 


At the lower end the charge is — 

Q)mputing the field we find that it is composed of three parts. One of 
these parts depends only on the time derivative of the current; 

another depends on the current alone; the remainder de- 

pends on the charges. Thus we write 




E', = vK, 

II 

o 

= 

\ 

— sin 1?; 

4irvr 


E'; = vH';, 

£'/ = lEV cot e, 

= 

\ 

). 

- sin 

47rr^ 


1 

1 

\ . 

. sin 0, 

E"r' = 


cos 

“ w 




(5-6) 


To an observer moving radially with velocity v the first part {E^H^) of the 
total field would appear varying inversely as the distance from the element, 
the second part inversely as the square of the distance, and the 

third part inversely as the cube of the distance. At sufficientiy great 
distances only {E\H') will be sensibly different from zero although this 
particular fraction of the field is very small unless the electric current is 
changing very rapidly- The entire field is zero outside the spherical surface 
of radius vt with its center at the element. This sphere is the wavefront 
of the wave emitted by the element and on it (E!' and 
vanish. At the wavefront E and H are perpendicular to the radius. 
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6.6. Potential Distributio7j on Perfectly Conducting Straight Wires 

Let the current on a perfectly conducting straight wire of radius 
‘‘ a (Fig. 6.8) be longitudinal and be distributed uniformly around the 
wire. This is substantially the case under any conditions if the wire is 
thin; if the “ wire is a cylindrical shell of large radius, circulating currents 


2 

Fig. 6.8. A cylindrical wire. 


will exist on it unless the electric intensity is impressed uniformly around 
the shell. Under the postulated conditions the vector potential is parallel 
to the axis of the wire. Let its value on the surface of the wire be 11 ( 0 ); 
then the corresponding value of the scalar electric potential V is 


- 


i(ae dz 


( 6 - 1 ) 


Since the electric intensity tangential to the surface of the wire is zero 
except in the region of impressed forces, we have 

dV 

Ez{a) = = 0 . ( 6 - 2 ) 


Thus we have obtained two equations connecting the values of V and 11 on 
the surface of the wire 


dV 

— = — ZW/ill, 


dz 


= — 


Eliminating either n or V, we find 


d^ “ 





(6-3) 

(6-4) 


hence V and 11 are sinusoidal functions of the distance along the wire and 
the velocity of propagation is equal to the characteristic velocity of the 
surrounding medium. The equations, however, do not show where the 
nodes and antinodes of V and 11 are located with respect to the ends of the 
wire. Since the radial component is determined solely by the gradient 
of V, F can be defined as the electromotive force acting along a radius 
from the surface of the wire to infinity; but V is not a quantity which can 
readily be measured. 

Consider now two parallel wires (Fig. 6.9) energized in “ push-pull.” 
Of the total impressed electromotive force one half is in series with the 
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lower wire and the other half is in series with the upper wire and acts in 
the opposite direction. Under these conditions the currents in the two 



1 

■ 

— 



I 




1 _ ■ T n 

2^ 


Fig. 6.9. Two parallel wires energized in push-pull. 


wires are equal and opposite. Let Fi, Hi be the values of the potential 
functions on the surface of the lower wire and F 2 > ^2 the corresponding 
values on the upper wire; then we have 


dz 


— ZcoyLcIIi, 


dJli 

dz 


—■mtV i; 


^^2 . „ 

— 5= — tCi)jJLJl2y 

dz 



(6-5) 


everywhere on the wires except where the impressed forces are acting. 
Subtracting we obtain 

dV . dH . ^ . 

— — = — /wjall, — 7- = — zcotK, (6— o) 

dz dz 

where 

F = - Fs = 2Fi, n = Hi - Ea = 2ni. (6-7) 

The potential difference F is now the transverse electromotive force acting 
from the lower wire to the upper along any path between the wires, lying 
completely in the plane normal to them. When the distance between 
the wires is small, Uis a measurable quantity. 

If the impressed forces acting on the wires are equal and in phase, the 
currents will also be equal and, then, F and H in (4) refer to either wire. 

If the generator is in series with one wire, we can replace it by two pairs 
of generators, one pair acting in push-pull and the other in phase 


(6-8) 
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Equations (3) apply only to those parts of the wire which are free from 
impressed forces. If E^iz) is the impressed intensity, then 

E^(z) = -E,(a) 

and 

— -f- E^(z)t (6—9) 


6.7. Current and Charge Distribution on Infinitely Thin Perfectly Conducting 
Wires 

We shall now prove that on a perfectly conducting wire of vanishingly 
small radius the current and charge are sinusoidal functions of the distance 
along the wire except in the immediate vicinity of the nodal points of the 
current and charge and in the vicinity of sudden bends. If /(z) and q(fi) 
are the current and charge in the wire per unit length, then 

where the integration is extended over the length of the wire, 

r = + (g _ z)2, (7_2) 

and a is the radius of the wire. As a approaches zero the major contri- 
bution to n and V is made by the current and charge in the vicinity of the 
point s = 2 . Thus we shall have approximately 

nZT-l pZ+l ^ 

n( 2 ) = m J ^ — = kl{z), F{z) = q{z ) — = -giz), (7-3) 


where / is small and 


Calculating k we have 


J Z—1 ^TT 


= 1 r 


I \/ ^ (z — z )" 


-il 


I y/ cP + 


1 , /- 1 , /~2 I 2 \ ^ 1 ^ tfi' P -j- / 

= — log(^ + V« +x) = — \og-^=== _ 


+ p -1 


Assuming that a is small compared with /, we obtain 


~ /I 


(' + 1^) ■ 


A = — log - • 
2x a 
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The quantity k increases indefinitely as the radius of the wire approaches 
zero and / is kept constant. The contributions to n and V from the rest of 
the wire remain finite; hence equations (3) represent first approximations 
to n and F everywhere except in the neighborhoods of the nodes of 7 and q, 
where the principal terms become small and contributions from more 
distant parts of the wire must be included in these first approximations. 

Substituting for n from (3) in (6-3), we have 


dz 


= — iunkl, 


dl 

dz 



(7-7) 


Substituting for V from (3), we have also 


dq dl 

- - - 




(7-8) 


The second equation in this set is really exact; it may be obtained directly 
from the principle of conservation of charge. 

Thus we have proved the theorem stated at 
the beginning of this section for the case of 
straight wires. If the wire is curved (Fig. 

6.10), our arguments are still valid except in 
the immediate vicinity of angular points 
where the wire suddenly changes its direction. 

In this case the exact equation connecting the scalar potential with the 
vector potential becomes 

^ 

ds 



Fig. 6.10. A bent wire. 


The same approximations can be made as for straight wires except in the 
vicinity of angular points. Our conclusions are still valid if the radius of 
the wire is varying so long as the rate of change is finite. 

Let us now return to the case of two parallel wires energized in push-pull 
(Fig. 6.9). Here Hi, as defined in the preceding section, consists of two 
parts 

Hi = ni + nr, 


each due to the current in one of the wires. If the distance d between the 
axes of the wires is small, the approximate expressions (3) are particularly 
good since the contributions from distant portions of one wire are nearly 
canceled by contributions from similar portions of the other wire. For k 
we have 


i - 


Vd^ + 


1 " 
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as long as d and a are both small compared with /. Thus k has become in- 
dependent of the indefinite length /. By (d-7) and (3) we now have 


where 



11 

— icaCV, 

(7-9) 

c = 

d 

(7-10) 


log- 


a 


6.8. Radiation from a Wire Energized at the Center 

We are now in a position to calculate the power radiated by an infinitely 
thin perfectly conducting wire energized at the center.* We have proved 
that the current distribution is sinusoidal; the ends of an infinitely thin 

wire must be current nodes; and the 
current I(z) must be an even function 
of the distance z from the center (Fig. 
6.11). Therefore 

I(z) = I sin /?(/ — z), z > 0; 

( 8 - 1 ) 

= I sin iS(/ +2)5 2 < 0; 

where I is the maximum amplitude of the current. 

If the length 21 of the ware is equal to a half wavelength, (1) becomes 

I{z) = I cos i32, (8-2) 

w’here the maximum amplitude is now at the center. The radiated power 
can be calculated by (4-22). Using only the first three terms of the power 
series for ^12, we obtain (for free space) 

W - R = 73.2 ohms. (8-3) 

More accurate calculation gives R = 73.129. In Chapter 11 we shall prove 
that the exact value of the input resistance depends on the radius of the 
wire, particularly for lengths greater than a half wavelength; there we 
shall obtain expressions for R as well as for the reactive component of the 
input impedance as functions of the radius of the antenna. 

6.9. The Mutual Impedance between Two Current Loops; the Impedance of a 
Loop 

Let us now consider two current loops carrying uniform currents I\ and 
I 2 in phase with each other (Fig. 6.12). The component of the vector 

* Or at any other point for that matter. The general formulae will he obtained in 
Chapter 9. 



Fig. 6.11. Current distribution on a wire 
of finite length energized at the center. 
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potential due to 72, along the element dsi^ is 




1 



e cos 'ip 
ri2 


ds2^ 


(9-1) 


where -p is the angle between the elements dsi and ds 2 - The electromotive 
force round the first circuit due to the field of the second is 


/ T- J • C A J r C ^ cos 'p 

Es.idsi = J As,idsi 1— J J dsids 2 y ( 9 - 2 ) 

since the integral of dF/ds round the circuit vanishes. The electromotive 
force which should be impressed on the first circuit in order to sustain Ii 



agi nst the electromotive force induced by I 2 is the negative of (2). The 
ratio of this impressed electromotive force to I 2 is the mutual impedance 
between the two loops 

The real and imaginary components of this impedance are 

„ C C siri , J J 

i?12 = ^ J j - cos p dSi ds2:, 

(9-4) 

r r ffri 2 , J ^ 

A 12 T~ I I cos p dsi ds 2 - 

47r J J ri2 

i?i 2 represv-uS che mutual radiation resistance. 

The above expressions are exact if Ii and I 2 are uniform as we have 
assumed; but uniform currents can be sustained only by properly distrib- 
uted impressed forces. The usual method of energizing a loop is to impress 
an electromotive for ce between a pair of terminals (Fig. 5.1.) In section 7 
it has been sho'= .. in.:x the current distribution on an infinitely thin wire 
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is represented by a sinusoidal function of the distance along the loop. 
Furthermore the current entering the loop from the generator at A equals 
the current leaving the loop at 5 ; hence the current is an even function 
of the distance s from the midpoint C of the loop. The even sinusoidal 
function of s is cos and this is nearly constant for small values of r. 
Thus the above equations should apply approximately to small loops 
energized by concentrated impressed forces. 

Furthermore for loops which are not too far apart we have approximately 



cos ^ 

asi as2) 

ri2 


( 9 - 5 ) 


neglecting fjS^rio and smaller terms in the integrand. This is seen to be 
proportional to the frequency and the coefficient of proportionality 


-12 



cos ^ 

aSi dS2 

ri2 


( 9 - 6 ) 


is the mutual inductance between the two loops. For loops of small but 
finite radius the integration in these double integrals is performed along 
the axes of the wires, although for more accurate computation the wires 
must be divided into elementary filaments. 

If the loops are coincident the mutual impedance becomes the self imped- 
ance of the loop. Except at rather low frequencies the current is distrib- 
uted near the surface of the wire. The vector potential of such a current 
distribution, at points external to the wire, can be computed by assuming 
that the current is distributed along the axis; but the second integration 
should be performed where the current actually happens to be and the 
corresponding curve of integration in the above double integrals must be 
taken on the surface of the wire. In particular these remarks should be 
kept in mind in computing the self-reactance or self-inductance of a loop; 
when calculating its radiation resistance, no great error is made if both 
integrations are taken along the axis of the loop. The reason for this is 
that the error involved in shifting the second path of integration from 
the surface to the axis is greatest for small values of ri2, and for these values 
the integrand in i?i2 is nearly independent of ri2. On the other hand the 
greatest contribution to X12 comes from small values of ri2. 

Even if the current is distributed throughout the cross-section of the 
wire, the “ external ” inductance of the loop is obtained from ( 6 ) by inte- 
grating once along the axis of the wire and once along a parallel curve on 
its surface. The “ internal inductance is computed separately. 

The mutual impedance between two closed uniform current filaments 
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can also be expressed as follows: 


Zl2 




( 9 - 7 ) 


where $12 is the magnetic flux through the first loop due to the current 
in the second. Equation (6) shows that ^21 = ^12- The radiation resist- 
ance appears through the component of ^12 in quadrature with I2. 

For the power radiated by two loops carrying currents differing in phase 
by the mutual power term contains the factor cos this factor appears 
in the expression for ^ for any transducer as shown by equation (5.2-8). 
If two current elements or two filaments are in quadrature they radiate 
independently of each other. 


6 . 10 . Radiation from a Small Rlane Loop Carrying Uniform Current 

If the loop is small, we may obtain an approximate value for the radiation 
resistance by retaining only the first two terms of the power series for 
sin /3ri2 in ( 9 ^); thus we have 


~ cos ^ dsi dS2 


= ^ f )^COS V' ^Si ds2 — f f ^2 cos \[> dsi dS2- 


( 10 - 1 ) 


Let and be the inclinations of the elements dsx and ds2 (Fig. 6 . 13 ); 
then 


cos 

cos ^2 


dxi 

dTx^ 

dX 2 


sin 

sin ??2 


cos ^ = cos (t?i — ^2) 



dy 2 

dxi dx2 + dyi dy2 
ds\ ds2 


Remembering that dxi and dyi are independent of dx2 and ^25 we obtain 


ff cos ^ dsi ds2 ~ J* f (^^1 ^'*2 + ^yi 

= f dxi f dX2 + f ^yi f ^j2 = 0 , 


since the total change of either the abscissa or the ordinate around a closed 
curve is zero. 
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Similarly we have 

f f ^12 COS ^ dsi ^^2 = J J[ (*2 - + (j2- dx 2 + dyi dy^) 

= ~2(^J'xdy^ -l^^j'yd^ == - 4 ^^ 

where S is the area bounded by the loop. All other terms in this integral 
vanish because the total variation of either a coordinate or a function of 
the coordinate vanishes for the complete cycle. 



Fig. 6.13. A loop carrying uniform current. 

Substituting these results in (1), we have 

R = ( 10 - 2 ) 

In free space this becomes 

R = 20(fSf = 320^^ ^ = 31,000 ~ . (10-3) 

A A 

6.11. Trammission Lines and Wave Guides 

We have seen that even in nondissipative homogeneous media the ampli- 
tude of a wave decreases with the distance from the source. On the other 
hand, the equations of section 7 show that the current in perfectly conduct- 
ing wires is approximately sinusoidal and that consequently the amplitude 
of the waves is independent of the distance along the wire or wires. The 
wires act as transmission lines or wave guides. We shall use the term 
transmission line in a restricted sense for wave guides whose transverse 
dimensions are small. 

Of course, if the wires and the medium are dissipative, the amplitude of 
guided waves will also decrease with the distance because of power absorp- 
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tion. More general transmission equations for a pair of parallel wires 
(Fig- 6.14) may be derived directly from the fundamental electromagnetic 
equations. Applying Faraday’s law 
to the rectangle ABCDA in which 
AB = 1, we have 

Vab f^BC + f^CD J^da = — 

(11-1) 

If the internal or surface impedances 
of the wires per unit length are Zi 
and Z25 then for the particular trans- Fig. 6 . 14 . Two parallel wires, 
mission mode in which the currents in 
the wires are equal and oppositely directed we have 

Vab = Zi/, VcD = Z 2 /. (11-2) 

If V is the transverse voltage between the wires, then 

Vbc + Vba = Vbc - Vad = (11-3) 

Finally, ^ is proportional to 7; consequently equation (1) becomes 

^ + Z 2 + i<AL)L (1 1-4) 




Applying Ampere’s law to the circuit ABCDEFA on the surface of the 
lower wire (Fig. 6.15) we have 

^AB + ^BCD + + "UeFA = 7 ^, 

or 

Ujgco + 'UefA = It- 


The left side is the difference between the currents flowing in the wire at A 
and S; if AB = 1, then 



Ubcd + Uefa 


(11-5) 
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On the other hand the transverse current is proportional to the voltage 


and consequently 


It = {G + iu>C)V, 

^ = - (G + /a.C)F. 


( 11 - 6 ) 

(11-7) 


The transmission equations (4) and (7) apply equally well to coaxial 
cylinders (Fig. 6.16); only the expressions for i, G, C are different. If the 
radii of the wires or coaxial cylinders vary slowly with the distance z along 



Fig, 6,16, Two coaxial cylinders. Fig. 6.17. Illustrating a Fig. 6.18. Electric lines 

possible distribution of inside a metal tube, 
the longitudinal dis- 
placement current in- 
side a metal tube. 



“ 0 

c 

V 

1 

1 

1 

1 

1 

1 

Bj 


the wires, then G, C are functions of 2 . Generally these transmission 
equations are approximate; but in Chapter 8 we shall find that under 
certain conditions they may be exact, 

Let us now remove the inner conductor of the coaxial pair and see if wave 
transmission is still possible. The return path for the current in the metal 

tube is now the dielectric inside the 
tube. If the tube is perfectly conduct- 
ing, the longitudinal electric intensity 
must vanish on the boundary and 
the longitudinal displacement current 
might be distributed as shown in 
Fig. 6.17. The lines of displacement 
current flow would then look like 
those in Fig. 6.18. If the field is 
symmetric, magnetic lines are circles 
coaxial with the tube. Let V be the transverse voltage from the axis of 
the tube to its periphery and I the total longitudinal displacement current 
(Fig. 6.19). Applying Faraday’s law to a rectangle ABCBA we obtain 
equation (1). The voltage Vcd is given by (2); similarly, we have equa- 
tion (3); but Vab is now equal to the longitudinal electric intensity on 
the axis 


"iG. 6.19, A metai tube and a rectan- 
gular path formed by two radii and the 
lines joining their ends. 


— Eq- 


(11-8) 
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In the case of a coaxial pair this voltage is small, equal to 2 ero, in fact, if the 
inner conductor is perfect; but with no inner conductor there is every 
reason to suppose that it will prove to be significant. 

Assuming that the longitudinal electric intensity is maximum on the 
axis, we have 

Ez = £o/(p), /(O) = 1. (11-9) 

Since the total current is 


we have 


1 — J^f(p)p dp 


( 11 - 10 ) 


where S is the area of the cross-section of the tube. The quantity in paren- 
theses is the average value of/(p) over the cross-section of the tube. ^ is 
proportional to I but the coefiicient of proportionality L is naturally differ- 
ent from that for coaxial pairs. Equation (1) now assumes the following 
form 

f + + (n-„, 


This equation differs from the equations for coaxial pairs and parallel pairs 
in that it contains a term representing distributed series capacity This, 
of course, was to be expected. 

The second transmission equation is simply the equation of conservation 
of electric charge 


dl . 


where q is the charge on the surface of the tube per unit length. This 
charge is proportional to the radial component Ep of the electric intensity 
and therefore to the transverse voltage taking into consideration our 
convention with regard to the positive direction of we have 

^ ( 11 - 12 ) 

dz 

Comparing (11) and (12) ■mth (5.7-6) and (5.7-7) we find that the metal 
tube behaves as a high pass filter. The cutoff frequency is determined by 


(11-13) 
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It is easy to make a rough estimate of this frequency. From the physical 
picture underlying the present transmission mode it is clear that the error 
will not be excessive if we assume a uniformly distributed longitudinal dis- 
placement current. Then/(p) = 1 and 0 — eS = In this case the 

inductance per unit length is L = p/47r. Substituting in (13), we have 






= 2 . 


(11-14) 


Thus the cutoff wavelength is equal roughly to the circumference of the 
wave guide divided by 2.* Longer waves are not transmitted. The 
exact cutoff is determined if we use 2.40 instead of 2. More powerful 
methods for obtaining the cutoff frequencies will be described in later 
chapters. The above estimate has been made in order to show that, 
starting from a physical picture of a given field and applying the electro- 
magnetic laws in their integral form, it is possible to obtain qualitative 
and even fairly satisfactory quantitative results. 



Fig. 6.20. Cross-sections of metal tubes of rectangular and semi-circular cross- 
section and magnetic lines. 



In tubes of noncircular cross-section magnetic lines will be deformed 
(Fig. 6.20), the numerical values of L, C, C will be altered, but the essential 
picture will remain the same. We can even make an 
estimate of the cutoff wavelength by expressing \c for 
the circular guide in terms of the area of the cross- 
section instead of the radius. 

The direction of the conduction current in the tube 
is related to the direction of the magnetic lines of force. 
If the magnetic lines are counterclockwise, the current 
Fig. 6.21. Illustrating tuhc flows away from the observer. Consider 

a transmission mode now a circular tube with an infinitely thin perfectly 
with two sets of conducting axial partition (Fig. 6.21) and assume 
os magnedclines. waves of equal intensity of the type shown 

in Fig. 6.20 have been set up in such a way that at all times one 
set of magnetic lines is counterclockwise and the other clockwise. The 
total current in the axial partition is zero and the partition has no effect 

* On the eneigy basis L = /x/Stt and Xc = 2Tra/2,S. Much better results are ob- 
tained by taking /(p) = l—p-/a- or cos {icp/la) so that f{a) = 0. 
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on the field inside the circular tube. This partition can, therefore, be 
removed and we are left with a new mode of transmission in a circular tube. 
In this mode the conduction current flows in opposite directions in opposite 
halves of the tube; longitudinal displacement currents also flow in opposite 
directions. The cutoff frequency for this mode is higher than that for 
the first mode; the ratio of these frequencies is equal to the ratio of the 
cutoff frequencies for the first mode in the circular tube and in a semicircular 
tube of half the_pea. Hence, the approximate ratio of the two cutoflF 
frequencies is V'2 or 1.4; the exact ratio is nearly 1.6. The magnetic 
lines “ avoid ” the corners in the semicircular tube and this tendency makes 
the effective area of the tube smaller than the actual area. 

This synthetic method of construction of field configurations can be 
extended. The circular tube can be divided by radial planes into an even 
number of sectors. Assuming a wave in each sector, traveling in the first 



Fig. 6.22. A transmission mode 
with six sets of closed magnetic 
lines. 



Fig. 6.23. A possible mode of trans- 
mission in a tube of triangular 
cross-section. 


mode, and assuming relative directions of magnetic lines so as to make 
radial planes current free and hence removable, we obtain a sectorial wave 
in the circular tube. Any rectangular tube can be divided into equal 
rectangular tubes of smaller cross-section (Fig. 6.22); assuming the first 
mode in each in such a way that the adjacent lines of magnetic force point 
in the same direction, we obtain a higher transmission mode in the original 
tube. All these field configurations can be constructed on the basis of 
symmetry. They furnish us with qualitative ideas when symmetry is no 
longer a guide. We feel certain, for example, that in the tube whose cross- 
section is shown in Fig, 6.23, there exists a mode with two sets of magnetk 
lines of force as shown in the figure; but without more complete analysis 
we do not know just how the available space is divided between these sets 
of lines. All we can say is that the area of the left sector will be larger than 
that of the right sector because the magnetic lines avoid corners, particu- 
larly sharp corners. The magnetic lines surround the longitudinal dis- 
placement current which is proportional to the longitudinal electric inten- 
sity; but the latter must vanish on the boundaries of the tube and it will 
approach zero more rapidly when two boundaries are close together. In. 
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coaxial pairs similar waves can exist; thus in the circularly symmetric 
case the longitudinal displacement current may be distributed as shown 
in Fig. 6.24. 

All waves of the above type are called transverse magnetic waves or TM- 
waves because the magnetic vector is perpendicular to the direction of wave 
propagation- If the electric vector is perpendicular to the direction of 
wave propagation^ then the wa\’'es are called transverse electric waves or TE~ 
waves. Finally, if both vectors are perpendicular to the direction of wave 


Fig. 6.24. A possible distribution 
of the longitudinal displace- 
ment current between coaxial 
cylinders. 



propagation, then the waves are transverse electromagnetic (TEM-waves). 
In general both field intensities have longitudinal and transverse compo- 
nents; such waves are called hybrid waves. There are no electromagnetic 
waves in which either the electric intensity or the magnetic intensity is 
totally longitudinal. 

A general idea of transverse electric waves may be obtained as follows. 
Consider two parallel metal strips, whose width is large compared with the 
distance between them. Such strips form a transmission line similar to a 
pair of parallel wires. Between the strips the electric field is almost uni- 
form, except near the edges; the magnetic lines surround each strip and 
between the strips they are nearly parallel to them. The wave is trans- 
verse electromagnetic. The longitudinal currents in the strips flow in 
opposite directions and the circuit is made complete with the aid of trans- 
verse displacement currents. Let us now connect the edges of the strips 
metallically and form a rectangular tube (Fig. 6.25). The electric inten- 
sity, which we assume to be parallel to the j-axis, must vanish at the bound- 
aries to which it is parallel. Let us assume that E is maximum in the 
middle plane ABCD and that it is distributed as shown in Fig. 6.26. Mag- 
netic lines cannot cross the conducting boundaries and must form loops 
(Fig. 6.27) surrounding the transverse displacement current. The longi- 
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tudinai magnetic intensity is associated with the transverse conduction 
current in the tube. 

Now let I be the total longitudinal current in the lower face of the tube 
and —I the corresponding current in the upper face. Let be the voltage 
from the lower face to the upper along a typical “ central line AB. This 
voltage is equal to the total longitudinal magnetic current flowing through 



Fig. 6.26. A possible distribution Fig. 6.27. Magnetic lines in planes normal to the 
of the transverse displacement E-vector, 

current in a rectangular tube. 

the rectangle ABEF in the negative z-direction^ or the total current through 
ABGH in the positive direction. Assuming that the tube is perfectly 
conducting and applying the first law of induction to the rectangle ABCDy 
we obtain the first transmission equation. Expressing the variation of 1 
with z in terms of the shunt displacement and conduction currents we 
obtain the second transmission equation. Thus we have 

~ = -mLI, ^ = -f;«C + tL) r. (11-15) 

dz dz \ to>LJ 

Thus in the case of transverse electric waves the tube also behaves as a high 
pass filter (Fig. 5.19). The constants can be calculated if more specific 
assumptions are made with regard to the distribution of the transverse 
displacement current. However, in Chapter 8 we shall obtain the complete 
and exact solution of this problem. The purpose of the present discussion 
is to stimulate the development of physical ideas as we proceed with mathe- 
matical analysis. 

In Chapter 10 we shall solve . Igorously the problem of cylindrical wave 
guides and confirm the existence _ an infinite number of Pruytstnissioti modes* 
Each mode is characterized by . definite field pattern in a typical plane 
normal to the guide. This fieic pattern determines completely the con- 
stants in the transmission equat.:-/-3 (11) and (12) or (15), depending upon 
whether the wave is of transvc. magnetic or transverse electric type. 
The propagation constant and t.., velocity in the guide depend upon the 
frequency and the particular trr mission mode- The cutoff frequencies 
for various transmission modes ,ay be arranged in ascending order of 
magnitude. The lowest of these frequencies is called the absolute cutoff 
fvepuency for the guide and the coi responding mode is the principal or the 
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dominant transmission mode. If the guide is energized at some frequency 
lower than the absolute cutoff frequency, the propagation constants for 
all modes are real (if there is no dissipation) and the field intensity ap- 
proaches zero with increasing distance from the generator. If, however^ 
the frequency is above the absolute cutoff but below the next higher, then 
at a sufEcient distance from the generator the wave will be traveling along 
the guide substantially in the dominant mode. All the other modes repre- 
sent only the local field in the vicinity of the generator. As the frequency 
increases and passes successive cutoff frequencies, the energy supplied by 
the generator will be transferred along the guide in an increasing number 
of transmission modes. 

Transmission modes are analogous to oscillation modes in electric net- 
works. A simple series circuit has only one natural frequency and one 
oscillation mode; an «-mesh network has n oscillation modes; and a section 
of a transmission line has an infinite number of oscillation modes. Actual 
physical circuits are always multiple circuits, possessing in fact an infinite 
number of oscillation modes. The lovrest natural frequency of some cir- 
cuits, however, is so much low’er than all the others that in a limited fre- 
quency range they may be approximated by simple circuits possessing only 
one natural frequency. Similarly all physical wave guides admit of an 
infinite number of transmission modes; but some wave guides, such as 
coaxial pairs, admit of one mode for which the cutoff frequency is zero and 
of other modes with very high cutoff frequencies. In a restricted frequency 
range such wave guides may be treated as simple transmission lines^ pos- 
sessing only one transmission mode. The absolute cutoff of metal tubes 
is high and the cutoff frequencies of higher modes are close to it (on the 
ratio basis) ; in such cases the existence of other transmission modes cannot 
be forgotten even if the operating frequency is such that only the dominant 
mode takes part in energy transmission. However, at frequencies between 
the first and second cutoffs, the higher transmission modes Tepresent only 
local fields in the vicinity of discontinuities such as generators, receivers, 
sudden bends or changes in the transverse dimensions of the guide. Under 
these conditions the wave guide acts as a simple transmission line in which 
the local fields associated with the discontinuities are represented by re- 
actors either in series or in shunt with the line. 

6.12. Reflection 

In sections 1 and 2 we have calculated the field produced by a given 
distribution of sources in an infinite homogeneous medium. Let us now 
suppose that the medium consists of two homogeneous regions separated by 
a surface (S). Without loss of generality we may assume that one of these 
regions is snurce-free. If the sources are distributed throughout both 
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regions, we may regard the total field as due to the superposition of two 
fields, each produced by sources located in one region only. 

Thus let the sources be in region ( 1 ) as shown in Fig. 6 . 28 . If the two 
regions had the same electromagnetic properties, the 
field of these sources w^ould be found from the equa- 
tions of sections 1 and 2. But when the electro- 
magnetic properties are different the field 
thus obtained is not the actual field. In region (1) 
it represents the primary field of the sources and is 
called the impressed field. The field which 

must be added to give the actual field in region (1) is 
called the reflected field. We may think of the re- Fig* 6 . 28 . A surface en- 
flected field as produced by polarization currents in source of 

region (2); in so far as these virtual* sources are 
concerned region (1) is source-free and the reflected field should satisfy 
the homogeneous form of Maxwell’s equations 

curl m curl ^ {gi + iccei)E^. (12^1) 

Let the actual field in region ( 2 ) be this field is called the trans- 

mitted (or "^refracted”) field and it also satisfies the homogeneous equations 

curl curl = (^2 + io^^2)EK (12-2) 

At the interface (S) of the two media the tangential components of E and 
H are continuous 

Ei + Ei^E^t, + Hi ( 12 - 3 ) 

This set of equations constitutes one formulation of the problem of 
determining the field of a given system of sources when the medium con- 
sists of two homogeneous regions. The method can be extended to any 
number of homogeneous regions. 

If the boundary (4?) is a perfecdy conducting sheet, then the tangential 
component of E should vanish on (*?) 

Ei + ETt^O, or JEl = ( 12 - 4 ) 

A perfectly conducting sheet can support finite electric current and the 
tangential component of H is no longer continuous across ( 5 ). In fact, 
energy cannot flow across a perfect conductor and the field in region (2) 
due to the sources in region ( 1 ) is equal to zero. The component of H 
tangential to (6*) in region (1) represents the current density / on (6*). 
By the second law of induction J is normal to the tangential component of 
ff; hence if is a unit normal to (* 9 ), regarded as positive when pointing 

* As distinct from true sources. 
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into the source-free region (2), then 

/ = (Hi + m)Xn. (12-5) 

Since the vector product of n and the normal component of H is zero, we 
can drop the subscript tangential ” and write 

J = (H^ + Hn X (12-6) 

More generally if the impedance Zn normal to the boundary is prescribed, 
then the relation between the tangential components in region (1) is 

E: = ZMl Xn, or Ei + El == Zn{H\ + //[) X (12-7) 

Wave propagation in wave guides may be regarded as a case of reflection. 
We start with a certain system of sources inside a metal tube, for example; 
then the total field inside the tube is the sum of the impressed and reflected 
fields in the sense defined in this section. 


6.13. The Induction Theorem 


Let us rewrite (12-3) as follows 

ZTi T'T -rri rjt Tjr Tji 

iLt — Ili — lit -- 


(13-1) 


and concentrate our attention on the induced ” field {J£yH) consisting of 
the reflected field in region (1) and the transmitted field {E\H^) in 

region (2). This field satisfies the homogeneous equations (12-1) and 
(12-2) everywhere except on (6*) and it may be obtained from a distri- 
bution of sources on {S) as well as from the original sources. 

It has been shown in section 4.5 that the discontinuities in E and JI across 
(S) could be produced by current sheets on (S) of densities 


M^(E^,-^Et)Xn^EtXn, 

J ^nX (Hi- Hf) ^nXHi. 


(13-2) 


Since the vector product of n and a normal component of the field is zero, 
we have 

M = E^Xn, J ^ nXH\ (13-3) 

Thus if we wish to determine the field whose only sources are the currents 
on (*5) given by (3), we have to solve exactly the same equations as those 
used in the preceding section to obtain the induced field. In other words 
the induced field {E^H) could be produced by electric and magnetic current 
sheets of densities given by (3); this is the Induction Theorem. 


6.14. The Equivalence Theorem 

Let us now suppose that (*?) is a surface in a homogeneous medium, sepa- 
rating a source-free region (2) from the rest. In this case the “ reflected 
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field is evidently zero and the transmitted field is the actual field in the 
source-free region. Thus we obtain the following Equivalence Theorem: 
the field in a source-free region bounded by a surface (6*) could be produced 
by a distribution of electric and magnetic currents on this surface and in 
this sense the actual source distribution can be replaced by an “equivalent’* 
distribution (13-3). 

6.15. Stationary Fields 

Stationary fields are fields independent of time and may be regarded as 
special cases of variable fields. For example from (1—10) and (2—14) we 
obtain the following expression for the electrostatic field produced by a 
given distribution of electric charge in a perfect dielectric 

E = -grad V, F = (15-1) 

J 4T€r 

where dq is a typical element of charge. The function ^is now called the 
electrostatic potential. A similar expression may be obtained for the 
magnetostatic field of a given distribution of magnetic charge 

H = -grad U, U= f~, (15-2) 

J 47r/xr 

where dm is a typical element of magnetic charge. In this case the function 
U is called the magnetostatic potential. These expressions are also the 
limits of the harmonic field when ca approaches zero. 

In an infinite homogeneous conductor we have from (2-13) and (1-8) 

where dp is the moment of a typical impressed current element. From 
(1-10) we have 

£ = -grad r, = curl A. (15-4) 

The field due to currents in conductors surrounded by a homogeneous 
dielectric medium can be obtained from 

curl H = gE + p (15-5) 

if we use (1.8-6) and recall that in the absence of magnetic charges 
div H — 0. Thus we have 

H = ajrlff (15-6) 

This formula can also be used, of course, for homogeneous media but it is 
more complicated than (3) and (4) which give H in terms of the impressed 
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currents alone. Thus the latter equations give immediately the field of an 
impressed current element (equations 2-3, 2-5, 2-6) while this could only 
be obtained from (6) by integrating over the entire infinite medium. 

6.16. Conditions in the Vicinities of Shnple and Trouble Layers of Charge 
Consider a stationary distribution of electric charge on some surface (S) 
or a simple layer (Fig. 6.29). The normal component of E is discontinuous 
across the layer; thus by (4.3-2) we have 

£:«.2 - £ n.l = 7 ' ( 16 - 1 ) 

where gs is the charge on the layer per unit area and e is the dielectric 
constant of the surrounding medium. The tangential component of E 
is continuous. In terms of the electrostatic potential V these boundary 
conditions become 

dVi dV 2 dVi dV 2 qs fl6-2'^ 

ds ds ^ dn dn 

From the expression for the potential in terms of the charge distribution 
it is evident that the potential is continuous across the simple layer; this 
condition implies the continuity of the tangential components of V. 



Fig. 6.29. A surface layer of charge. 



Fig. 6.30, A double layer of 
charge. 


Two close layers of equal and opposite charges constitute a double layer 
(Fig. 6.30). Such a layer may be subdivided into elementary doublets. 
If ^5 is the charge per unit area and / is the separation between the simple 
layers, then dp = qsldS is the moment of an elementary doublet. The 
moment x per unit area is called the strength of the layer. For an ideal 
double layer / is vanishingly small and qs is infinitely large, while their 
product X is finite. We have seen that the potential of a doublet is 


dV 


X cos i/ 


dS, 


(16-3) 


where ^ is the angle made with the axis of the doublet by the line joining 




ABOUT WAVES IN GENERAL 161 


the doublet with a typical point P (Fig, 6.31). The potential of the entire 
layer is therefore 



X cos 4' 


dS. 


(16-4) 


By the definition of the double layer and by (4.3-2) the normal com- 
ponent of the electric intensity is continuous; hence this is also true of the 
normal derivative of the potential of a double layer in a homogeneous 
medium. On the other hand, the potential itself is discontinuous. Inside 
the layer the electric intensity is — and the poten- 
tial rise across the layer in the direction of the normal 
as indicated in Fig. 6.30 is 

qsl X 


V. = 


(16-5) 



In terms of this potential discontinuity across the An element 

layer, the potential outside the layer given by (4) be- of a double layer, 

comes 



V Q cos 


dS, 


(16-6) 


If a conical surface is generated by sliding the radius from a fixed point 
along a closed curve, the space enclosed is called a solid angle. The measure 
0 of the solid angle is the area intercepted by the angle on a unit sphere 
with its center at the apex of the solid angle. The solid angle at P sub- 
tended by an element of the double layer of area dS (Fig. 6.31) is 


d^ = 



(1&-7) 


if cos ^ is positive. We shall regard this equation as defining the solid 
angle subtended by a directed element of area ” by permitting cos ^ to 
assume negative values as well as positive. This will make the solid angle 
subtended by a closed surface zero for an external point and ±4^ for an 
internal point. Substituting from (7) in (4) and (6), we have 


If the layer is uniform, then 

F(P) 


xQ 

47r€ 


47r 


F oO, 


where O is the solid angle subtended at P by the layer (Fig- 6.30). 


(16-9) 
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Similarly the potential of a magnetostatic double layer in an infinite 
homogeneous medium is 


Z7(P) = 



4t 



(16-10) 


where x is the strength of the magnetic layer, defined as the magnetic 
moment per unit area, and Uq is the sudden rise of the magnetic potential 
in passing across the layer. If the layer is uniform, then 


yQ 1 

U(P) = f- — UnQ. 

4xju 47r 


(16-11) 


For an infinite homogeneous conductor the potential is given by (8) 
with g in place of €. 


6.17. Equivalence of an Electric Current Loop and a Magnetic Double Layer 
Consider a uniform magnetic double layer (Fig. 6.30) of strength 
= pXJq. The magnetomotive force along a path ABC leading from a 
point A on the positive side of the layer to an opposite point C on the nega- 
tive side is Uo> since the total magnetomotive force round ABCA is zero. 
Imagine now an electric current loop along the edge of the double layer 
and let the current I in the loop be regarded as positive when it appears 
counterclockwise to an observer on the positive side of the layer. The 
magnetomotive force of the field produced by this current, round any 
contour such as ABC in Fig. 6.30 is /. Thus in so far as points external 
to the layer are concerned, the layer and the loop are equivalent if 

I = Uo. (17-1) 

Inside the layer the two fields are, of course, very different. Substituting 
from (1) in (16-11) we have the magnetic potential of an electric current 
loop 

70 

C^(P) = I-, (17-2) 


at all points outside some surface (6*) bounded by the loop. 

Let us now consider an infinitely small plane current loop of area S and 
the corresponding magnetic double layer. The total moment of this mag- 
netic doublet is plIS. Assuming that I is variable, the magnetic doublet 
becomes a magnetic current element of moment 

p = Kl=fiS^, (17-3) 

where K is the magnetic current and / is the length of the element.* 

* In dealing with magnetic current elements we are concerned only with the moment 
Kl^ and apart from this product neither K nor / need have definite values. 



ABOUT \YAYES IN GENERAL 


163 


For harmonic currents we have 


p = Kl = tun SI. 


(17-4) 


This relationship between elementary current loops and magnetic cur- 
rent elements makes it very easy to obtain the field of the loop. We have 
already calculated the field of an electric current element of moment II. 
We have also seen that the fields of magnetic currents are obtainable from 
an electric vector potential E" which differs from the magnetic vector poten- 
tial J only in that magnetic currents appear in the place of electric cur- 
rents. Thus for an electric current loop in a nondissipative medium we 
have 


F = 


Kle-" rniiSIe-"^ 


47rr 


4r]rr 


47rr 




He 


= + i I 


— i0r 


sin 6y 


4nrr ipr 

At great distances from the loop the field is 

6^SIe~^^’' sin 6 'irSIe~^ sin 6 


He = 




4sr 

7,He, Hr = 0 , 




(17-5) 


(17-6) 


while near the loop it is 

SI sin 0 SI cos B 


icafiSI sin 6 
47rr^ 


(17-7) 


A large loop carrying current /, uniform over the loop 
but varying with time, is also equivalent to a uniform 
double layer over a surface (S) bounded by the loop. In 
order to show this we need only imagine that (S) is 
divided into a large number of elementary loops filling 
the entire surface, each carrying current I in the same 
direction (Fig. 6.32). The electromagnetic effects of the 
currents in adjacent sections of the elementary loops 
cancel out, and the system of loops is equivalent to 
the large loop. But each elementary loop is equivalent 
to ^ a magnetic doublet or to an element of the double 



Fig. 6.32. Represen- 
tation of a large 
loop carrying uni- 
form current by 
subdivision into 
small loops, each 
carrying the same 
current. 
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layer, and hence the loop as a whole will be equivalent to a uniform double 
layer over (d*). 

6.18. hiducticn and Equivalence Theorems for Stationary Fields 

Next in simplicity to a hom.ogeneous infinite medium is a medium which is homo- 
geneous in each of two regions (1) and (2) separa.ed by a closed surface (S) (Fig. 6.28). 
Let us suppose that we have a distnbution of ehctric charge in region (1 ) while fegion 
(2) is source-free. Let be the potential of this distribution in an infinite medium 
with a dielectric constant €i, equal to the dielectric constant of region (1); we shall 
call this potential the im.pressed potential and the corresponding field the impressed 
field. Let the difference between the actual potential in region (1) and the impressed 
potential be F*'; we shall call this the reflected potential and the corresponding field 
the reflected field. Finally let the actual field in region (2) be represented by the 
transmitted potential /’h The reflected and the transmitted potentials satisfy 
Laplace’s equation 

AF' = 0. (18-1) 


Assum.ing that there are no sources on the interface (*9) between the two regions, we 
have the follow’ing conditions to be satisfied over (S): 


yi 4 - 


dv^ dv^ 

€l + €l — = €2 — . 

071 on on 


(18-2) 


The first of these conditions states that there is no double layer of charge over (S) 
and the second that there is no simple layer. The above equations together with 
supplementary requirements of finiteness, continuity and proper behavior at infinity 
suffice for the calculation of F^ and FK 
Equations (2) may be rewritten as follows 


- F" = F\ 


dV^ dF^ 

dn dn 



(18-3) 


Suppose now’ we have a double layer in region (1) at the boundary (6*), with potential 
discontinuity F\ and a simple layer of density 


dF^ 


(18^) 


Furthermore let the rest of space be source-free. In order to obtain the field of these 
surface sources w’e have to satisfy equations (1) and (3) and supplementary require- 
ments of flniteness, continuity, and proper behavior at infinity which are the same as 
in the previous problem. In other words the two problems are indistinguishable and 
the field consisting of the reflected field in region (1) and the transmitted field in 
region (2) may be produced by the postulated simple and double layers of electric 
charge. This is the electrostatic version of the Induction Theorem. 

If the dielectric constant of region (2) is equal to that of region (1), then there is 
no reflected field and the transmitted field is identical with the impressed field given 
by F^. The induction theorem becomes now an equivalence theorem which states 
that the simple and double layers defined by (3) produce a field which is equal to zero 



ABOUT WAVES IX GENERAL 


16 S 



Fig. 6.33. A system of 
conductors. 


in region (1) and to the actual field in region (2); that 
isj the field in the source-free region (2) produced by a 
system of sources distributed throughout region (1) may 
also be produced by a proper system of sources over the 
boundary (S) separating the two regions. 

In the situation contemplated in the above equiva- 
lence theorem the entire space is homogeneous and the 
expression for the potential of the simple and double 
layers over (6') can be written at once. Dropping the 
superscript we have 


The magnetostatic field can be treated similarly. 




’'i-M 




(18-5) 


6.19. Potential and Capacitance Coefficients of a System of Conductors 

Consider a system of n conductors • • • , Kn (Fig. 6.33) with total charges 

respectively equal to ^2, * * * , The potential Fisa linear function of the total 
charges on the conductors 

^ (-P) = /l$'l +/2^2 + • • • +/n^n, (19-1 ) 


where the coefficients /15/2, ‘ * >/n are functions of position. The function fm repre- 
sents the potential due to a unit charge on the ;;2th conductor when the remaining 
conductors have zero charges. On a conductor electricity moves freely so that, when 
a steady state has been reached, the tangential component of the electric intensity 
vanishes and the surface of the conductor becomes an equipotential surface. Desig- 
nating by * • • 3 the potentials of the conductors, w’e have 

Fi ^ pliqi + pl2q2 + ^13^3 + • • • + pinqny 

F2 = p2iqi + p22q2 + p2zqz + h p2nqn, 

(19-2) 

= pniqi + Pn2q2 + pnZqZ + * • ' + pnnqny 


where the p*s are the corresponding values of the /’s. These coefficients are called the 
potential coefficients. The set ^i7n> p2my — , pnm represents the potentials of the con- 
ductors when a unit charge is placed on the jwth conductor while the other conductors 
remain uncharged. 

Solving (2) for the qs we have 

qi = ci\F 1 + ci%F 2 + cxzF 3 + • * • + CitJF a, 
q2 == C21F 1 + C22F 2 + C^zV 3 + • • • + C2nF n, 

- (19-3) 

qn — CnlF 1 4 * Cn 2 F 2 + CyizF 3 + * ‘ ' + CnnF 

The capacitance of a conductor is defined as the ratio of its charge to its potential 
when all other conductors are kept at zero potential. Accordingly, cn, ^225 * • ' > ^nn 
are the capacitances of the respective conductors. The remaining c*s are known as 
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the coefficients of mutual electrostatic induction. From (3) we find that cimy comy • • • , 
Cnm are the charges on the conductors if the potential of the mth. conductor is unity 
while all the other conductors are kept at zero potential. 

We shall now prove the following electrostatic reciprocity theorem 

Pmk ~ Pkrr.y Cmk ~ Ckm* (19—4) 


Let the potentials of Xi, 7^2, • “ , Xn be ^2, • * * , Xn when the charges on the 
conductors are respectively ^25 * * * , ^n; let the potentials be ViyV^y' ' when 
the charges are ‘ Forming the following expressions 


^qmVm = 

m 




gUS 



4ir€r' 


(19-5) 


= 

m 





qv dS 
(K) 47r€r' 



q^Tjqy dSi dSz 
47r€r' ^ 


and comparing, we find 


^q-mVL = 


(19-6) 


From the way in which this equation has been derived, it is evident that either all 
the charges or all the potentials are arbitrary. Choosing 


qm = 0, if m 9^ a, qm - 0, if m 9^ 0, 
= 1, if m == CLy =1, if m = Py 


(19-7) 


and substituting in (6), we have 


K = 


(19-8) 


Thus, the potential of due to a unit charge on is the same a^ the potential of due 

to a unit charge on K^. 

Similarly if we let 


= 0, if m9^ a, Fm = 0, if m 9^ 

= 1, if m ^ ay =1, if = jS, 


(19-9) 


and substitute again in (6), we obtain 

= qa; (19-10) 

that is, the charge on when is kept at a unit potential and the remaining conductors 
at zero potentialy is the same as the charge on when is kepi at a unit potential while 
the remaining conductors are at zero potential. Equations (8) and (10) are equivalent 
to (4). 


6.20. Representation of a System of Conductors hy an Equivalent Network of Capacitors 
In practical applications it is convenient to represent systems of conductors as net- 
works of capacitors (Fig. 6.34). In this diagram each conductor appears as a terminal. 
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Since Cmk = the number of independent c*s in a system of n conductors is 
72 (w + l)/2' This is equal to the number of capacitors in the corresponding network 
provided we regara the ground (or infinity, in the case of a system in free space) as the 
{n + l)-th terminal. 

On the two plates of a capacitor the electric 
charges are equal but of opposite sign and are 
proportional to the voltage between the plates. 

Our object is to express the relations between 
the actual potentials of the conductors and the 
charges on them in terms of the capacitances of 
the network. The chaige qi on conductor Ki 
is represented in the network as the sum of the 
charges on all plates connected to the termi- 
nal (1). The charge on each plate is the prod- 
uct of the capacitance of the capacitor and the 
electromotive force from this plate to the oppo- 
site plate. This electromotive force is equal to the difference between the potential of 
the first plate and that of the second. Thus we have the following set of equations 

qt = Cioo^i + ~ + Cizin - ^ 3 ) + • • • + cun - n), 

$2 = cun - Vl) + C^ooV^ + C23(^2 - ^ 3 ) + • • • + cun - ^n), 

* ( 20 - 1 ) 

qn - cun - n) + cun - n) + cun - -^ 3 ) + • • • + c^Un, 



Fig. 6.34. Representation of a system 
of conductors by a network of ca- 
pacitors. 


where Cmoc is the direct capacity of the mth. conductor to infinity (or to ground) which 
is taken at zero potential. Collecting terms according to the F^s and comparing the 
result with (19-3), we obtain 


^11 = Cioo + Cl 2 + Ci 3 + • • • + Cin, 

^22 = C 200 + C 2 I + 6*23 + • • • + C2ny 


Cnn == Cnoo + Cnl + Cn2 + •••-}- Cn.n— 
^mk ~ "~~Cmk if ^ 5*^ ^3 Cfrik ~ Cjem» 


( 20 - 2 ) 


Solving for the C’s, we have 

Cmk ” ““Cmi) if P2 ky Ttly ^ = 1, 2, 3, * • • Wf, 

Cjnoo “ Cml "1“ ^m2 "4“ ^mZ “h * * * ”1" ^ntm "4“ * * * — {“ Cmrf 


(20-3) 


Since the capacitance of a capacitor is essentially positive, the coefficients of electro- 
static induction are essentially negative. The quantity C 12 is called the direct capac^ 
itance between conductors and X 2 ; Cioo is the direct capacitance between Ki and 
the ground or infinity. The capacitance of a given conductor is seen to be equal to 
the sum of the direct capacitances between this conductor and the remaining conduc- 
tors, including the ground or infinity. 
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6.21. Energy Theorems for Statmiary Fields 

The energy theorems for stationary fields are special cases of the general theorems 
derived in section 4.8. Consider, for example, an electrostatic field. During the 
period when electric charges are separated and moved to their final positions or to 
infinity, electric currents flow and impressed forces perform work. This work is 
represented by equation (4.8-2) with M = 0. The surface {S) surrounding the sepa- 
rated charges is chosen so far from them that the electrostatic field outside it is vanish- 
ingly small. When the charges assume their final positions and thus the impressed 
currents stop flowing, H vanishes and E becomes stationary within a rapidly expand- 
ing volume; hence (4.8-2) becomes 





eE^ dr + Wo, 


( 21 - 1 ) 


where W is the total work performed by the impressed forces and Wo is a constant 
representing the first and third terms on the right-hand side of (4.8-2). This constant 
W^ represents the energy lost in heat and by radiation and it can be made arbitrarily 
small by moving the charges sufficiently slowly. We account for the work W by 
saying that the system of charges has acquired potential energy. The idea that this 
energy is distributed throughout the field is consistent with equation (1); but natu- 
rally this is not a necessary conclusion from the equation. 

By Green’s theorem (1.7-1) we can transform (1) into 


(grad V, grad V) dv 


(21-2) 


where n is the normal pointing into the volume occupied by the field and {K) repre- 
sents the surface consisting of the surfaces of aU the conductors together with a surface 
at infinity. The latter, however, contributes nothing to W, Over the surface of 
each conductor V is constant and 





Substituting in (2), we have 


( 21 - 3 ) 




In view of (19-2) and (19-3) we also have 

TTit k mt k 

An equation similar to (1) may be obtained for a magnetostatic field 




(jlH- dr + W^. 


( 21 - 4 ) 

( 21 - 5 ) 


( 21 -^) 
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This equation holds also for the stationary magnetic field due to steady electric 
currents except that 14^ o will not be constant. It will be remembered that one of the 
terms in W o represents the energy transformed into heat bv currents flowing in con- 
ductors and in a stationary state this term is proportional to time- 

6.22. The Method of Images 

The potential of a system of isolated electric point charges in an infinite homo- 
geneous medium is 


V ^ 


47r€ri 


4wer2 A'lrern ’ 


( 22 - 1 ) 


where the r's are the distances from a point in space to the corresponding point charges. 
Imagine now that an infinitely thin perfectly conducting sheet is introduced over an 
equipotential surface. Since the component of E tangen- 
tial to an equipotential surface is zero, the boundary condi- 
tion at the conducting sheet is satisfied by the existing field 
which is therefore unaltered. The charges on one side of 
the sheet are said to be the images of the charges on the 
other side. If all the charges are on the same side of the 
sheet, they are the images of a point charge at infinity. 

For example, in the case of two equal and opposite 
charges (Fig, 6.35) the plane perpendicular to the bisector 
of the line joining the charges is an equipotential. Here 
the two charges are ‘‘ mirror images of each other. The 
potential 



Fig. 6.35. A point charge 
above a conducting plane 
and its image. 


47r€ \r r'/ 


( 22 - 2 ) 


determines the field of the two charges both before and after the introduction of the 
conducting sheet. Let us now remove the charge — ^ to infinity below the plane. 
This movement will not affect the field above the plane and will reduce the field below 
the plane to zero. Above the plane the effect of the image charge is replaced by a 
distribution of charge on the plane. The density of this distribution is 


Dn = = 


bz 4ird3\r // 


(22-3) 


where the differentiation is performed at the plane. If is the distance from the point 
charge to the plane, then (3) becomes 


Z)n = 


jfL 


(22-4) 


Thus the density of the charge induced on the plane by the given point charge varies 
as the cube of the distance from the point charge. By integration we can demonstrate 
that the total induced charge is —q. 
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Similarly we find the potential of a point charge inside a quadrant formed by twc 
perpendicular conducting planes (Fig. 6.36) in the form 


4t€ \ri 


rs r4 


In the case of two parallel planes the number of images is infinite. Let the two 
planes (Fig. 6.37) be 2 — 0 and z = c and the point charge be at z = By placing 
an image charge — g at z == — A, we make z = 0 an equipotentiai plane. In order to 



Fig. 6.36. A point charge in a Fig. 6,37. A point charge between two 

quadrant formed by two con- parallel planes and its images, 

ducting planes and its images. 


make z = r an equipotentiai, we place a charge at z = 2r — A and another charge 
^ at 2 = 2c + A. These charges change the status of z = 0 and in order to make 
this plane once more an equipotentiai we place q at z = — (2c — A) and at 

2 = — (2c + A). This process has to be continued indefinitely; thus we have an 
infinite system of charges 

^:A, ~2c + A, 2c + A, -4c + A, 4c + A, • • • 

( 22 - 6 ) 

—q : —A, 2c ^ —2c — A, 4c — A, —4c — * A, * ' - 

and the potential of the given point charge between the two planes may be expressed 
as an infinite series 


^ ^ I; ^ 

45re -« Vp* -j- (z - A 4- 2ncY -« 


V+ (2 + A + 2w)* 


where p is the distance from the line of charges. 

The method of images can be used to satisfy other boundary conditions. Thus if 
the image source in Fig. 6.35 is of the same sign as the given source, the normal deriva- 
tive of the potential will vanish at the plane. This is the boundary condition at a 
perfect magnetic conductor ” in the case of electrostatic fields, at a perfect electric 
conductor in the case of magnetostatic fields, and at a perfect insulator in the case of 
steady electric current flow. In each case either the normal component of displace- 
ment or the normal component of current density is required to vanish. Thus if 
instead of a point charge q in Fig. 6.35, we have a point source of electric current /, 
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then the potential in the semi-infinite homc^eneous conductor bounded by a perfectly 
insulating plane is 




(22-8) 


where g is the conductivity of the medium. 

To summarize: the image of a simple source in an infinite plane is equal in strength 
to the source but of opposite sign if the potential or the tangential component of the 
field intensity is required to vanish at the plane; the image is equal in strength to 
the source and has the same sign if the normal derivative of the potential or the 
normal component of the field intensity has to vanish at the plane. 




-Kt 



Fig. 6.38. The images of various doublets and current elements 
in a perfectly conducting plane. 

This rule can be broadened to include doublets and current elements. Consider 
for example a perfectly conducting plane and a variety of doublets and current 
elements (Fig. 6.38). The images of the following sources have the same sign as the 
sources: the electric doublet and the electric current element normal to the plane; 
the magnetic doublet and the magnetic current element tangential to the plane. 
The remaining sources have images of opposite sign: the electric doublet and the 
electric current element parallel to the plane; the magnetic doublet and the magnetic 
current element normal to the plane. 

It is easy to verify that the above rule applies to electric and magnetic current 
elements with variable moments. The rule for the images of electric loops is identical, 
of course, with the rule for magnetic current elements. 
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We shall now extend the method of images in another direction. Let the plane be an 
interface between two homogeneous dieiecrrics - Fig. 6.39). Consider a point charge q 
at point A in the upper medium. As has been explained in section 18 we may regard 
the total held in this medium as the sum of the imp.»*essed field, defined as the field of 
the point charge on the assumption that eo = 6i, and the reflected held. We alreadv 
know that in at least two cases the reheated held is equal to the one produced by an 
image charge at point 5, which is the geometric image of point A. Thus if €2 = 0, then 
the displacement density in the lower medium is identically 2 ero and therefore the 
normal component of the displacement density in the upper medium should vanish 
at the boundary; in this case the image charge “producing” the reflected field is 

^ q. If 62 = , then the electric intensity in the 

lower medium must vanish, or else the displacement 

density would be inhni.te; in this case the tangential 

component of the electric intensity in the upper 
medium should vanish at the boundary and the re- 
flected field could be produced by ~ Further- 
Fig. 6.39. Illustrating the im- more if €2 = ei, the reflected field should vanish. 

dielectric information in mind, we assume tentatively 

that the reflected field in general could be produced 
by an image charge at B, having the following value 


<^1 


A* 




€ 1-62 

f = ; — g. 


. 4- . 

€1 -r €2 

The ratio / 'q defined in this manner reduces to 1, —1, and 0 in the three cases con- 
sidered above; but naturally this does not mean that (9) is true in general. In fact 
we do not even know that in the general case the reflected field could be produced by 
an isolated point charge; we merely start with (9) as a hypothesis which can be either 
proved or disproved. 

The potential of the pair of charges is 


__1 . 

47reiri 47r€ir2 ' 


( 22 - 10 ) 


where rj and r 2 are respectively the distances from A and 5, The potential along 
the boundary is 

q-\- q\ 

47r€iri 27r(ei + €2)ri 

The normal component of the displacement density (also at the boundary) is 

^ - f)h 

dz AirrX 

This displacement density is such as could be produced by a charge q^ at point A 
where ’ 

* r “^2 

- - q. (22-13) 

€1 + €2 ^ ^ 

NaturaUy the field of is source-free in the lower region where it satisfies Laplace’s 


P + f'- 


D + D^ 


(22-11) 


( 22 - 12 ) 
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equation. Assume tentatively that the transmitted field in the lower region is given by 

V‘' = — — = 1 . (22-14) 

47re2ri 2 t(€i + €2)ri 

At the boundar}" this potential is equal to that given by (11). Thus both boundary 
conditions are satisfied and we may finally say that the field of a point charge 
located at a point A 'm b. semi-infinite homogeneous medium separated by a plane 
from another semi-infinite homogeneous medium, may be represented as follows: 
(1 ) on the same side of the boundary as point the field is the sum of the fields which 
would be produced in an infinite medium by the original charge at A and by an image 
charge at j 8, assuming that the dielectric constant of the medium is €i; (2) on the 
other side of the boundary the field is the same as that which would be produced by a 
charge placed at A^ in an infinite medium with the dielectric constant 62. 

For magnetic fields we have a similar theorem. In the above formulae electric 
charges are replaced by magnetic charges and e’s are replaced by /x’s. The rules for 
doublets can be formulated very readily since doublets are pairs of point charges. 

These theorems do not apply in general to variable fields. That this is the case 
is obvious when the intrinsic propagation constants of the two media are different; 
the fields of simple point sources cannot possibly be matched along the entire plane 
boundary. But it is conceivable that such fields could be matched when the propaga- 
tion constants are the same; and this is actually found to be the case. 

6.23. Two-Dimensional Stationary Fields 

A two-dimensional field is defined as a field depending on two coordinates and, in 
particular, as a field depending on two cartesian coordinates. While such fields are 
special cases of three-dimensional fields, the simplifications resulting from the decrease 
in the number of effective coordinates are so great that two-dimensional fields are 
usually studied separately. Assuming that the field is independent of the 2-coordinate, 
we obtain the following equations for source-free homogeneous regions under different 
conditions. 


For an electrostatic field the potential satisfies the two-dimensional Laplace’s 
equation 


Q2y Qty 

dy"- ’ 

(23-1) 

which in polar coordinates becomes 


d ( dv\ d^-v 

(23-2) 

The electric intensity is equal to —grad V\ thus 


ox oy 

(23-3) 

dV dv 

dp pd<p' 

(23-4) 


Exactly the same set of equations describes the steady current flow. For magneto- 
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Static fields the equations are similar, with the magnetic potential U taking the place 
of the electric potential V and H appearing in place of E. 

Magnetic fields produced by electric currents are derivable from the vector potential 
A* which, when the current is parallel to the o-axis, has only one component 
Thus such fields depend essentially on one scalar function A^ == usually called the 
stream function. In terms of this function w^e have 


II 

11 

1 

Cb 1 

(23-S) 

pd(p’ 

ff - 

" dp' 

(23-6) 


In source-free r^ons the stream function satisfies equations (1) and (2). 

A two-dimensional electrostatic field is produced by a system of uniform filaments of 
electric charge parallel to the :s-axis- These filaments may form either a discrete or a 
continuous set. A uniform line source is an elementarv^ source of such a field in the 
same sense as a point source is an elementary source of a three-dimensional field. 
The potential of a line source is independent of the ^-coordinate. Hence from (2) we 
have 

SF 

p — ^ F == P log p + constant. (23-7) 

dp 

Therefore, 

£p = --- (23-8) 

P 

If q is the electric charge per unit length of the filament, then by taking the radial 
displacement over the surface of a cylinder concentric with the filament we obtain 

licptEp = Qy and P = — • (23-9) 

27re 

Substituting in (7), we have 

(23-10) 

27r€ a 

where is a constant length which remains arbitrary. For the electric intensity 
itself we have 

The last two equations can be derived without using Laplace's equation. Thus (11) 
follows direcdy from symmetry considerations and from the divergence equation 
(4.3-2). Furthermore it is evident that E can be expressed as the gradient of a func- 
tion depending only on p and that this function is given by (10). Laplace's equation 
becomes of real value, however, when only a part of the complete distribution of elec- 
tric charge is known and the information regarding the remaining charges is replaced 
by boundary conditions. Consider for example a conducting cylindrical tube and a 
known line charge parallel to the axis of this tube. Instead of being given the dis- 
tribution of electric charge on the cylinder we are required to find it, using the bound- 
ary condition that the component of E tangential to the tube vanishes. This time our 
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problem is to find a reflected field satisfying (2) and having a tangential component 
equal and opposite to the tangential component of the field which would be produced 
by the line charge in an infinite medium. 

In the case of magnetic fields produced by a distribution of parallel currents the 
elementary line source is a uniform infinitely thin current filament carrying current /. 
By (4.6-1 ) we have 

/7p = 0. (23-12) 


When the field is steady, there is no displacement current parallel to the filament and 
(12) is valid at any distance from the element, not only in its immediate vicinity. 
Comparing (12) with (6), we find that may be obtained from the following stream 
function 

^=_Ziog^, (23-13) 

2ir a 


where a is an arbitrary constant. 

The value of the stream function becomes evident when we attempt to find the 
field of several current filaments. Such a field may be 
calculated directly from (12) by adding vectorially the 
magnetic intensities of the individual current fila- 
ments. On the other hand the stream function is a sca- 
lar and the addition of stream functions is much simp- 
ler. For example in the case of two filaments (Fig. 

6.40) one passing through point (//2,0) carrying 
current I and. the other through (-“//2,0) with current 
we have 

I 





I P2 
log — 
2 t pi 


(23-14) 


Fig. 6.40. The cross-sccdon of 
two infinitely long parallel 
wires carrying equal and op- 
posite currents. 


When Pi and p 2 are large compared with //2, we have 



Pi — P + ^cos<p, pi = p 

7 

COS (p^ 

2 ’ 

(23-15) 

and (14) becomes 

^ II cos <P 

^ ^ 
27rp 


(23-16) 

By (6) we now have 

1-Kp- ’ 

II cos (p 

(23-17) 


It should be noted that in general F and ^ become logarithmically infinite at 
infinity. But when the total chaige is zero, while the total amount of charge of either 
sign is finite, then the potential vanishes at infinity; similarly when the total current 
is zero, while the currents flowing in either direction are finite, ^ vanishes at infinity. 
This is certainlv the case for a pair of oppositely directed current filaments. Any 
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other distribution, for which the total current is zero, may be subdivided into pairs of 
oppositely directed current filaments. Thus we have the general theorem. 

The method of images can evidently be applied to two-dimensional fields. The 
rules for the magnitudes and the signs of the images of line sources are the same as for 
corresponding point sources. 


6.24. T/ie Inductance of a System of Faraliei Currents 

Generally, in the case of steady parallel currents, the stream function satisfies the 
two-dimensional Poisson's equation 

+ 0«) 


where J is the total current density. The energy of the magnetic field produced by 
this current distribution may be expressed in terms of thus the energy per unit 
length in the ;t-direction is 


^ + (I)’] 


where the integration is extended over any plane normal to the 2 -axis. 

To begin with let us consider the above integral extended over a finite area. By 
Green's theorem we have 


itJ.j'^^ds -inj J dS, 


( 24 - 3 ) 


where the line integral is taken over the periphery of the chosen area. Let this area 
increase indefinitely in both linear dimensions and assume that / is distributed over a 
finite area. If the total current in the ^-direction is different from zero W will also 
increase indefinitely. On the other hand if the total current is zero, as is the case in 
practice, then ^ varies ultimately as* 1/p and d'^/dn as l/p^, consequently the line 
integral in (3) approaches zero. Substituting from (1) in (3), we thus obtain 

fF = in J J dS. (24-4) 


Eftectively, this integration is extended only over the areas occupied by the current. 

Let us now consider a system of parallel wires and let the currents in these wires be 
uniformly distributed throughout their cross-sections. In this case J is constant tor 
each wire and (4) becomes 


W = 


ip-JLJw. f f ' 


•l/ds, 


( 24 - 5 ^ 


where ^i, ^ 2 , ‘ * are the cross-sections of the various wires. Introducing the average 
values of the stream function ^ over each cross-section 


- -i' f f 

* may contain a constant which does not affect the field and hence maybe taken as 
zero. 
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and noting that the total current in the ^th wire is Im = we transform (5) 

into 

(24—7) 

If there are only two wires, carr}nng equal and opposite currents, then 

h = 7, /s - -7, 

and the energy of the field per unit length along the wires is 

^ - ^2)7. (24r-8) 

The values of and ^2 are proportional to 7 so that 

where the coefficient L. is seen to be the inductance per unit length of the wires and its 
value is 


7 .= 



(24-9) 


For two pairs of wires let 

1 % = — 7 1, 74 = — / 2 ; 

then equation (7) becomes 

W = - ^3)7i + |iLr(^2 ~ ^4)72. (24-10) 

The average values of the stream functions are linear functions of 7i and 72: thus 

^(^1 — =- 7ii7i + L12I2, 

/x(^2 — ^4) = 72 i7i + 72272. 

Substituting in (10), we have 

fF — f (7 i2 + L2i)Iil2 + 

These formulae may be extended to n pairs of wires. 

Thus in order to compute the inductance coefficients of a system of parallel currents 
we have to compute first the stream function ^ and then its average values over the 



Fig. 6.41. The cross-section of two parallel cylinders. 


cross-sections of the different wires. Two examples will illustrate the procedure. 
First let us take a pair of wires of circular cross-section (Fig. 6.41). We have already 
asstuned that the current distribution is uniform throughout the cross-section of each 
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wire. From symmetry considerations we conclude that the stream function for each 
wire, in the region external to it, is equal to the stream function that would be obtained 
if the entire current were concentrated along the axis of the wire. Thus for points 
external to both wires the stream function is given by (23-14). Inside the wire A the 
magnetic intensity due to the current in the wire itself is 

= (24^11) 

where (pij^i) are cylindrical coordinates referred to the axis of A and a is the radius 
of the wire. We now obtain that part of the total which is due to the current 
in A by int^rating (23-4) ^sing (11); thus 

+ (24-12) 


where P is a constant of int^ration. This constant is determined so as to make 
continuous at the surface of the wire; thus 






and equation (12) becomes 


p\I 





This is the stream function due to the current in A; adding to it the stream function 
due to the current in the wire B we have the total stream function in the region pi < a 
in the following form 


^ = — log P 2 + 
2x 


_/ 

27r 


1 P2 , ^ 
log— + — 
a Att 



Similarly for the r^ion p 2 ^ 3, where 3 is the radius of the wire we have 



Having determined the stream functions inside the wires, we proceed to compute 
their average values over the cross-sections of the wires. The average value of log p 2 
over the cross-section of A is log /, where / is the interaxial distance between the wires. 
This result follows at once from the series for log p 2 in terms of the polar coordinates 
referred to Ay in which the constant term is log / and the remaining terms are periodic 
functions of and therefore disappear after integration with respect to from 0 to 
2x. The total averages for the wires A and B are respectively 




2t 


log/* 


27r 


loga + 


8t' 


^2 


--lpg/ + 
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Substituting in (9), we find the inductance of the pair of wires per unit length 
^ — log “log + — . 

ab 47r t y/ 47 r 

The simplicity of this method for calculating inductances is remarkable and no 
complications arise in tlje case of several pairs. Since the self-inductances of each 
pair are already known, we need to calculate 
only the mutual inductances. For the two 
pairs of wires in Fig. 6.42 we have to find the 
averages of ^he logarithms, of the distances from 
A and B over the cross-sections of the other 
two wires and vice versa; these averages are 
the logarithma of the interaxiai distances. 

Paying proper attention to the algebraic signs, 
we obtain 

Li 2 ^ L 21 — log Fig. 6-42. The cross-section of two 

2t hc^BD Psi^s of cylinders. 

Incidentally we have proved the reciprocity theorem for the mutual inductance 
coefficients. 



6.25. Functions of Complex Variables and Stationary Fields 


We have seen that in source-free regions static potentials and stream functions 
satisfy the two-dimensional Laplace’s- equation. This equation is also satisfied by the 
real and imaginary parts of an arbitrary monogenic function of the complex variable 
X iy. In the theory of partial differential equations it is shown in fact that the 
most general solution of 


dW 

dx^ dy^ 


{25“1) 


may be represented in the following form 

lV=F(z)+G(z% 


(25-2) 


where F and G are arbitrary functions and 


z ^ X + iy, X — iy, (25-3) 

If IV is to be real, then F and G should be chosen as identical functions of their respec- 
tive variables; hence the most general potential in a source-free region may be re- 
garded as the real part of a complex potential ” IV, The same real potential is the 
imaginary part of iIVy which is also a function of the complex variable z. Likewise 
the stream function can be represented either as a real part or as an ima^nary part 
of a “ complex stream function ” IV, 

If the real and imaginary parts of a complex potential are separated 

IV = V+i% 


(25H1) 
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then the imaginary part ^ is the negative* of the stream function for the field repre- 
sented by the potential F, This follows from the definitions of the potential and 
stream function, inherent in (23-3) and (23-5), and from the Cauchy-Riemann 
equations. Similarly if the stream function is. represented by the real part of a com- 
plex stream function, then the imaginary part represents the potential of the same 
field. 

Consider for example the following complex potential 

(25-S) 


its real part represents the potential of a line charge of density q. The same field can 
also be obtained from the imaginar>^ part with the aid of an electric analog of equations 
(23--6). If g/e is replaced by /, then the real part will represent the stream function 
for the field produced by an electric current filament. 

The field intensities may also be represented as the real and imaginary parts of 
appropriate complex functions. Thus for an electrostatic field we have 


dx ^ ^ dy dx ^ dx dx 


(25-6) 


Hence the real and imaginary parts of the derivative of the complex potential give, 
except for an algebraic sign, the cartesian components of the electric intensity and 
the magnitude of the intensity is 

IjTJf/ 

(25-7) 


VH+i:: 




(dWdfV* 
d^ ■ 


Starting from any complex potential, we can obtain a distribution of sources which 
s capable of producing the corresponding field. Take, for example. 


lOgZ, 

which differs from (5) only by a constat — The real potential is 


(25-8) 





(25-9) 



This function happens to be a multiple-valued function 
while the electric potential in source-free r^ions is single- 
valued. If we make (9) single-valued by restricting to 
the interval (0,2t), we assume in effect that the sources of 
the field are located on the positive ;f2-plane. Since the 
potential rise across this plane is q/e^ there must be a 
double layer on this plane of strength q (Fig. 6.43). The 
electric intensity is 


Fig. 6.43. A half-plane 
double layer. 


■Sfl - 0, 2jrep ' (25-10) 


' The algebraic sign of potential and stream functions is a matter of convention. 
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Since Eip is continuous, there are no simple layers of charge. The electric lines are 
circles and the equipotential lines are radii. 

Since the radial planes are equipotential, we can assume any pair of them to be 
perfect conductors insulated from each other along the line passing through the origin 
(Fig. 6.44). The displacement density along one plane, passing through the A--axis, is 



Fig. 6.44. A wedge Fig. 6.45. lUustraring the conformal transformation of a 

formed by two half- region bounded by a closed curve into the upper half-plane, 

planes. 


The displacement density at the other plane is the negative of this. Since the poten- 
tial difference between the planes is qd-/2Tr6y where z? is the angle between them, the 
capacitance between the planes per unit area at distance p from their adjacent edges is 





(25-12) 


Let us now consider the general problem of a line charge in the presence of a per- 
fecdy conducting cylindrical boundary whose generators are parallel to the line charge. 
Let (C) be the contour of the conducting boundary (Fig. 6.45) and let the complex 
number zq designate the position of the line charge. Suppose that we have found a 
function 

!£; = « + tv =/(2), (25-13) 

such that the curve (C) goes point by point into the u-axis and the interior of the r^ion 
bounded by (C) goes into the upper half of the tt?-plane. Let wo be the point cor- 
responding to 2o and assume that a line charge of density q is passing through Wq. 
The complex potential of this charge is 


log {w — Wo). (25-14) 

If a perfectly conducting plane is assumed to pass through the «-axis, then its effect 
on the field in the upper half-plane may be represented by the potential of the image 
charge of density — located at the image point wj; this image potential is 


^2 = log (a? - ty*)- 


(25-15) 
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The total potential is therefore 

- 


--^log 
27re w 


W — Wq 


Xq 


If now we substitute from (13) into (16), we obtain 




2X6 


(25-16) 


(25-17) 


which is the complex potential of the line charge passing through Zo in the presence of 
the conducting boundary (C). The real part of (17) reduces to zero on (C) because of 
our choice of /(z). In the neighborhood of z — Zoy we have 


/(s) -/(2o) = (2 

hence in this neighborhood (17) becomes 

--^lpg(=-20) - 

27r€ 


2o)/(2o); 


2x6 /(zo) — /*(2o) 


(25^18) 


(25-19) 


The first term of this expression represents the potential of the line charge in the 
infinite medium and the second term its modification due to the boundary. The 
second term is constant and does not affect the charge density on the source; hence 
the real part of (17) srtisfies all the requirements of our original problem. 

More generally (17) may be represented in the form 


- 



O loe /(^) -/M 

2X6 ^(2~zo)[/(2)-/*(2o)]' 


(25-20) 


in which the effect of the boundary on the potential is given explicitly. The second 
term in (20) has no singularities in the r^on bounded by (C). 

If instead of an infinitely thin filament, we assume a thin circular wire of radius a, 
the complex potential of the wire is given approximately by (19). In this approxima- 
tion we ignore the redistribution of charge round the wire due to the fact that the re- 
flected potential is not really constant but varies from point to point; actually the 
wire is in a transverse electric field which forces some positive charge from one side 
of the wire to the other. In fact, following this line of thought we may obtain a more 
accurate expression for the field of charge on a conducting wire of finite radius. How- 
ever, if the radius is small compared with the shortest distance from the wire to the 
boundary, then (19) is a good approximation and in this case the capacitance of the 
wire per unit length is 



2t€ 

log l/(2o) “-/*(2o)l - log 1/'(zq) 1 ~ log 


(25-21) 


In the above problem the image source was the negative of the given source. If 
the boundary condition is such that the image source is of the same sign as the given 
source, then instead of (17) we have 


^ = - log [/(2) -/(zo)][/(z) 


(25-22) 
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With a few appropriate modifications all the above formulae can be used for the 
magnetic field produced by an electric current filament in the presence of a perfectly 
conducting cylinder. The real part of the complex function 


JV ^ — — log — t£;o) 

Itt 


(25-23) 


is now taken to represent the stream function. This stream function satisfies the 
same boundary condition as the electric potential. Hence our final result will be (17) 
with q/e replaced by /. The inductance per unit length of a thin wire of radius a is 
found in the same way as the capacitance; thus we have 


l/(zo) “/*(2o)l - log l/'(zo) I - log . 


(25-24) 


We shall now consider a few special problems. Figure 6-46 shows the cross-section 
of a wedge formed by two perfectly conducting planes. 

Let a line charge be at point zq. The function / 




(25-25) 


is positive real for ^ — 0 and negative real for n<p = tt. 
Hence if we choose n so that 

nd- = TTy n (25-26) 


Fig. 6.46. The cross- 
section of a wedge and 
a charged filament. 


then one boundary of the wedge will go into the positive real axis in the tez-plane and 
the other into the negative axis. For the intermediate values of <p the imaginary part 
of w is positive and the points interior to the wedge are transformed into the upper half 
of the w-plane. Hence by (17) we have 




(25-27) 


The real part of this expression is 


q_ ^ 2p”po cos «(^ — ^o) + Po^ 

2t€ — 2p’*pJ cos n(fi> + <po) -b 


(25-28) 


If ^ = t/2, then » = 2 and (27) becomes 


™ , 2^-20 £_ , (2 - 2o)(z + 2o) 

2« - zS" 2« ^ (2 - 4)(2 + zt) ‘ 


(25-29) 


This shows that the effect of the wedge can be represented in this case by three image 



184 


ELECTROMAGNETIC WAVES 


Chap, 6 


sources at points —so, 4 and — 2 ^; the first of these image sources is of the same sign 
as that at 2o and the remaining sources are of the opposite sign. 

If n is an int^er, then 

2- - 2^ = iz- 2o) (2 - 20^*") (2 - 2o^^=’») • • • (2 - (25-30) 

where is the wedge angle. Similarly we can factorize the denominator of (27). 
This factorization leads to (In — 1) image sources and F can be expressed in terms of 
the logarithms of the distances from a typical point to the source and its images. 


Fig. 6.47. A charged filament and a conducting half-plane. 


When n is not an integer there is no system of image sources which could represent 
the effect of the wedge. For example, a half plane (Fig. 6.47) can be regarded as a 
wedge with d- — and z? = -j. In this case (27) and (28) become 


--i-iog- 

l-Fi V^-Vz* 


_ ^ jog P — PP'> i(‘P ~ + Po ^ 

i'jre p _ 2'V^ppo cos i («> + <c>o) + Po 


(25-31) 


and no factorization is possible. 



V 



Fig, 6.48. Illustrating the transformation of a region enclosed by a polygon into the 

upper half-plane. 

A general function transforming a polygon (Fig. 6.48) in the z-plane into the real 
axis of the to-plane was discovered by Schwarz. . Let us set up the following integral 


/ w 


(w — a?i)”T^ ” W2)^(w — wa)** 


• dw 


(25-32) 


and examine the changes in z as we follow the real axis in the tt;-plane, indented at wi, 
W 2 y etc. The indentations may be taken as infinitely small semicircles in the upper 
half-plane and are needed to make the int^rand an unambiguous function of w when 
the n's are fractions. As we follow the «-axis in the positive direction, the phase of the 
int^and remains unchanged so long as we are on the straight part of the path; 
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hence the increments of z are in phase and z must follow a straight line. Let us suppose 
that we are on the left of wi. In the s-plane we are on some straight line Zn^i and 
are moving tow^ard the point corresponding to Wi. As we go round the first infinitesi- 
mal indentation, all the factors of the integrand except (w — zvi)^^ are constant. 
The absolute value of (w — dvo is where r is the infinitesimal radius; hence 

if ; 2 i + 1 > 0, the magnitude of the increment in z is infinitely small during the 
motion round the semicircle. But while z remains unchanged, its new increments 
beyond wi will have a different phase. This is because the phase of to — has 
decreased by w and therefore the phase of (to — toi)”^ has changed by t?i = — Wix. 
The new increments make an angle with the old ones and we now follow a straight 
line 2122 making the angle with 2 n 2 i. The second bending of the path takes place at 
22 corresponding to t 025 The transformation (32) can now be expressed in the 
form 

r V3 

{w - - Wj)-’’*''*' --‘dw, (25-33) 


where etc. are the external angles of the polygon. 

If from the point at infinity on the positive /^-axis we follow round an infinite semi- 
circle in the upper half of the to-plane, the path in the so-plane becomes closed. The 
total change in z around this path is zero since there are no singularities in the upper 
half-plane. Thus we shall return to the original value of 2 . 

The region enclosed by the polygon is transformed into the 
upper half-plane. The term enclosed is defined as follows: 
that region is enclosed by a curve which is on the left of an ob- 
server following the boundary counterclockwise. 

As our first example let us take a wedge (Fig. 6.49), In 
order to transform the region (6*) into the upper half-plane we 
follow its boundary in the counterclockwise direction and im- 
agine that the contour is completed with an arc of an infinitely 
large circle. Choosing the vertex of the wedge to correspond to the point w 
seeing that the angle d^i is positive and equal to x — we have 



Fig, 6.49. A wedge of 
angle t^. 


0 and 


/ w 


dw = — 


w 




(25-34) 



Fig. 6.50. The com- 
plementary wedge. 


where we have taken A — d-fir. This agrees with (25). 

If we wish, we can transform the complementary region (^S*') 
into the upper half-plane; then we must follow the contour 
round this r^ion in the counterclockwise direction (Fig. 6.50). 
In this case is negative and its absolute value is x — 
hence 





Air 
2x — 


^(.2T—d)/r 




(25-35) 


Since 2x — is the angle of the wedge (^S"') in the same sense as ^ is the angle of {S) 
the two results agree. 
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In our next example (Fig. 6.51 ) let the vertices A and B correspond tow ^ —1 and 
w = +1, Heret^i « =* r/2and 


A J'° (w + 


\/ XJS- — 1 


A cosh“'^ 1 


(25-36) 


Fig. 6.51. The cross-section hence 
of a cylindrical surface ^ 

with a charged filament w = cosh — . (25-37) 

inside. 

The constant A can be expressed in terms of the distance AB ^ I between the planes. 
Separating the real and imaginary parts of (37) we have 


X "1” ^ ^ ‘ ^ • y 

w = cosh ^ = cosh — cos ~ -f i sinh —■ sin ^ . 

A A A A A 


When y == ly w must be real; therefore 1; A = tt and 


ms 

w = cosh — . 


(25-38) 


(25-39) 


Hence by (17) the complex potential of a line charge q at Zq is 


, irz , tzq 

cosh-- — cosh— - 

-^log 7. 

2x6 , TZ , XZq 

cosh-^ — cosh— j- 


( 25 - 40 ) 


This can be transformed into 


• L ’tCz + Zq) 

sinh 

W = — ^ log , ” -»r — y— log 

2x6 . , x(3 -h 2b) 2x6 

»„k ^ 


sirf.ihr?«) 

2/ 

C ^(2 “ 2o) 


(25-41) 


As Zq moves to the right away from the jr-axis, the first term approaches zero and in 
the limit we have the potential of a line charge between two parallel planes 


log sinh - log sinh 


(25-42) 


In the arrangement shown in Fig. 6,52, we have 


— A J* (s£i+ dw — A J* I (25-43) 


Integrating, we obtain 


jA[w ^ — 1 cosh“^ w]. 


(25-44) 


Unfortunately in this case it is impossible to express w explicitly as a function of 
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As our last example, let us consider a line charge in a tube of rectangular cross- 
section (Fig. 6.53). We shall represent the corners of the rectangle by two pairs of 
points in the tt;-plane symmetric about the origin. The Schwarz integral becomes 


c/O 


dw 


hence 


V (1 - » 2)(1 - 


w = sn — , 

A" 


A sn. wi 


(25^5) 

(25^6) 


(w= 

-id 

y (w: 


•Zo 


• 

Zo 

b 


-1) 

(w = 

0 . 



Fig. 6.52. The cross-sec- 
tion of a cylindrical sur- 
face with a charged fila- 
ment outside. 


Fig. 6.53. A rectangular metal tube and a charged 
filament inside it. 


where sn x is the elliptic sine of x. The constant A and the modulus k are determined 
by the dimensions of the rectangle. Thus if the complete elliptic int^rals K and 
are defined by 




r 


dt 


r = f 

I «/0 


dt 


then 


V(1 -t-){l - '*■ Jo V(1 

p + ^/2 ^ 1 . 


a ^ h y, _ 2b 
- = --K, 


(25-47) 


(25-48) 


The last equation defines the modulus k; then A may be calculated from either of the 
first two equations- The transformation becomes 


a? = sn - 


2Kz 


(25-49) 


hence the complex potential of the line charge is 

iKz 




2Kzo 

sn sn 

2Kz 2K4 

sn sn 

a a 


(25-50) 



CHAPTER VII 

Transmission' Theory 


7.0. Introduction 

In section 6.11 we have shown that in source free regions the approxi- 
mate equations connecting the harmonic transverse electromotive force V 
between two parallel wires (Fig. 7.1) and the longitudinal current / in the 
lower wire (or the magnetomotive force round the wire) are 

^ = -2/, -YV, (0-1) 

dx dx 

where the distributed series impedance Z and shunt admittance Y per unit 
length are complex constants 

F = G + (0-2) 

and X is the distance along the line. The 
positive direction for V has been chosen from 
the lower wire to the upper and that for I 
in the direction of increasing ^-coordinate. 
If one of these positive directions is reversed, 
the negative signs in equations (1) become 
positive. If the distance between the wires 
is variable, Z and Y are functions of x and the equations are general 
linear differential equations of the first order. 

Equations (1) are not restricted to transmission lines alone but play an 
important role in the general theory of wave propagation. In the case of 
waves in three dimensions the field intensities E and H usually appear in 
place of V and /. This difference is superficial since E is the electromotive 
force and H the magnetomotive force per unit length and V and I are the 
integrated values of E and H. It happens that at low frequencies it is 
easier to measure F and /, while at very high frequencies E and H are more 
readily measured. In the case of waves in three dimensions the field 
intensities are generally functions of three coordinates; nevertheless under 
certain conditions wave propagation along, let us say, all ;c‘-lines is the same, 
and the remaining coordinates may be ignored in so far as wave trans- 
mission in the x-direction is concerned. Moreover the more general types 
of waves may frequently be decomposed into simpler types traveling in 
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Fig. 7.1. A diagram representing a 
section of a transmission line. 
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accordance witk equations (1). For expository convenience however we 
shall discuss these equations as applied to a pair of parallel wires. 


7.L Impressed Forces and Currents 

Sources of energy may be of two types: (1) electric generators of zero 
impedance in series with the line, and (2) electric generators of infinite 
impedance in shunt with the line. The first type is represented by an 
impressed electromotive force E{x) per unit length of the line and the 
second by an impressed transverse current also per unit length of 

the line. The assumption that the internal impedances of the generators 
are respectively zero and infinite will not restrict the generality of our 
results since the actual internal impedances may be included in Z and Y. 
The transmission equations in regions with given source distributions may 
be obtained by the method used in section 6.11 for deriving (0-1). Let us 
assume that the impressed electromotive force E{x) per unit length is 
acting in series with the lower wire* and 
let the positive directions of E{x) and 
]{jd) be as shown in Fig. 7.2. By taking 
the electromotive force round a rectangle 
A BCD A in which AB = 1, we obtain equa- 
tion (6.11-1) in which the electromotive 
force of the field along AB is now given 
by VjiB = Zil—E{x) andnotby (6.11-2). 

Similarly the expression for the total 
transverse current per unit length is 
/^ = (G + ioiC)V + J(x) and not the one 
transmission equations become 


D C 

H TT 

1 -- r- 

E(X) ^ A 8 

Fig. 7.2. The convention regarding 
the positive directions of the im- 
pressed series e.m.f. per unit length 
E{x) and the shunt current per 
unit length /(at). 

given by (6.11-6). Thus the 


dx 


-ZI + E(x), 


dx 


-YF-J{x). 


( 1 - 1 ) 


7.2. Point Sources 

In practice the impressed sources are sometimes distributed over long 
sections of a transmission line and are sometimes highly concentrated in 
the vicinity of a point. An example of one type of distribution is furnished 
by a radio wave impinging on an open wire telephone line and an example 
of the other type is an ordinary generator connected to the line. In theory 

* Strictly speaking the series impressed forces should be applied to both wires in a 
balanced “ push-pull ” manner, that is ^E{x) in series with the lower wire and '-\E{x) 
in series with the upper wire. Otherwise the longitudinal currents in the wires will not 
be equal and opposite (see section 6.6). Our assumption does not affect the results in 
so far as the balanced mode of propagation is concerned. The unbalanced mode will 
be considered in Chapter 8 in connection with waves on a single wire. 
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it is convenient to idealize concentrated distributions and regard them as 
point sources* 

Let E(x) be distributed in the interv’^al | — s/2 < x < ^ + s/2 and let 
J(x) = 0. Integrating (1-1) in this interval, we have 


4 + 


dXy 


( 2 - 1 ) 


Assume that as s approaches zero^ the applied electromotive force ap- 
proaches a finite limit 


$-«/2 


E{x) dx = ^(0 ^0. 


(2-2) 


If Zy Yy Vy I are finite, the remaining integrals in (1) vanish in the limit 
and we obtain 


V{% + 0) - - 0) = £ 

/(I + 0) - /(^ - 0) = 0. 


(2-3) 


Thus ttie current is continuous at ^ ^ while the transverse voltage rises 

by an amount P^, Everyw^here else V and I satisfy the homogeneous 
equations (0-1). These are the conditions for a point generator of zero 
impedance in series with the transmission line. 

Similarly if jE(^^) =0 and ]{x) is concentrated at .v = we have 


X f-fs /2 

J{x) dx = /(I) 

-s/2 


(2^) 


and the conditions for a point generator of infinite impedance in shunt with 
the line at = | become 


^(1 + 0 ) - ^(^- 0 ) = 0 , 
/(f + 0) - /({ - 0) = 


(2-5) 


In this case the voltage is continuous and the longitudinal current drops 
by an amount /. Everywhere else V and I satisfy the homogeneous 
equations (0-1). 

In the above equations V and 1 may be regarded as general discontinui- 
ties in the transverse voltage and longitudinal current and not merely as 
applied voltage and current. Thus if an impedance Z is inserted at x- == $ 
in series with the line* the voltage drop across the impedance is Zl and the 
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discontinuity in the transverse voltage across the line is = —2/. 
Similarly if an admittance Y is inserted in shunt with the line, the trans- 
verse voltage is continuous and the discontinuity in the longitudinal 
current is / = 

If the solutions of the transmission equations, subject to whatever 
supplementary conditions may be necessary, are known for point sources, 
then the general solutions of (1-1), subject to the same supplementary con- 
ditions, may be found by integration. We need only superpose the waves 
of elementary sources E dx and J dx. 

7.3. The Energy Theorem 

The method of obtaining the energy equations for transmission lines is 
the same as in the general case of three dimensional electromagnetic fields. 
Starting with the fundamental equations (1-1), multiplying the first by /* 
and the conjugate of the second by and adding, we obtain 


dV dl^ 

7* _ I yz±^ = 
dx dx 


^ZII* - Y*VF^ + £/* - Vp. 


The left side is the derivative of F/*; hence multiplying each side by idx^ 
integrating from Xi to ^ 2 , and rearranging the terms, we have 

^ J'*' {EI* - VJ*) = 2 iZII* + Y*FF*) dx 

+ (3-1) 

The left-hand side represents the complex work done by the impressed 
forces and hence the power introduced into the transmission line; thus 
§£/* dx is the complex work done by an elementary applied electromotive 
force in driving the current I while —^VJ'^dx is the work done by an 
elementary shunt generator which introduces the current J dx against the 
transverse voltage V of the line. If we designate this total complex power 
by ^ and replace Z and Y by their values from (0-2), we have 






RII*dx-{- 




GVF*dx+ico 


J f%X2 

' iiLII* 

Xi 




\CVV*) dx 
(3-2) 


The real part of ^ is the average power contributed to the line. The first 
two terms on the right represent the average power dissipated in the sec- 
tion {xx^^. The difference between the power contributed to the section 
and that dissipated in it is represented by the real part of the last two 
terms. The power may be either entering or leaving the section at its 
ends; hence we may interpret the real part of ^V{x')I'^{x) as the average 
power passing across the point .v of the transmission line in the direction of 
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increasing ;i:-coordinate. The imaginary term represents the fluctuating 
power. 

If the sources of power are located at points x then = 0 and 
(2) becomes 

^F{x{)I*{x{) = i r'RII*dx + I r GW* dx 

Uxi Xi 

+ m (im* - iCFF*) dx + iF(x2)I*(x2). (3-3) 

In this case the complex power ^ is entering the line at 

X ^ Xi and it is accounted for by the various terms on the right. 

In the above interpretation of (1) we have implicitly assumed that the 
impressed intensity E acts on the total longitudinal current and that the 
impressed current J is acted upon by the total transverse voltage. This 
is necessarily true when the longitudinal current is localized as in conven- 
tional two conductor transmission lines. But if the longitudinal current is 
distributed, as in hollow metal tubes, for instance, then the left side of (1) 
will no longer represent the complex power contributed by the sources and 
the interpretation of other terms in the equation must be correspondingly 
modified. In these more general situations it is better to rely on the three- 
dimensional energy theorem (4.8-7) of which the present theorem is a 
special case, than to try to obtain appropriate modifications of the fore- 
going equations. The various energy terms will usually differ from those 
in this section by a constant factor. 


7.4. F undarnental Sets of Wave Functions for Uniform Lines 

Consider now a source-free section of a uniform transmission line. If 
either V or I is eliminated from (0-1), we obtain a second order linear 
differential equation with constant coefficients; thus 




(^ 1 ) 


where the propagation constant T is defined by 

r = = V(i? + icoDiG + iccC). (4-2) 

The general solutions for F and I may therefore be expressed either as 
exponential or as hyperbolic functions. 

Expressing I in terms of exponential functions, we have 

7 (^) = ^ 

where and /” are arbitrary constants. By (0-1) Fis completely deter- 
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mined by /; thus 


V{x) = - = Kl+e-^^ 

Y ax 


Kl-e 


'-^Tx 


(4-4) 


where the characteristic impedance K is defined by 


K 


-4-Ii 


R + /coZ» r 

G -f- iccC G -f- /ccC 


i? -f* i<fiL 


(^5) 


By definition F is a complex constant which lies in the first quadrant of 
the propagation constant plane or on its boundaries* and the equations 

I^{x) = V’^{x) - KI+{x) 

represent a progressive wave moving in the positive ;tf'-direction, with an 
amplitude which is attenuated at the rate of a nepers per meter. Likewise 
the equations 

r{x) = v^{x) - -Kr{x) 

represent a progressive wave moving in the negative .v-direction with an 
amplitude which is also attenuated at the rate of a nepers per meter. The 
constants 7"^ and 7”’ are the amplitudes of these progressive waves at 
^ = 0. They can be expressed in terms of the values of either the voltage 
or the current at the terminals (1) and (2) of the section of the line 
(Fig. 7.1). If the terminals C, D are at infinity and the generator is con- 
nected across A and B (or to the left of A^ B)^ then 7“ = 0 and only one 
progressive wave is present. In this case the impressed voltage in the 
direction from 5 to ^ is given by = KT^. On the other hand if the 
terminals A^ B are at infinity and the generator is connected across C and 
then 7"^ = 0 and we have only the progressive wave moving leftward. 
For this case the voltage impressed from 7) to C is 

r-(/) - -Kr{l) - 

Expressing the wave functions in terms of the applied voltage we have 
V-{x) = 7“(^) 


More generally we can arbitrarily assign either the values of the voltages 
or of the currents at each pair of terminals, or the voltage at one pair of 
terminals and the current at the other pair, or the voltage (or the current) at 
one pair and the voltage/current ratio at the other. To start with let 

* For non-negative values of G, L and C the two values of the complex constant 
zbF are respectively in the first and third quadrants. It is a matter of convention 
which value is designated as + F. 
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US consider some simple special cases and obtain a wave function for which 
che current vanishes at = 0. This function follows from the general 
expression (3) if we let == — /T For future convenience, however, 
let us first express the general solution in terms of hyperbolic functions 

I(x) = ^ cosh Tx + B sinh Tv. ('^6) 

The corresponding expression for F is derived by differentiating as in (4); 
thus 

F{x) = — KJ^ sinh Tx — KB cosh Tx. (4-7) 

It is now immediately obvious that the wave for w’'hich I vanishes at = 0 
corresponds to ^ = 0. Expressing the remaining constant B in terms of 
the voltage at a- = 0, we have 

F{x) — F(0) cosh Txy I(x) ^ sinh Tx. (4-8) 

K 

This wave corresponds to the case in which the line is electrically open at 
= 0. Similarly the wave for which the voltage vanishes at v = 0 is 
expressed by 

I{yc) = 7(0) cosh Tv, F{x^ — sinh r;^. (4-9) 

This condition exists when the line is short-circuited at v == 0. The wave 
for which the voltage and the current assume given values at <v = 0 is 
obtained by superposition of (8) and (9); thus 

V{x) - F{Q) cosh Tx - KI{0) sinh Tv, 

l4-10) 

I (x) ^ sinh r.v + 7(0) cosh r.v. 

K 

The w’ave for w'hich the current vanishes at a: = / is 

F(x) = F(l) cosh r(/ - x), I(x) = ^ sinh r(/ - (4-11) 

K 

These equations may be obtained from (8) by regarding a: = / as a new 
origin of the coordinate system and then substituting v — / for the new x. 
Similarly the wave for wFich the voltage vanishes at v = / is 

I(x) = 7(/) cosh r(/ — x)y F{x) ~ KI{1) sinh r(/ — x). (4-12) 

And finally the ^vave whose voltage and current assume given values at 
V == / is obtained by superposition of (11) and (12); thus 
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m = 


K 


sinh r(/ — ^) + /(/) cosh r(/ — x). 


(4-13) 


For nondissipative lines we have 

r = ip = icoVIc, K = (4-14) 

In this case the hyperbolic functions can be replaced by circular functions 
cosh = cosh ipx = cos 
sinh Tx = sinh i^x = / sin ffx. 

Waves represented by the corresponding nondissipative forms of (8), 
{9)y (11) and (12) are standing or stationary waves. There is no change 
in phase along the line (except for a complete reversal each half wave- 
length); the voltage waves are in quadrature with the current waves; 
and consequently on the average there is no transfer of energy along the 
line- In the dissipative case there are no standing waves in the strict 
sense of the term; but for convenience we shall apply the term to all wave 
functions of the type (8), (9), (11) and (12). 

7.5. Characteristic Constants of Uniform Transmission Lines 

In most transmission problems the derived constants K and T are more 
important than the primary constants Ry Gy L and C. The latter can 
always be expressed in terms of the former, thus 

RJric^L^KV, G + toC=p- (5-1) 

A 

For nondissipative lines these equations become 

_ __ 27rA 27r 

= A' ~ 

and the series reactance and the shunt susceptance per wavelength depend 
solely on the characteristic impedance 

27r 

uLK — IttK, cssCX = — • (5—3) 


Since w = 2jrr/X, L and C can be expressed in terms of the characteristic 
impedance and velocity 


L = 


K 
— } 
V 


C = 


1 

Kv‘ 


(5-4) 
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In slightly dissipative lines we have approximately 
/ ;d\ 12 


r = tov'zc { 1 - — 


oc) 


{‘-i 

- zc[i - + i-) + g?(f - D ]• 

Hence the attenuation and phase constants are given by 

s^d-DT 

ow \L C/ J 


— 1 


c T ^ iL 


f LC\ 1 -j“ 


(5-5) 


The first order effect of dissipation is to cause the amplitude of progressive 
waves to decrease with the distance from the source; the second order 
effect is to diminish the wave velocity 


1 




|8 V'ZC 


qJ J 


(5-6) 


These approximations are applicable when the resistance per unit length 
is small compared with the reactance and when the conductance per unit 
length is small compared with the susceptance. 

The effect of dissipation on the characteristic impedance is to introduce 
a small reactance; thus we have 






(5-7) 


In transmission lines which are used for efficient transmission of energy and 
for communication purposes the reactive component of K is very small and 
may usually be neglected. Over long distances the attenuation may be 
large even though the attenuation constant is small. Even the small term 
of the second order in the expression for the wave velocity has to be re- 
tained when distortion of signals is being considered. In practical applica- 
tions very small correction terms may be important under some conditions 
and much larger terms unimportant under other conditions. 

Using for K the approximation given by the first term in (7), we have 

“ = ^ (5-8) 


The attenuation constant may be expressed in terms of the power W 
carried by a progressive wave across a given cross section of the line and 
the power per unit length which is dissipated in the line; thus 


RJI* GK^ir^ RII* + GFF* 
2KII* ” 2Kir 
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Since \KII* is the power carried by a progressive wave, ^RII* the power 
dissipated in the series resistance and \GFV* the power dissipated in the 
shunt conductance, we have 


Oi 


W 


(5-10) 


This formula is convenient for the calculation of a when R, G, L and C 
are not explicitly given. For this reason we shall prove it from a more 
general viewpoint. If the power W carried by a wave is dissipated uni- 
formly, then 

dW 

(5-11) 


where ^ is a constant and x is the distance in the direction of the wave. 
If the change in W is due to dissipation of power in heat, then 



(5-12) 


is the power dissipated per unit length and consequently 



(5-13) 


This is the attenuation constant for power. From (11) we have 

W = (5-14) 

If W is proportional to the square of some quantity such as voltage, or 
current, or one of the field intensities, the attenuation constant for the 
latter is \k and we obtain equation (10). 


7.6. The Input Impedance 

Let us assume that a section of a transmission line of length I (Fig. 7.1) is 
terminated in an impedance Z{1) at C, D. Since 


m = 




the “ input impedance ” at A, B is obtained from (4—13) 

® = „ ^(/)coshrf+ JTsinh Tl 
^ ^ 1(0) K cosh Tl + Z(l) sinh Tl ‘ 

If the line is short-circuited at « = /, then 

Z(0) = /Ctanh Th, 


(6-1) 


( 6 - 2 ) 

(&-!> 
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and if the line is open, then 

Z(0) = K coth Tl. (6-4; 

If the “ output impedance Z(/) is equal to the characteristic impedance 
then 

2(0) = K (6^5) 


and the input imipedance is equal to the characteristic impedance for ail 
values of L Thus we expect the voltage-current distribution in the section 
of the line to be the same as for an infinitely long line which is indeed the 
case. 

At times it is more convenient to express various relations in terms of 
admittances. These forms are analogous to those involving impedances. 
Thus for the input admittance we have 


Y( 0 \ = cosh Tl + Msinh T/ 

Af cosh Tl + Y(l) sinh Tl^ 


( 6 - 6 ) 


where the characteristic aduiittance M is the reciprocal of K. 
For nondissipative lines the input impedance is 

^ 2(/) cos iK sin /g/ 

^ ^ K cos ^1 + iZ{l) sin /5/ ‘ 


(6-7) 


When / = n\ 2, where n is an integer, the input impedance equals the out- 
put impedance 


ZCO) - ^(f) . 


( 6 - 8 ) 


If / = 7t\ zt X/4, then 



(6-9) 


In this case if the input impedance Is small compared with K then the out- 
put impedance is large and vice versa. Either impedance is said to be the 
inverse of the other wfith respect to K. The ratio Z{0)/K depends only 
on the ratio Z(l)/K and on ^/. 

There exists a very simple and useful geometric interpretation of the 
behavior of the input impedance of a nondissipative line when the output 
Impedance is fixed and the length of the line is varied. If the numerator 
and the denominator of (7) are divided by cos /3/, we have 


2(0) = K 


^ZiJ) + iK tan 


K “b iZ^f) tan /?/ 
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In a complex plane Z(0) is a bilinear function of another complex variable 
tr, the latter assuming only the real values w = tan hence (section 2.1) 
the input impedance Z(0) must describe a circle. The center of this 
impedance circle is on the real axis. Thus if any point Z is on the impedance 
circle, Its inverse K} jZ with respect to the circle of radius K is also on the 
circle. This follows from equation (9) which relates the input impedance 
of a section of length / and the input impedance Z(X/4) of a section of 
length / — X/4. Since K is real, the phase of the inverse impedance is 
equal to the phase of the original impedance and opposite in sign. This 
would be impossible if the center of the impedance circle were oflF the real 
axis as there would then be some points on one side of the axis \vhose phases 
would be larger than the phases of all points on the other side. 



Fig. 7.3 The impedance circle. 

Since the Impedance circle passes through points Z(/) and its inverse 
-we can draw a perpendicular through the midpoint of the line 
joining these points and thus determine the center. The impedance circle 
(Fig. 7.3) is useful for visualizing certain properties of the input impedance 
as a function of the length of the line. Thus the impedance circle is 
unaltered if the output impedance is replaced by its inverse. The im- 
pedance circle becomes the imaginary axis if Z(/) is a pure reactance. If 
Z(/) is a pure resistance, then one of the two values Z{1) and Kr jZiJ) is 
the maximum input impedance and the other Is the minimum. If | Z(/) | 
is small compared with iv, then R{1) is nearly the minimum of Z(0) regard- 
less of X[J) and K^iRiJ) is nearly the maximum. The maximum reactance 
may be either positive or negative and its value is represented by the radius 
of the circle. For large impedance circles, the maximum resistance (and 
the maximum impedance) is nearly and the minimum resistance 

(as well as the minimum impedance) is nearly 
The position of the center of the impedance circle can be obtained by the 
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methods of complex variables or analytic geometry; thus the abscissa x of 
the center is 

jZ(/)|" 

2R{1) 

The radius r of the impedance circle is obtained at once from the triangle 
OAO^l thus r = — K^, 

For dissipative lines the impedance circle becomes a spiral converging to 
the point K. If the attenuation constant or the length / or both are so 
small that al is small compared with unity, then the input impedance can 
be expressed in the following approximate form 

[Z{D + Kal\ cos PI + i[K + alZ{l)] sin g/ 

^ ^ [K + alZil)] cos + i[Z(/) + Kaq sin ' 

Furthermore, if Z(/)a/is small compared with then 

7(0^ = K cos jl + iK sin /5/ 

ZCU; - A ^ cos /?/ + /[Z(/) + Kc^l] sin /?/ * 


In this case, in so far as the input impedance is concerned, the section of the 
line may be regarded as nondissipative provided we add a resistance Kal to 
the output impedance. This added resistance is also equal to ^RI + ^K^GL 
Similarly if cJY{l) is small compared with the characteristic admittance M, 
then the input admittance is approximately represented by a nondissipa- 
tive section terminated in an admittance Y{1) Mal\ the added con- 
ductance is equal to \Gl + \MP'RL 

The voltage and current distribution may be expressed in terms of the 
output impedance and either the input voltage or the input current; thus 
from (1) and (4-13) we have 




Z(/) cosh r(/ — A?) + sinh r(/ — ,?tf) 
Z(/) cosh YI + K sinh Tl 




^ K cosh r(/ - x) + Z{I) sinh r(/- x) 

K cosh r/ + Z(/) sinh Tl ^ 


( 6 - 10 ) 


If the line is short-circuited, then 
sinh r(/ — ;t^) 


n^) 


sinh Tl 


^(0), cwi) 


and if the line is open 


F(x) = 


cosh r(/ — x) 
cosh r/ 


^(0), Hx) = 


sinh r(/ — 
sinhiV 


7(0). (6-12) 
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7.7. Transmission Lines as Transducers 
A section of a uniform line is a symmetric transducer. By (5.2—3) its 
se't-impedances are equal to the open-circuit impedance of the line and 
the transfer impedance may be found from (6-12); thus 

Zii = Z 22 = K coth r/, Z 12 = —K csch TL 

If the transmission line is represented by a T-network (see Fig. 5.12), then 
by (5.4r-l) the impedances of the shunt arm and of each series arm are 
respectively 

r/ 

Z 2 — K csch r/, fZi = K tanh — , 


Regardless of the length / of the section we have 

ZnZ22 - ZL = K\ 


7.8. Waves Traduced by Point Sources 

Let a section of the line of length / be terminated in impedances Zi and 
Z 2 (Fig. 7.4). Let and be the voltage and the current at 

point X X when a unit electromotive force is impressed at $ in series 
with the line.* To the left and to the right of the generator we have 
respectively 

Ii (-^3$) = cosh r;c* + Qi sinh Fat, 

— —KIP I sinh Tx + Qi cosh FAf], x < ^; 

A (-^ 5 ^) = P 2 cosh T{1 — x) + Q 2 sinh F(/ — at), 

= KIP 2 sinh F(/ — at) + ^2 cosh r(/ — a*)], x > 


At A* = 0, the voltage-current ratio is — Zi and therefore Pi = PK^ Qi = 
PZi, where P is a disposable constant. Similarly at a* = / the voltage- 
current ratio is Z 2 and therefore P 2 = QKy O 2 = QZ 2 * At | we have 


/i(^ + 0,^)-Ji(f-0,f)=:0, 
^i(S + 0,$) ~ = 1. 


(8-1) 


Making the necessary substitutions we obtain 

0[K cosh F(/ - ^)+ Z 2 sinh r(/ - $)] - P[i^ cosh Ff + Zi sinh F^], 

Q[K sinh TU- 0+^2 cosh r(/ - |)] + P[A: sinh r| + Zi cosh m = 2- 

K. 


The first of these equations is satisfied if we let 

DQ==K cosh n + sinh F^, DP ^ K cosh F(/ - |)+ Z 2 sinh r(/ - fL 
* The coordinate a- is the distance from Zi. 
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Substituting in the second, we have 

D = K[K cosh n + Zi sinh sinh r (/-$)+ Zg cosh r(/ - $)] 

+ K[K sinh r| + Zi cosh r|][A' cosh r(/ - ^) + Z 2 sinh r(/ - $)] 

Multiplying and collecting terms, we have 

D = K[(K- + ZiZo) sinh Tl + K{Z 2 + Zi) cosh r/]. 

Thus all disposable constants are determined and we have 

DIi(x,^) = [K cosh r.v + Zi sinh Tx] X 

[K cosh r (/-?)+ Z 2 sinh r(/ - |)], ^ < |, 

= [X” cosh r| + Zi sinh F^] X 

[K cosh T{1 — x) Z 2 sinh r(/ — ;f)], » > |, 

( 8 - 2 ) 

DVi{x,^) = —K[K sinh Fat + Zi cosh Fjc] X 

[Z' cosh r (/ — ^) + Z 2 sinh r(/ — |)], x < ^, 

= KIK cosh r$ + Zi sinh Ffl X 

[K sinh T{1 — x) Z 2 cosh r(/ — a:)], x > ^. 

It is easy to see that Ii (x,^) is symmetric 

Ii(x,^) = 



Fig, 7.4. A section of a line energized by Fig. 7.5. A section of a line energized by 

a series generator of zero impedance. a shunt generator of infinite impedance. 


This proves the reciprocity theorem under the conditions stated at the 
beginning of the section. The arrows in Fig. 7.4 show that the current 
at the generator flows in the direction of the impressed electromotive force 
on both sides while the transverse voltages are in opposite directions on the 
two sides. 

If a unit current is impressed at ;c* = ^ in shunt with the line (Fig. 7.5), 
then the voltage and current waves satisfy the following 

conditions a.t x = ^ 

V2(k + 0 ,^) - - 0 ,?) = 0 , 


- 72(1 + 0 ,^) — l2(i — 0 ,^) = — 1 . 


(8-3) 
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In this case we obtain the following solutions 
D/2(^>I) = K[K cosh r^f + Zi sinh Fa:] X 

[K sinh r(/ - I) + Z2 cosh r(/ - ?)], X <^, 

= — K[K sinh + Zi cosh F^] X 

[Jf cosh F(/ — + Z2 sinh F(/ — a?)], x > |, 

(8-4) 

— —K^[K sinh Tx + Zi cosh Fat] X 

[K sinh F (/-$)+ Z2 cosh F(/ - |)], x < ^, 

= — K^[K sinh F^ + Zi cosh F^] X 

sinh F (/ — Af) + Z2 cosh F (/ — aa)], aa > |. 



Fig. 7.6. A series voltage and a shunt current 
applied at the same point of the line. 


The voltage wave function is now symmetric 


The arrows in Fig. 7.5 show that at the generator the voltage is in the 
same direction on both sides while the currents are in opposite directions. 
In the special case w^hen Zi = Zo = Ky we have 




— 2^ 


■x) 




-r(£— *) 


X < ^; 


1 -r(x— ?) 
2 ^ 5 


L .-r(x-{) 

2K 


x> i 


(8-5) 


for a unit electromotive force impressed in series with the line. Similarly 
for a unit current impressed in shunt with the line^ we obtain 

^2(^5$) = - hix,^) = AC < ^; 

(8-6) 

If a current —I is impressed in shunt with the line and a voltage F = KI 
in series at the same point ac = S (Fig. 7.6) then from (S) and (6) we find 
that the wave to the left of aa = | vanishes and that to the right becomes 

Fix,^) = /( ac ,?) = 
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This conclusion could easily be reached from considerations of symmetry 
and of the relative directions of the voltages and currents at the generators 
as illustrated by the arrows in Figs. 7.4 and 7.5. Once we have come to 
the conclusion that, for given values of applied current and voltage, there is 
no wave to the left of x = it becomes evident that the impedance K at 
the left end of the line could be replaced by any other impedance and the 
left section could be completely removed. 

In practice these conditions can be realized only approximately since 
they demand generators of zero impedance (or constant voltage genera- 
tors ”) and generators of infinite impedance constant current gen- 
erators *’). 

7.9. Waves Produced by Arbitrary Distributions of Sources 

Knowing the wave functions corresponding to point sources we can 
immediately construct the wave functions corresponding to any given dis- 
tribution of sources by proper superposition. Thus if a series electromo- 
tive force R { x ) per unit length and a shunt current /(a;), per unit length are 
distributed in the interval (;c’i 5 Af 2 ) then we have the solutions of (1-1) in 
the following form 

rE{X)v^{xX)di-\- r 

•/xt ^Xi 

(9-1) 

i(x)= r Eiohix,^) 

That these functions satisfy (1-1) can be proved by direct substitution. 
It should be recalled, however, that and / 2 (^>$) are discontinuous 

and hence nondifferentiable functions of x a,t x = For this reason we 
break up the integrands as follows 

«/»-r0 ^Xi 

(9-2) 

/(x)= rEioii(x,^)d^+ r r 

Jxx «/a;+0 

Each integral is now a differentiable function. In taking the derivatives 
of Vij/i) and l^x) we use 

££/(«,{) 4 4 -/M. 
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Thus we have 

+ £(*)F,(v - 0) - + 0) + X”-^S> X * 

Since and /^2 are solutions of (0-1) we may substitute —ZIi and — Z /2 
for the derivatives under the integral signs; by (2) the sum of the integrals 
is then equal to* — Z/(^). The remaining two terms are equal to E(x) in 
virtue of (8-1). Thus we have proved that the first equation in the set 
(1-1) is satisfied. Similarly we can show that the second equation is 
satisfied. Finally it can be verified that the boundary conditions are 
fulfilled. 


7.10. Nonunifonn Trajismission Lines 

Let us now assume that Z and Y are functions of x. Eliminating first 
I and then we find that in source-free regions both variables satisfy 
general homogeneous linear differential equations of the second order 


d>r‘ 


Z' dV 


d^i 

dx^ 


Y' dl 

y--yz/.o. 


( 10 - 1 ) 


A second order differential equation of this type possesses two linearly 
independent solutions and its general solution is a linear function of these 
solutions. Thus we have 

I{x) = Al-^{x) + Br(sd), 


where A and B are two disposable constants. The corresponding solution 
for Vi^ then 


V(x) = AV^{x) + BV-{x\ 


where and V are obtained from 

1 dl^{x) __ 1 dr{x) 

Y{x) dx ’ '/(.v) dx ‘ 



( 10 - 2 ) 


Alternatively a pair of fundamental voltage wave functions might be 
selected and the corresponding current wave functions then defined as 
follows 


I+{x) = 


1 dF+{x) 

Z(x) dx ’ Z{x) dx ■ 


( 10 - 3 ) 


* This is tnie even if Z is a function of .v. 
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A wave impedance may be associated w^ith each fundamental pair of 
wave functions; thus 

= ^ 

I+{x) Yl^dx 

— r — lutj r ■ 

(10-4) 


K-{x) = 




1 dl- 
Yl-dx 





£ 

dx 


\ogF- 


(10“5) 


In the strict sense of the term there are no progressive waves in nonuiiiform 
transmission lines since any local nonuniformity in an otherwise uniform 
line will generate a reflected wave. However, in some instances wave 
functions may exist which bear considerable resemblance to the exponential 
wave functions and hence may be said to represent progressive ” waves 
in nonuniform lines. This is apt to happen when Z and Y are slowly vary- 
ing functions of a?. Even then it may be more convenient to select other 
sefs of wave functions for the fundamental set. Thus in general we should 
look upon K^{x) and K^ix) as factors to be used in passing from a given 
current wave to the corresponding voltage wave and vice versa. 

Other ratios are useful in the general theory. Thus the voltage transfer 
ratios are defined by 

Similarly the current transfer ratios are defined by 

y ■ ( 10 - 7 ) 


Consider now a section of a nonuniform line extending from x = xi to 
X = X2> If the output impedance at a: = xg is Z{x2)j then it is easy to show 
that the input impedance is 


F+(x^) 


^(^1) 

7^(^2) 




Z{X 2 ) - 

^(^1) 

l^-(^2) 


ZM 

/+(*2) 



(10-8) 

JTixi) 


Z{xi) - 



In order to obtain the impedance of the section at ap * 

X2 when an 

imped- 


ance Z{xi) is across the line at at = xi, we merely interchange xi and X2 in 
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(8) and reverse the signs of Z(xi) and Z(x 2 )^ The reversal of the sign cor- 
responds to the change in the direction of the impedance. 

7.11. Calculation of Nonuniform Wave Functions by Successive Approxima- 
tions 

Consider a section of a nonuniform line of length I and let 

z = Zo+z, + (11-1) 

where Zq and Yq are constants. These constants may be taken to represent 
the average values of Z and Y in the interval {Of) 

Zo = j£z(x) dx, yo = j£ Y(x) dx. (11-2) 

xA.ssuming that there are no sources in the chosen interval, the transmission 
equations are 

~ = -Zo/ -ll, ~= -YoY - tv. (11-3) 

dx dx 

We now seek that solution of these equations for which the initial values 
of the voltage and current are given 

y(0) = ^0, /(O) = /o. (11-^) 


For this purpose we first find the solution of 


dx 


- 


dx 




(11-5) 


which has the following discontinuities in V and / at ^ 

y(i + 0) = v{k -0)- /(i + 0) = /(I - 0) - (11-6) 

In the interval (0,J) we evidently have (see equation 4-10) 


where 


y(#) = Voix) = Vq cosh ro.>: — KoIq sinh Toat, 

(11-7) 

I(x) = /o(*) = — sinh Toat + lo cosh Toa?, 



( 11 - 8 ) 


Atx = ^,V and I are decreased by t and I and in order to obtain the solu- 
tion in the interval (^,/) we need only add to equations (7) analogous expres- 
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sions in which the initial values are — P' and — thus 

V{x) = Fo{x) - ^cosh Vo{x - I) + KqI sinh ro(x - 

(11-9) 

I{x) = h{x) + — sinh ToCa? — |) — / cosh To (at — f). 

We now consider a “ continuous distribution of discontinuities 

^ = 2(?)/(0 d ^, / = d ^, ( 11 - 10 ) 

and construct the following solution of (3) 

Fix) = V^ix) cosh To(x-Odi+Ko£ t(^)F(^) sinh ro(.r-|) 

Iix)=Io(x) + ^ r2®/«)smhro(^-f)4- rV($) ^(f) cosh ToC;.- 1)4. 
Ao t/o 

( 11 - 11 ) 

We have not really solved the original differential equations since the un- 
known functions appear under the integral signs; but we have converted the 
differential equations into integral equations. 

That these integral equations define functions satisfying the differential 
equations (3) and the initial conditions can be proved directly. At ;; = 0 
the integrals vanish and /^(O), 1(0) evidently reduce to Fq^ /q. Differenti- 
ating F(x) we have 

- To sinh ro(x -i)di- 2(x)I(x) 

+ Zo £n^)F(^) cosh ro(^ - 0 4. 

The right-hand side of this equation is identical with the right-hand side of 
(3) if we take into account the expression (11) for I(x) and the following 
equation 

Similarly it can be shown that the second equation of the set (3) is satisfied. 

From the integral equations (11) F(x) and I(x) can be calculated by 
successive approximations. Thus we set 

F(x) = Fo(x) + F^(x) + F 2 (x) + 

I(x) == Io(x) + Il(x) + l 2 (^) + ' * 


( 11 - 12 ) 
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where 

= — f 2(^)In(^) cosh To (a; — $) 

«/o 

+ Ko rVa)r„(^) sinh ro(;^ - {) di, 

J Q 

( 11 - 13 ) 

^ sinh ro(^ - $) 4 

Aq 0 

- rV(l)^»(0 cosh ro(^ - 0 d^. 

Evidently the differentia] equations (3) can be transformed into other 
integral equations in which Zq and Yq are not constants provided we can 
obtain solutions of the corresponding equations (4) and (5). Just as 
equations (11) are most useful when the transmission line is only slightly 
nonuniform, other integral equations may be particularly useful when a 
given nonuniform line deviates slightly from another nonuniform line with 
known w^ave functions. 

It shoi Id be noted that the solutions (12) are valid even if -2(.v) and 
are discontinuous functions. 

7.12. Slightly Nonuniform Transmission Lines 

When Z and Y are nearly equal to their average values Zq and Yq? so 
that the relative deviations Z/Zq and Y/Yo are small, only the first correc- 
tions Yi(x) and /i(^), or at most the second corrections Y 2 and / 2 , need 
be considered. When the deviations are large in a given section of the line, 
the section may be subdivided into smaller sections. Taking n = 0 in 
(11-13), substituting from (11-7), and rearranging the terms, we obtain 
the first corrections 

Fi(x) = Fq[B(x) cosh Fo^ Zfix) sinh Foat + C(x) sinh Fq^] 

— cosh TqX — B(x) sinh FqX + C{x) cosh Fq^v], 

( 12 - 1 ) 

h ~ ^ sinh Fqa; — /^(x) cosh Tqx + C(x) cosh Tqx] 

+ Jo[J(x) sinh Tqx — B{x) cosh Tqx + C(x) sinh Tqx], 

where 

yiix) = (L - cosh 2rol dl C(x) = ifj (L + KoTj di, 

Bix) = sinh 2ro|^^ 


( 12 - 2 ) 
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In some nonuniform transmission lines the product ZY is constant; 
then we choose 


To — V ZYy Zq — 2av3 ^0 “ 


(12-3) 


We now have as the first approximation 


To Kq' 


( 12 - 4 ) 


Consequently C{x) = 0 and 


KoJ(x) 2(1) cosh 2ro^ 4, KoBix) =J^ 2(|) sink 2ro| (12-5) 


7.13. Reflection in Uniform Lines 

Consider a semi-infinite uniform transmission line terminated in an im- 
pedance Z and let a progressive wave arrive from infinity. If Z = iT, 
the voltage associated with this incident wave is exactly equal to the 
voltage across the terminal impedance if the entire incident current should 
flow through this impedance. The terminal im- 
pedance “ absorbs the incident wave completely 
and causes no disturbance in the line. 

On the other hand \{ Z 7 ^ Ky the absorption can- 
Fig. 7.7. Reflection in a not be complete and a reflected wave is initiated at 

transmission line at a terminals. Let V^y P be the incident voltage 
point of <iisconnnuit>L 

and current at the terminals of Z; let the reflected 
voltage and current be V^y P; and the total or transmitted ’’ values be 
P. Since the voltage and current must be continuous at Zy we have 

P + r = (13-1) 

The reflected wave travels back to infinity and hence is also a progressive 
wave. Thus we have the following conditions 

JP = KPy = -KPy JP = ZIK (13-2) 

Substituting from (2) in (1) and solving we obtain the following expressions 
for the reflection coefficients 

__K-Z _\--k Z 

1* K + Z ~ K’ 

(13-3) 

Z - K k-l 
^'^~F^~Z + K~k + 1' 



qy = —qj.^ 
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and the corresponding expressions for the transmission coefficients 


r 2K 2 

r ~ K + z~ i + k 


1 + 




2Z U , , 


( 13 ^) 


Thus the reflection and transmission coefficients depend on the ratio of the 
terminal impedance to the characteristic impedance. If this ratio is unity, 
the impedances are said to be “ matched,” and there is no reflection. If 
k equals either zero or infinity, the reflection is complete; in the former 
case the current at the terminals is doubled and the voltage is annihilated 
while in the latter the current is annihilated and the voltage doubled. For 
all impedance ratios the voltage reflection coefficient is the negative of the 
current reflection coefficient. 

The voltage reflection and transmission coefficients have exactly the same 
form as the corresponding current coefficients if expressed in terms of 
admittances; thus 


M -Y ^ IM 
Y’ ~ M+Y ' 


(13-5) 


The expressions for the incident and reflected waves may then be written 
in the following form 


V\x) - r{x) - 

V^{x) = r{x) - qiPe^^ 


(13-6) 


assuming that Z is located at the origin. If Z is a semi-infinite transmission 
line whose characteristic impedance and propagation constant are ^i, Ti, 
then for the transmitted wave v/e have 


V^{x) ^ P{x) ^ piPe^^i^. 


(13-^7) 



Z| 





The reflection coefficient depends on the ratio 
k = Ki/K of the characteristic impedances and is 
independent of the propagation constants of the 

two lines. __o 

Let us consider a special case of reflection ^ 

caused by an impedance Zi inserted In series with Fig. 7,8. An impedance in 
the line (Fig. 7.8). The impedance Z seen to the senes with a line, 
right from the terminals 5 is Z = Zi + Substituting in (3) and 
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(4), we have 


qy = -qx 


IK 4" ■Zi 


2K 

IK + Zi 


(13-8) 



Taking the reciprocals, we obtain 


qv qj 


2K pj 




shunt^irffriin^ Thus the ratio Zi/i^ can be expressed quite simply 
in terms of the reflection and transmission coeffi- 
cients which in certain circumstances can be measured more readily than 
the ratio itself. 

If an admittance Yi is inserted in parallel with the line (Fig. 7.9) we have 
^ ~ IM+Yi' ^ ~ lU+Yi’ 


El qi qv 


^ =1- 1 
2Af py 


(13-10) 


Let us now consider reflection and transmission of power. The trans- 
mitted power fF*' is 

= ir^{pypi*j^r*). 

For an incident progressive w^ave in a nondissipative line is in phase 
with P; and therefore for the incident power we have 

= ire(P^P*) = 

The power transmission and reflection coefficients are then 

qw = = ^ - Pw = \ qiY = \ qv\^- 


7.14. Ejection Coefficients as Functions oj the Impedance Ratio 

The impedance ratio k and the voltage reflection coefficient qv are complex quanti- 
ties 

k=^R + iX^ Ae^^y qv^ae^^y 

where the amplitudes A and a are essentially positive. The phase of k lies in the 
interval (— x/2,x/2) while the phase of qv is in (— The reflection coefficient 
is the ratio of two complex quantities represented by the lines AP and BP (Fig. 7.10) 
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joining points j^(l) and B[—l) to Ptk), The phase d of qy and the phase of qr 
are the angles formed by these lines as indicated in Fig. 7.10; the amplitude a is the 
ratio of the lengths AP and BP, 



Fig. 7.10. The complex plane for representing the impedance ratio. 


Taking the square of the amplitude of the reflection coefficient, we obtain 

(R ~ 1)2 + ^ a. r = 

{R + iy + x^- \ (i~-^2)2' 


(14~1) 


This equation represents a family of circles surrounding A and B as illustrated in 
Fig. 1.6. If = 0, then 


are the real values of the impedance ratio for which the reflection coefficient is 

The unit circle represents points for which the absolute value of the impedance ratio 
is unity. On this circle the phase of the reflection coefficient is d:90°. The points of 
intersection of this circle and (1) are 


R 


\ la 

Y = A- - 

=^1 + ^ 2 ' 


The loci of points for which the phase of the reflection coefficient is constant are 
circles passing through A and 5. The equation of this family of circles is 


tan 


R- 1 


— tan ^ 


i?+ 1 


t?, or 


In making a chart (Fig, 7.11) showing the dependence of the reflection coefficient 
on the impedance ratio we could limit ourselves to one quadrant inside the unit circle. 
The absolute values of the reflection coefficient are equal for \/k^ k* and l/k*. 
The phase of q for the impedance ratio 1/^ is different from that for k by 180*^ and the 
phase for is the negative of that for k. 

The amplitude of the reflection coefficient as a function of A and ip is 


am(^) = 



— 2^ cos ^ 

+ lA cos ip + A“ 
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Figure 7*12 shows the variation of with A and The phase (in degrees) of 

the voltage reflection coefficient is 

L / ^ 1 on- -1 ^ sin o 

ph(^) = 180 - tan 


and is represented graphically in Fig. 7.13, A family of contour lines connecting 
points (^ 3 ^) for wffiich the amplitude of the reflection coefficient is constant is shown 
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R 

Fig. 7,1 !• A reflection chart. The characteristic impedance is unity, R + iX is the terminal 
impedance, and a is the amplitude of the reflection coefficient. 

in Fig. 7,14; the curv'es are symmetric about the axis (p = 0, Another family in 
Fig, 7.15 represents contour lines along which d- is constant. The equations of these 
two families are respectively 



If k is small, then we have approximately 

; 


and if k is large, then 
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If the line is nondissipative, the amplitude of the incident progressive wave is inde- 
pendent of the position x along the line. When a reflected wave is superposed on it^ 
the amplitude will have maxima and minima whose values depend on the amplitude a 



Fig. 7.12. A reflection chart. The amplitude of the reflection coeflicient vs. the absolute 
value of the impedance ratio for different impedance phase angles. 



Fig. 7.13. A refiecrion chart. The phase of the voltage reflection coeflBcient vs. the absolute 
value of the impedance ratio for different impedance phase angles. 


and whose positions are determined by the phase of the reflection coeflicient. Thus 
the amplitude B of the combined wave is 

B ^ 4- | = + 2a cos (IjSx + i?) + a\ 



♦ «N DEGREES 


ELECTROMAGNETIC WAVES 



0£ 0.8 i 

A 


Fig . 7.15. A reflection chart The phase angle of the impedance ratio vs. the absolute value 
of this ratio for different phases of the voltage reflection coefficient 
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any distance from the discontinuity. But if an impedance is inserted in series with 
the line as shown in Fig. 7.8, then k is on some perpendicular which crosses the i2-axis 
to the right of R = 1; hence, — '7r/2 t? < t/2. Positive and negative values of t? 
correspond respectively to positive and negative reactance components of the inserted 
impedance. Thus for positive reactances the maxima occur within the first eighth of 
a wavelength from the discontinuity and then at half-w’avelength intervals; for nega- 
tive reactances the first maximum will be between fX and |X from the discontinuity. 
The first minimum will occur in the remainder (fX,|X) of the first half-wavelength. 
The current maxima and minima coincide respectively with voltage minima and 
maxima. 

If an admittance is inserted in parallel with the line as shown in Fig. 7.9, then it is 
the first current maximum that will occur either in the interval (0, fX) or in (f X,|X) 
and the first minimum in (iX,fX). This result follows at once from the admittance 
diagram for reflection coefficients; or, if we use the impedance diagram, we may show 
that the impedance of a parallel combination of the characteristic impedance with 
another impedance must lie within the right half of the unit circle, 

7.15. Induction ayid Equivalence Theorems for Transmission Lines 

At an impedance discontinuity Z (Fig. 7.7) equations (13-1) may be written as 
follows 

(15-1) 



Fig. 7.16. Illustrating the induction and 
equivalence theorems for transmission 
lines. 


The impedance Z may, of course, be a section of a transmission line with a different 
characteristic*impedance (Fig. 7.16). Comparing (1) to (2-3) and (2-5), we find that 
the wave comprised of the reflected wave to 
the left of the discontinuity Zly B and of the 
transmitted w'ave to the right of it (or in Z) 
could be produced by a combination of a 
generator of zero impedance, acting at point 
A, in series with the line, and a generator of 
infinite impedance, acting in shunt with the 
line across B. The electromotive force 
impressed by the series generator should be 
y yi the current impressed by the 
shunt generator / = The relations be- 

tween the directions of the voltage and current in the incident wave (at A^ B') and the 
voltage and current impressed by these generators are shown by the arrows in 
Fig. 7.16. 

If Kt is zero, the impressed current is diverted entirely to K% and hence the reflected 
current in this case is produced solely by the series generator. The reflected wave is 
the wave which would be generated by a voltage equal to the incident voltage, acting 
in series with the line at its short-circuited end. If is infinite, the series generator 
has no effect on the reflected wave which in this case could be produced by a fixed 
current generator placed across the open end. These conditions are realized approxi- 
mately if is either small or large compared with 

If 7^2 = A"i == A, then flows in K% and |/’ in Ai. The impressed voltage 
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= KP acts on the impedance IK and produces a current through The total 
current on the left of A is canceled and that on the right becomes A The two genera- 
rors send a wave to the right of B and none to the left. 

More generally the current produced at A by the series generator is the same on 
both sides 

I{ = li = • ( 15 - 2 ) 


+ K2 


The corresponding line voltages are then 


V{ = -Kifi - ~ 


K^ + K. 


V\ Vi == K.Ji : 


K1 + K2 


The impressed current due to the shunt generator is divided in the inverse ratio of the 
impedances Ki and K^; thus 

r. .. n r - « 

+ “ K1 + K2 


The corresponding voltages are 


K1 + K2 


Kt -f* Kz 


y n — Aii 2 V A- V y I ir ^ ' 

Ai -t" -^2 Ai“rA2 

The analogy between these equations and (2) becomes clear if, when calculating the 
line voltage at A^ B produced by the impressed current we use admittances rather 
than impedances; thus 


VI ^ Vi 


Ml + Mo' 


The total reflected and transmitted waves are then given in the following form 

vr^v{ + vi, r^Ti + H 
v^=vi + vl p^ii + il 

7 . 16 . Conditions for Maximum Delivery of Power to an Impedance 

Let a generator with an internal impedance Zi be connected to a load 
impedance Z2 (Fig. 7 . 17 ). In general we may have Zi == i?i + iXu 
^2 = i?2 + 1X2^ The amplitude of the current in the circuit is 


|/i = 


+ Z 2 1 ViR^ + i?2)2 + (Xi + X^f ' 


If Wi is the power absorbed by Zi and JV2 that absorbed by Z25 then 

JF, 

2[(i?i+i?2y4-(Xi + Zs)2T’ 2[(/?i + i?2f+(^l+X2)^] 
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The condition for maximum absorption of power by Z 2 is dW^ = 0. If 
Zx is fixed, this requires i ?2 = -Yg = —Xx. Thus Z 2 is the conjugate 
ofZi 

Z 2 = Z\. (16-1) 

If Zi and Z 2 are pure resistances, then the condition for maximum delivery 
of power from the generator becomes simply the equality or “matching” of 
the impedances. 

When the conditions for maximum delivery of power are fulfilled, then 

VV* 

= -fiYs = — , (16-2) 

where R is the load resistance. 




Fig. 7.17. Illustrating the 
transfer of power from a 
generator to a load im- 
pedance. 


Fig. 7.18. A quarter wave section 
eifectively opens the line at 
A,B, 


1 A1 . Transformation and Matching of Impedances 

At high frequencies it is usually impossible to open a transmission line 
electrically simply by discontinuing it mechanically; thus it may be 
impossible to terminate the line in its characteristic impedance by inserting 
a proper impedance at the physical end of the line. On the other hand it 
is usually possible to short-circuit the line. If now an impedance Z is 
inserted in shunt with the line a quarter wavelength from the short-cir- 
cuited end, the line will see the impedance Z from the terminals B~ 
just to the left of the terminals A., B (Fig. 7.18). The impedance looking 
to the right of the terminals Bf' is infinite and thus the line is elec- 
trically open at these terminals, li Z — the line will be terminated in 
its characteristic impedance and there will be no reflection. 

Let us now suppose that we wish to absorb completely the power carried 
by a line with an impedance Ki in a resistance R ^ Ki, If a quarter 
wavelength section of a line with an impedance K 2 is inserted between R 
and the given line (Fig. 7.19), then the impedance looking to the right of 
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A^B is Ifo/T? and we shall have a 
match if 

K% 


A'l = ^ , or 


K^R. (17-1) 


.X 

4 


Since the length of the matching line de- 
Fig. 7.19. A quarter wave section as wavelength, a perfect match 

an impedance transformer. i i • i i r 

can be obtained only at one rrequency. 

Another method of matching the line consists of shunting the line with a 
proper susceptance xB at a proper distance from the given output con- 
ductance (Fig. 7.20). The condition 
for matching is 


Ml = /B + Af 2 


G cos + iM 2 sin 0l 
M 2 cos 01 + iG sin 0l ’ 
(17-2) 



where 0 is the phase constant of the Fig. 7.20. An impedance matching 
^ t • scheme, 

matching section. 

Clearing the fractions and equating the real and imaginary parts to 
zero, we obtain 


M 2 (Cr — Ml) cos 01 = BG sin 0ly {MiG — Ml) sin 0l = BM 2 cos 0L 


Multiplying and dividing these equations term by term, we have 


{G - Mi){GMi - Mf) = B^G, 


M2{G - Ml) 
GMi - Ml 


Ms 


tan^ 0L 


From this we obtain 


Ms 




(G^ A 

gAmI V’ 


tan /?/ = 


Ms 

B 


('-?)- 


(17-3) 


Thus we have explicit expressions for B and / when the line is matched to G. 
In a special case M 2 may be equal to M\. 

If G is large compared with Mi and M 2 , then we have approximately 


_8 

Ms 


^GMx 

± i 

M 2 


tan = 


Ms 

B ’ 


/ _ 1 Ms 

X ~ 2 2ir5 ’ 


and the matching section is nearly equal to a half wavelength. 

Another simple matching circuit is shown in Fig. 7.21; in this case the 
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condition for matching is 


Ki = iX + 


R cos pi + tKo sin 8 l 
K2 cos pi + iR sin pi 


Comparing this with ( 2 ), we observe that one equation goes into the other 
if the admittances are replaced by the corresponding impedances. The 
solution corresponding to ( 3 ) is therefore 


K2 




RKi\ 

KlJ 


tan pi 


■f(' 



If R is small, then we have approximately 


2 £_ 

K2 



tan pi = 



Ki 






1 




K2 

I - 


n 2 





Xi 


'Aa X 2 


Fig. 7.21. An impedance matching 
scheme. 


Fig. 7.22. An impedance matching 
scheme. 


Finally let us consider a half wavelength section (Fig. 7 . 22 ). If the 
line is nondissipative, the voltage distribution at resonance is sinusoidal 
X(x) = Xq sin Pxy where ^ is the distance from either end. The voltage 
nodes are at the ends of the section. Let us suppose that power is con- 
tributed to the line at Au Bi and withdrawn from it at ^2^ Let us also 
assume that the power withdrawn is a small fraction of the average energy 
stored in the matching section so that the current distribution is not 
affected appreciably. Then if Ri is the resistance seen from Bi and 
R2 is the resistance across ^25 the power transfer is complete when 

V\ ^ _ sin^ Pxi 

Ri R2 ' R2 sin^ Px 2 * 

If and X2 are small, then 

R2 

The above equations are approximate in that as soon as power is with- 
drawn across ^2, ^2? the impedance seen from Au -Si acquires a small re- 
active component. 
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7.18. Tapered Transmission Lines and Impedance Matching 

An obvious method for approximate impedance matching is to vary L and C 
gradually and thus change the characteristic impedance from Ki to The match 
will not be perfect, of course; on the other hand, it will not be as sensitive to fre- 
quency variations as in the matching methods considered in the preceding section. 
Since the reflection coeihcient depends on the ratio of the impedance discontinuity to 
the characteristic impedance of the line, it may be expected that a very satisfactory 
“ taper of the line will be exponential when the relative rates of change of L and C 
are constant. 

If L and C vary exponentially with then voltage wave functions may be expressed 
in the following form 


exp 


( 



V (x) = F exp 




(18-1) 


The constant h is the relative rate at w^hich L decreases and C increases; hence nega- 
tive values of k will mean an increasing L and decreasing 6*. The phase constant ^ is 




LoCo - V = 
4 


0)^ LqOo 


1 - 


4u)^LoCq 


(18-2) 


The current wave functions associated with (1) are obtained from (10-3); thus 




(ill) 

ioiLo 


• exp 


(I-..), 


I-ix) = - 


(.-!>- 

exp 


icoLo 




The corresponding characteristic impedances are then 
K+ix) = -^e-^, K-{x) 




iuLo 

tfi-- 


If the rate of taper k is small, then we have approximately 

/3 = coVI^^ K+{x) = K-{x) = . (18-3) 

Hence the impedance change is approximately independent of the frequency and the 
characteristic impedance at each point is nearly equal to the characteristic impedance 
of a uniform line. The rate k is small if 

4co2LoCo ” 4/32 I67r2^ ’ 

that IS if k\^4r == 12.57 • • *. Hence the relative rate of taper should be such that 
thfe change in impedance per wavelength is substantially less than 12.5 nepers. If the 
total change is 2 nepers per wavelength, then the approximate value of jS in (3) differs 
from the exact value in (2) by less than 2%, this represents an impedance change in 
the ratio nearly equal to 7 4. The exacc characteristic impedances of an exponentially 
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tapered line have reactive components depending on k\ which prevents an exact 
match to a uniform line even at a single frequency.* 

It may be seen from equation (2) that below a certain critical frequency the propa- 
gation constant is real and the waves will be attenuated. Thus an exponential trans- 
mission line has the properties of a high pass filter. The cut-off frequency depends on 
the rate of taper; the larger the rate the higher the cut-oif. 

A pi actical example of this kind of impedance matching is an acoustic horn, an 
exponentially tapered horn in particular. 



0—1 

Ki, Ti 

0 — 



1 

Fig. 7.23. Transmission across a “ barrier.’* 


7.19. Transmission Across a Section of a Uniform Line 

So far we have considered reflection at a single discontinuity. Let us 
now suppose that we have two discontinuities at points P and Q. As 
showm in Fig. 7.23 we have a transmission line section of length / inserted 
between another line with different characteristic constants and an imped- 
ance Z. 

Transmission coefficients across PQ are defined as follows 


li Ipli ’ ^ Fi VpFi 


(19-1) 


where li are the incident voltage and current at P and the remaining 
quantities are the actual values, taking reflection into account. To find 
the effect produced by insertion of the section PQ into a line terminated 
in Z, we need only divide the above transmission coefficients by their 
values corresponding to / = 0. Likewise if we wish to know the effect 
produced when we replace a section of length / of a given line by another 
line of length /, then we merely take the ratio of the transmission coeffi- 
cients as defined above for the two conditions under consideration. 

Assuming that P is at at = 0 and (2 at a? = /, we obtain from (6~10) the 
following ratios 

^ ^ . 

Ip K 2 cosh + Z sinh T 2 i Fp Z cosh T 2 I + K 2 sinh T 2 I 

* Without introducing a compensating reactance, of course. 
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Then we have from (13-4) 

Ip 2Ki Vp _ '^Zp 

li K\ + Zp ’ + Zp 

where Zp is the impedance at P looking toward Q. Substituting from 
these equations in (1), we obtain 

Ti = Pl{l - Ty 

where 

(Ki- K2)(Z- K 2 ) 

iK, + K2)(K2 + Z)’ {K^ + K2)iK2 + Z)‘ 

When Z = we have 

_ 4k _ (k - If 

where k is the ratio of the characteristic impedances. 

If PQ is so long that is small compared with unity, then we have 
approximately 

Tj = Tr = ~Ti. (19-5) 

The constants pj and gr are products of cer- 
tain transmission and reflection coefficients at 
the two discontinuities considered separately. 
These relations may be better understood if we 
think of reflection from a pair of discontinuities 
as a series of reflections as represented diagram- 
matically in Fig, 7,24. A wave coming from 
region (^) suffers a reflection at the first dis- 
continuity. Assuming that this wave is un- 
aware of the existence of the second disconti- 
nuity, the transmitted part of this wave depends 
only on the impedances of regions (yf) and 
(£), Let the transmission coefficient be pi; 
then, if the intensity of the incident wave is 
unity, the intensity of the transmitted wave 
is pi* The intensity of the transmitted wave 
becomes px€~~^^^ when this wave reaches the second discontinuity. 
There the wave is partly reflected and partly transmitted; let the reflection 
and transmission coefficients be ^2 and p 2 > on the assumption that the 


ti) C2) 



I I 

ABC 


Fig. 7.24, Illustration of mul- 
tiple reflections from two 
points of discontinuity. 


(19-2) 

(19-3) 
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reflected wave is “ unaware " that it will again encounter the first discon- 
tinuity The transmitted intensity is then p^-p^e The reflected 

intensity is p,e-^-^qr. this becomes when the wave reaches 

the first discontinuity. Let the reflection coefficient be ?i; _then the m- 
tensity of the part of the wave which is reflected back is py “ q^e ^?i j 
This intensity is multiplied once more by the transmission ratio e 
when the wave reaches the second discontinuity and by p 2 when the wave 
passes across it. The intensity of this transmitted component is therefore 


p\e 




The process of successive reflection is repeated indefinitely and the trans- 
mission coefficient T is obtained in the form of an infinite senes in which 
the individual terms represent intensities of waves transmitted across the 
second discontinuity af^er successive reflections. If 

p = p\p2-> q = ?i?2> 

then the series is 

j ^ 4. 4 _ 4. . . . 


(19-6) 


(19-7) 




. t(i - 

which agrees with (2). 

The values of the factors p and q depend on the type of wave we are 
considering. It is also necessary to remember that while pi_is 
mission coefficient for a wave passing from region (£) to 
the reflection coefficient for a wave traveling in (R) toward {A). Thus 
we have (see section 13) 

2^-1 IK 2 2Z 


K^ + K2’ 

K2 - Ki 


pl,2 — 


py A ^ 


K 2 -Z 


Ki + K2^ 

K, - K 2 


PV,2 = 


K 2 + Z' 
(19-8) 
Z-K 2 




Hence for the voltage wave we have 

AK2Z 

py 


{Ki + K2)iK2 + Z) ’ 


qr = qi 


and, using this value of p in (7), we obtain Ty The apparent lack of 
symmetry in equations (2) is caused by the use of pi m both equations. 

As a reminder of the directions for which the partial reflection and trans- 
mission coefficients should be employed we may write (6) in the following 

form , , _ I /IQ 
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The above calculations can be extended to any number of sections be- 
tween the given lirx and -Z; thus for two sections, we have, instead of 
equation (1), 


Ir _ 

IqIpU" 


where R marks the end of the second section. 

Noting how (2) and (3) have been formed from the equations w’hich 
precede them, it is easy to write a general formula for any number of in- 
serted sections. Let there be n sections; let the constants of a typical 
section be Kmy 4*; let the impedance looking to the right at the begin- 
ning of each section be let K be the characteristic impedance of the 
line in which the sections have been inserted; then the transmission coef- 
ficient is 




FiiV 


— 


^ 2K■2K^■2K.■■■1K,. 

^ ^ iK^ - AV) ( AV ^ As) • • • ( A’„ + ^ ^ 

" (A'x 4- A)(Ai - Zo) ’ ' (A'„ + A™_i)(A„ + Z^i) ’ 

w'here Zn^i is the terminal impedance. If the attenuation in each section 
is high, then is approximately equal to Km; in this case the expression 
for Tj becomes simply 

Tj = (19-1 1 ) 

The voltage transmission coefBcient is obtained if we multiply 7j by 
Zn-j-l K, 


7.20. Rejiectlon in Xonunijor?n Lines 
The equations at an impedance discontinuity are the same for uniform 
and nonuniform lines (13-1). Equations (13-2) are replaced, however, 
by the following more general equations 

= ZIK (20-1) 

The impedances A'"*" associated with the incident and reflected waves 
need no longer be equal. Solving (13-1), subject to the above conditions, 
have 

KP -Z A' + 

A- + Z’ ~ K- + Z ^ 


^ -Y 
~ M-+Y' 


Af- + M+ 

pv = 


( 20 - 2 ) 


-M- + F ’ 
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where the admittances Y are the reciprocals of the corresponding 

impedances. 

The transmission coefficient across a section (atij^Vo) of another line 
inserted between the given line and an impedance Z may be obtained at 
once in the form of an infinite series analogous to (19-7). The principal 
difference consists in replacing the exponential factors by proper 

transmission ratios as given by equations (10-6) and (10-7). Thus we set 

p = P^{xi)P'^{x 2 ), q = X = x'*'('S^i,X 2 )x“(-V 2 ,>^i), (20-3) 

and replace (19-7) by 

T = i>(l + ?X + ?^x^ + - • ■ )x‘^(^i^2) = 7-^ x-^C^i^Xs). (20-4) 

1 qx 


7.21. Formation of Wave Functions with the Aid of Reflection Coefficients 

In section 10 we have seen that the most general wave functions are linear combi- 
nations of pairs of the “ fundamental ” wave functions. If we wish to form wave 
functions whose ratio is prescribed &t x = X 2 by terminating the line in a 

given impedance, then we may proceed as follows. We choose one fundamental set 
F‘^(x)^ I'^(x) as a wave which is “ incident ” on the given impedance and the second 
set as a reflected wave; then we write 


V-{x) 

v{x) - v^ix) + 


^+(^) + ?r(^2) V-i:,). 




Similarly we obtain 


/(^) = /+(*) + ?z(^2) /-(.;). 


The impedance at point x = x\ may then be ejcpressed as follows 


/(^i) 




1 + ?r(>?2)xt^(^ij^2)xv(^sAt) 

1 + ?r(*2)xt('*’i>*2)x7(^2,^fi) * 


( 21 - 1 ) 


( 21 - 2 ) 


(21-3) 


For example, in the case of uniform lines we may choose the following fimdamental 
wave funcdons 

J+(a:) = I-{x) = ^0 = iC/o, 

V^{x) = V-[x) = V-,e^\ Fi = -Kli, 

Then (1), (2) and (3) become (}fxi — xi = 1) 

F{x) = + Ftiqve~^^^^^, I(x) — Ioe~^^ + 


(21-A) 


— ar: 


(21-5) 


Z(xi) = K 


1 + qye 
1 + ' 
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It is irr.portant to cbserv'e that there are no restrictions on the choice of funda- 
mental pairs cf wave lunctio.ns and /” beyond the requirement of linear 

independerxe. In deaiinc with uniform lines the choice of progressive wave functions 
is, perhaps, mere generally useful; in the case cf nonuniform lines other choices are 
frequently preferable. Even in the case cf uniform, lines we may hnd it desirable in 
some problems tc chocse a diiferent fundam.enra. set. 

For exampie, let us chocse the rcllowing set as the iunOamental set 


y-’x] = /V "V f A*' - /-’o = ATo, 

y^ix) = y^ cosh Fat, /“-..at; = I\ sinh F-v, V\ = —Al/i, 


(21--6) 


where F'”, /“* represent a stationary wai'e with the current equal to zero at at = 0. 
Substituting these expressic.ns in (1) and ’d), we have 


FMx; = /"V ■ 


= 




cosh Fat 


'A/oe” 


.-rx 


cosh r/ ’ 

sinh Tx 
’sinh F7 * 


(21-7) 


The above choice of is such that “ reflection ” does not affect the original cur- 

rent at A = 0 and is particularly suited to problems in which the original wave is 
generated by a fxed current generator at a = 0. Under these circumstances the 
choice of a pre^ressive w’a\'e to represent reflection would necessitate a consideration of 
multiple reflections sirxe the wav'e reflected from an impedance Z at at = / would be 
reflected again at the generator. The choice (6) takes care of these multiple reflections 
in one operation. 

The input impedance is now expressed as follows 

2(0) = A'+ j.^K. (21-8) 


Tne first term represents the input impedance of a w'ave which does not see the dis- 
continuity at Af = /; the second term may be called the induced impedance or the 
impedance coupled to the generator in consequence of reflection from the far end of the 
line. The induced impedance represents the effect of the environment as changed by 
the terminal impedance and it may he called the “ mutual impedance. 

Even though the line is uniform, the reflection coefficients should now be calculated 
from the general formulae (20-2) since K^{1) is no longer equal to K^{1) = K. Thus 


K-m = - 


F'-iD 

I-{1) 


K COth r/, qy 


(Z — K) cosh r/ 

A^ cosh rZ+Zsinh F/* 


The impedance is then 


Z(0) K + 


(Z - K)e-^^ 
K cosh rZ-r Z sinh 


Naturally this expression gives the same total value for ZfO) as (6~2). 
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Another choice of fundamexntal functions is particukriy suitable in the case when 
the line is energized by a fixed voltage generator * 2 ero internal impedance); here we 
have 


V {:^) ^ Vi sinh / {x) = Ii cosh Fat, — KIi^ 

, sinh r;^ 

'^nh vr 

, cosh Tx 




cosh r/ * 

In this case the voltage at the generator remains unaffected and the effect of the imped- 
ance at the far end of the line is represented by the “ reflected current.” The input 
admittance is 

and the effect of reflection is represented by an induced admittance. In this case 

(F - M) cosh VI 


M-{J) = Mcoth VI, qiiT) = 
y(0) - M + 


Mcosh r/+ Ysinh vr 
{Y - M)e-^^ 


M cosh r/ + F sinh VI 


M. 


7.22. Natural Oscillations in Uniform Transmission Lines 

In equations (0-2) for the distributed series impedance Z and shunt 
admittance Y we have explicitly assumed that the transverse voltage and 
the longitudinal current are harmonic; but throughout the greater part 
of the succeeding sections no use has been made of this assumption and the 
results obtained apply equally well to the general case in which the oscil- 
lation constant p is complex, that is. 


Z^R^pL, Y^G^pC. (22-1) 


In the circuit shown in Fig, 7.25, where Zi and Z 2 are the impedances 
seen from the terminals yd, B to the left and to the right, the current is 


/ = 


V 

Z\ + Z 2 


( 22 - 2 ) 


An exceptional case arises when the oscillation con- 
stant is a root of the following equation 

Zi + Z 2 = 0. (22-3) 



In Chapter 2 these roots have been named natural 
oscillation constants.” When jp is a root of (3), 


Fig. 7.25. Illustrating 
the condition for nat- 
ural oscillations. 
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an electric current may flow in the circuit without a continuous ap- 
plied voltage Fe^\ Such natural oscillations may be started by an impul- 
sive force and they may be calculated by the 
methods outlined in section 2.93 when the roots 
of (3) are known. 

Let us now consider a uniform transmis- 
sion line of length /, short-circuited at both 
ends (Fig. 7.26). Here Zi and are the 

Fig. ^. 26. A section oi a iir.e ^T^^p^dances seen from anv pair of terminals 
short-circiiited at bo:n ends. . . r' 

T, B and m particmarj irom terminals C, D 

at one of the shcrt-cirouited ends. In the latter case Zi = 0 and Zo is 

given by (6-3 ); thus 


tanh Tl = 0, or sinh Tl == O 3 


TJ = ht/, n = 0, =1, ±2, ■ • 

> 

(22-4) 

where 



T = \ (R -^£)(G - pC). 


(22-5) 

From (5) we obtain p 




/i? ^ G\ T" - RG / R Cy 
\ 2 £ ^ 2c)~^\ LC ‘ 2c) ’ 



If i? and G are smallj we have approximately 


P 



V LC 


( 22 - 6 ) 


Substituting from (4), we obtain 



0!yi 


nii 

l\’LC 


mrv 

T 


(22-7) 


where r is the wave velocity in the line. The phase constant and wave- 
length (in the line) corresponding to the natural frequency are 
Xjj = 2 / n. The lowest natural frequency corresponds to a wavelength 
twice as great as the length of the section. The above solution for p is 
based on the assumption that R and G are independent of p while in prac- 
tice they are functions of p. However if R and G are small, their effect 
on p is small and equation ( 6 ) is approximately true if R and G are com- 
puted for p = /wjj. 

From (7) and (S. 11-16) we have an expression for Q 


\o)nL 0)nC/ 
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Substituting for from (T), we express 0 in terms of the characteristic 
impedance and the attenuation constant 





mr T 

led 2a a\n 


( 22 ~ 8 ) 


Exactly the same results are obtained for a line which is open at both 
ends. But if one end is open and the other short-circuited, then the equa- 
tion for the natural oscillation constants is coth Ti == 0, or cosh Tl = 0, 
and its roots are Tnl = i{n + n = 0, ±1, i2, * • *. In this case 
Xn = 41/ (2n +1), and the lowest natural frequency corresponds to a 
wavelength (in the line) four times as great as the length of the section. 

Xlore generally if the line is terminated into an impedance Zi at one end and an 
impedance Zo at the other, the equation for natural oscillation constants is 


Zo cosh TI+ K sinh TI , ^ ^ q (2"»-9) 

K cosh r/ + Z 2 sinh rr K ' ^ ^ 

Frequently this equation can be solved by successive approximations. Suppose for 
example that Zi and Z 2 are pure resistances, small compared with K* Then as a first 
approximation we assume them equal to zero, and, if the line itself is nondissipative, 
we have pVs/ LC = ti'Kt. Then we write = niri +• A , where A is a small 

quantity, substitute in (9), and retain only first order terms in A to obtain 


+ K\ ( -^1 _ ^ 4* R 2 


Thus the effect of small terminal resistances on the natural frequencies is at least 
of the second order; the first order effect consists of damping. 

As another example let us take Zi = 0, Z 2 = + pAo, and assume that the line 

itself is nondissipative. Equation (9) becomes 

(i ?2 + Lip) cosh plVUc + K sinh plVJZ = 0. (22-10) 

Let 

pl^/lx: = la, p = — ; 

a/Zc 


substituting in (10), we have 


—iRi cos u ■ 


KU 

IL 


a cos a + sin a = 0. 


If i ?2 is small, the first approximation is a root of 

tan a L.i 

IL 


( 22 - 11 ) 


(22-12) 
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Le:::ng u ~ u A, substiruring in ,11 , and neglecting powers of A above the first, 
we have 


A = 



X2 CCS' u 

APW) 


iu 


Roots cr ‘12 may be obtained either graphically or numerically. If, however, the 
right-hand side is small compared w'ith unity, then we have approximately 
u = TIT -r 0 ^ where 0 is a small quantity. Hence 6 = — titL^ '7il, as long as n is not 
tTO large, and therefore u = tt’I — IL}]. 


7.23. Condiizonsfcr lynpedance Matching and Natural Oscillations in Terms 
cf the Reflection Coefficie72t 

Let one of the impeaances in Fig. 7.25 be the characteristic impedance 
ot a transmissicn line T:g. 7.27}. We assume that an incident wave is 

originated at infinity and that the reflected 
wave goes back to infinity without further 
reflection. The reflection coefficient (for the 
current for example) is 

Zi — Z2 

If the impedances are equal, g vanishes 

2i - Z 2 = 0, g = 0, (23-2) 

and there is no reflected wave. On the other hand if 


B 

X 

2a 

T 


Fig. ■".2“’. Illusrradng the condi- 
tions for impedance marching 
and for narural osci’dations. 


Zi + Zo = 0, 9 = w, (23-3) 

then a reflected wave may exist without an incident wave. This is the 
condition tor natural oscillations. 

In circuit theory the reflection coefficient is used as a measure of im- 
pedance mism.atch for any pair of impedances (Fig. 7.25). If the imped- 
ances are equal the reflection coefficient is zero and the power is evenly 
distributed between them; if the sum of the impedances is zero, the reflec- 
tion coefficient is infinite and oscillations may exist without a contin- 
uously applied electromotive force. 


. .24. Expansicns in Partial Fractions 

^ The input impeoance and admittance can be expanded in partial fractions in terms 
cr the natural oscillation constants. If the line is slightly dissipative, such expansions 
car. be obtained by computing the energies associated with different oscillation modes 
and using equations f.s.11-18) and (5.11-19). In the present case this is unnecessary- 
‘nnce the impedances have already been calculated and it is easy to obtain the expan- 
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sions directly. For example, for short-circuited and open-circuited lines we use the 
well known expansions 

“ 8x 1 * 2r 

tanh X = £ TT: T ' i-; ■ > coth x = - H- Y. — - .7 - , — ; • (24-1 ) 


n-i «"tr- + X- 


Hence for a line of length /, short-circuited at the output end, we have 
Tl 


Z(0) (2« - 1)V= + iT-l'- 


1 ^ r/ 

, y(0) = + 1;: IZ ~ 


(24-2) 


KTI ‘ 

Since i^P = Z and T/K = Y, we have 

z(0) = z/ (2« - i) 2 s-=-i- 4 r-j« ’ ^zi'^ -t- r-/* ‘ 

These expressions show how the iow frequency impedance Z/ of the line is modified at 
high frequencies. The second equation, in particular, gives the effect as an impedance 
in parallel with the low frequency impedance. 

Substituting T = a + i}3, neglecting ex- in the denominator and a in the numerator 
we have 

Zip) = if E 


‘ nt'i [(In - 1)-t 2 - 4i32/2] + Sia^P ^ 

1 r 1 ^ 2i0I 1 

« =1 - pr-) + • 


(24-4) 


The approximate natural frequencies can be found from the above equations by 


inspection (since jd == coV'^Z.C). Thus if the input terminals are short-circuited, the 

(24^5) 


mr 


natural frequencies are 

and if the input terminals are open, then 

(In — 1)^ 


2iVlC • 

In terms of the natural frequencies and corresponding Q’s, we have 


(24-6) 


Z(P) = - Z 


«» - 4 


2b>C0n 


•, Y(0) = 


1 


{R+io,L)I ^ 


S - m2 


Qn 


COn — W 


Similarly for a line of length /, open at the output end, we obtain 


iCOOJn 

TT 

(24-7) 


2(0) = 


1 


■;4- ■ 


(G -f- iuC)I Cl^ 


2 . 

t-t-, Y(0)=-Z 


c4 — W* -h 


»toco„ 


where Mn and <a„ are given by (S) and (6). 


(24-8) 
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Let i 2 s now consider a section of length 4 short-circuited at both ends> with the 
input terminals at distance .v = u from cne of the ends Fig. 7.2S}. It is particularly 
easy to obtain the expansion for the input admittance Y d) using the method explained 
in section 5.11, The infinities cf Yd] are the narura: frequencies when the Input 
terminals are short-circuited and hence are given by ^-5.. The current in the line (if 

the line is only slightly dissipative) is substantially 
prepertiena! to cos dr.-v, where .v is the distance from 
one cf the ends; hence, for a unit amplitude at the 
input terminals we have 

Fig. 7.28. A section of a line ^ cos 

short-circuited at both ends. IrJx) ~ ^qs d* (24-9) 

For the r.th oscillation mode the energy stored in the line is 

C = |rr = — ^ - 3 , io = iLl- (24-10) 

i-OS 



Substimting in *,5.11-19; and including the term corresponding to (5.11-24) we have 

1 ' 2 ^ icc cos- 3nd 


Y:d) - 


\R-r 


w- + 


iOXx)ri 


(24-11) 


Similarly it is easy to find the expansion for the input impedance in the case shown 

in Fig. 7.29 because, if the terminals are open, the 

natural frequencies are the same as in the preceding 
case. The voltage in the line is proportional to 
sin Sn.x and, adjusting it for a unit amplitude at 
.V = d, have 

sin 





(24-12) 


sin dnd ' 

The energy of a t^-pical oscillation mode is then 

S» = |C ClF^ixWdx^ 

Jq 


Fig. 7.29. A section of a line 
short-circuited at both ends. 


a 


Substituting in (5.11-18), we have 


^ X 

z(d) = ~ Z “ 

Cln^l 


4 sin- l3nd' 
sin- 3nd 


tOiCDn 


(24-13) 


(24-14) 


Qn 


In order to obtain the input impedance in the case shown in Fig, 7.28 we have to 
determine the natural frequencies when the terminals are open and then calculate the 
energies of the corresponding oscillations. In this case the two sections of the line 
are in series and the input impedance is the sum of two expansions similar to the 
expansion for ZiO) in (7). In the case shown in Fig. 7.29 the two sections of the line 
are in parallel and the input admittance is the sum of two expansions similar to the 
expansion for l^'O) in (7). 
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7;25. Multiple Transmission Lines 

Equations (0-1 ) are said to describe a simple transmission line or a line admitting of 
only one transmission mode. In general transmission equations are of the following 
form 

dV ” dT ^ 

rr = ^ s TT - Z YmkVk. (25-1) 

k=-i dx jfc=i 


For example, if two transmission lines run parallel to each other waves in one may 
influence waves in the other, since alternating longitudinal currents in one line induce 
longitudinal voltages in the other, and alternating transverse voltages induce trans- 
verse currents. Thus for a pair of interacting transmission lines we have 


^1 

dx 


— Zii/i — Z12J2J 


dx 


- Yll^l - Yi2^2, 


dV<2, 

dx 


— Z 21/1 — 2^22^2) 


dl2 

dx 


- Y21^1 - Y 22 V 2 . 


(25-2) 


Z 12 is the distributed mutual impedance per unit length and Y 12 is the distributed 
mutual admittance per unit length. 

Equations (1) are linear differential equations with constant coefficients and hence 
possess solutions of exponential form 



Im(x) = 

(25-3) 

Substituting in (1), we obtain 

= E 

(25-i) 


Thus we have In linear homogeneous equations connecting 2« variables J„. 
These equations will possess solutions, not vanishing identically, only if the determi- 
nant of their coefficients is zero. This determinant is an equation of the nth degree in 
r- and its solutions represent the natural propagation constants of the multiple trans- 
mission line. For each value of T we can determine the ratios of Iffi to some one 
variable. Thus there are 27i arbitrary constants at our disposal and these may be de- 
termined to satisfy assigned boundary or initial conditions. The line is said to possess 
n transmission modes. Each transmission mode is characterized by its pair ± Tm of 
propagation constants and by a relative distribution of voltages and currents peculiar 
to it. 

In practical applications the mutual coefficients are frequently very small. Then 
equations (1) may be solved by successive approximations, the first being the solution 
of 72 independent pairs of equations 

^ = - ^ (25-5) 

dx dx 


in which the interaction between the individual transmission lines has been neglected. 
The values of the voltages and currents obtained from (5) are now substituted in all 
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the sir all terms ct I' ; thus we cbrain 

^ --V™ (25-6) 

ax ux 

where the primes indicate the omission in the summation of terms for w^hich k = m. 
These equations are the equations cf simple transmission lines with given distributions 
of applied voltages and currents. Solving these equations we obtain corrections to the 
previous scluricns. The process can be repeated as often as may be necessary; but 
usually the first ccrrecticns are sunicienr. 

In commurdcation engineering the interference between neighboring lines is called 
crosstalk. The interfererxe due to the mutual impedances Zjnk is called the impedance 
crosstalk^ similarly the interference due to the mutual admittances YmJe is called the 
admittance crosstalks 


".26. Iterathe Structures 

If a pair of sections JFig. 7.30^ of uniform transmission lines is repeated an indefinite 
number cf times, an iterative structure is obtained w’hich may have properties radi- 
cally diiterent from the properties of the original lines. Thus if the original lines were 
capable of transmitting all frequencies, the iterative structure might suppress some 
frequency bands. 






1.2 




0 


Fsg 30 A transducer formed by two line Fig. 7.31. A chain of transducers, 
sections in tandem. 


The equations for the present iterative structure may be obtained from the general 
equations of section 5.3 as soon as the constants of the transducer shown in Fig, 7.30 
are calculated. This transducer consists of two transducers in tandem (Fig. 7.31). 
Using single primes for the constants of the first transducer and double primes for 
chc^ of the second, -we have 


Ziili-T Znl == Y 1 , Z21/ + 222-^2 = ^2, 


+ (Z22 + Zii)I + Z12/2 = 0 . 


(26-0) 


Solving the last equation for 7 and substituting in the remaining equations, we obtain 
the constants of the combined transducer 


Zii = Zii — 


^2+zir 


Z12 ~ 


+ ziv 


ryttiytf >7^ f rrf 

Z-12'^21 ^ _ -021^21 


Zs* = Zii - 


( 26 - 1 ) 
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In the case of uniform transmission lines the transfer impedances of the constituent 
transducers are equal and consequently Z 12 — Z 2 :. 

From (1) and from equations of section 7. we obtain the following expressions for 
the transducer shown in Fig. 7.30 

^ + AiAo coth Tih coth To/s 

“ Ki coth Tih + Ki coth T«h ’ 


K2 T" K1K2 coth Fi/l coth V2^2 
Ki ccth Fi/i H" K.2 coth r2/2 


(26-2) 


K 1 K 2 csch Tih csch r 2/2 
Ki coth Fi/i “T Ao coth r 2/2 


By (5,3-7) the propagation constant F per section of the iterative structure is 

K\ + Kl . 


cosh F = 


IK1K2 


■ sinh Fi/i sinh F 2/2 + cosh F 1/1 cosh r 2/2 


= - [cosh (FiA + r 2 / 2 ) - cosh {Tih - Fs/o)], 

P' 


where q is the reflection coeflicient and p the product of the transmission coefficients 

4A1A2 ^ {Ki - K2Y 

(AY+ A 2 )-' 




Let us suppose that the transmission lines are nondissipative; then Fi = io^/vu 
F 2 = and we have 

cosh F = - (cos (^T — cos ojt), 

P 

h ,h h h 

2 1 — ^ . 

t?i Vo Vi V2 


For some values of c*>, cosh F will be in the interval ( 1,-j-l-) 3-nd F will be imaginary; 

for other values F will be either real or complex. Hence the structure will transmit 
some frequencies and suppress the remaining. Pass and stop bands may be deter- 
mined by plotting cosh F as a function of o)T or £i?r. 


7.27. Resonance in Slightly Nonuniform Transmission Lines 

Consider a section of a slightly nonuniform nondissipative transmission 
line of length / and let this section be open at ^ = 0 and short-circuited at 
X = 1. In the first approximation the longest resonant wavelength is 

X = 4/, ! = \. (27-1) 

4 


The first correction may be obtained from the equations of sections 11 and 
12. The current Iq a.t x = 0 and voltage V (J) Vdl) Viit) at a; = / 
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vanish; thus the equation for resonarxe is approximately 

[1 ~ B.r,] CCS 3: - iJ.:) sin 31 - iCiJ) sin 3i = 0. (27-2) 

Assuming that B and C are small co*mpared with unit>q we let 

X = 4/(1 ~ 5), / = “ (1 + o), (27-3) 

where B is small compared with unity. Substituting in (2) and ignoring 
small quantities of the second order, we obtain 

Lf (/) + iC{l) = 0, S = - [C(/) - (27-4) 

-i- TT 

The values of j^(l) and C(l) are computed* from (12-2) 

(I - 7 «') - i X' (I + 

(27-5) 

If the line is short-circuited at at = 0 and open at so that Fq = 0 

and 1(1) = 0 then the first approximation to the principal resonant wave- 
length is (1) and the correction 5 is 

5 = ^U(/) + C(/)]. (27-6) 


In many practical cases the product ZY is constant and (see 12-3) 
. . . 77 ^ .. t Z R 


VZY = VZoFo = 


(27-7) 


Kq is the average characteristic impedance which may be defined by 
A'o = jJ K(x)dx, K(x) - 


Y(x)’ 


(27-8) 


and R is the deviation of the “ nominal ” characteristic impedance K(x) 
from this average impedance R{x) = Kix) - Rq. In this case 0(1) = 0 

and 

»7-9) 

Hence if the line is open at a? = 0 and shorted at at = /^ then 

‘ ■ U 7 * - X T 

* In the integrand of zi (/) we replace X by its first approximation 4/. 
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1 f the line is shorted bx x = Q and open at x = 4 then 



(27-11) 


The integrand in the last terms of the above equations is positive near 
X — 0 and negative near x = L If the capacitance per unit length varies 
more or less uniformly and if it is larger near the open end than near the 
shorted end, then the principal resonant wavelength is somewhat shorter 
than 4/. If the capacitance is larger near the shorted end, then the reso- 
nant wavelength is longer than 4/. 

If the line is shorted at both ends = 0 and a: == /, then the principal 
resonance occurs approximately when X = 2/, / = X/2. It is left to the 
reader to show that the more accurate expressions are 

X = 2/(l+x), / = ^(l-x), (27-12) 

where x = (1AV)[^(/) + C(/)] and 

^(0 - (;^ - ^’of) cos ^ dx, C{I) - I (A + dx. 

(27-13) 

If ZY is constant, then we have 

x = -^Jo [^(^) - -^"oi cos Y J, ~r 


If both ends are open, then the correction term is — x* 

The above approximate expressions give the two principal terms, one 
independent of and the other varying inversely as the average characteristic 
impedaqce. By continuing the process of successive approximations in the 
solution of nonuniform transmission lines more accurate expressions for the 
resonant lengths of such lines can be obtained; but usually the above 
formulae are satisfactory for practical purposes. The method applies also 
when the line is terminated in some reactance at either or both ends, as in 
this case we may start with the prescribed value of F{0)/1(0) and plot the 
ratio as a function of / until we obtain the prescribed value of 

this ratio. 

In the simple cases when the ends of the line are either open or shorted, 
another method of treatment yields the above results and some similar 
approximations. Under these terminal conditions the energy equation 
(3-3) for nondissipative lines becomes 

tcVV^dx^ t UI*dx. 

Jq Uo 


(27-15) 
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rh’S ea’'a.*'c’' reiterates the tact that at resonance the maximum 

electric and mr^netic energies are equal. In the important special case 
in which LC = W- = constant, the transmission equations may be ex- 
pressed m the roLowing rorm 


r = 


■-•CdV 


V = 


i’?L dl 

w dx 


cc dx ’ 

Substituting in (15), we obtain 

ft y" 

J n dx «7o 




dx 


T7 ' 2 


dx 


f 


L' I - dx 


Jo 


(27-10) 


F'^dx 


If now the line is open at .v = 0 and short-circuited at x = /, we assume 
the current and voltage distributions that would exist in a uniform line 

TX Tr 

lix) = / sin ^ , F{x) = F cos — y 
and substitute in (16). Thus we obtain 

16/^ 1 + ^ _ I ~ ^ 

1 -5 " 1 + 1’ 

where 

r TTX r ^ 'ttat 

L cos — dx J ^ 1 


(27-17) 


dx 


5 = 


/ 


, s = 


Ldx 


f 


(27-18) 


Cdx 


The above value of 6 is the same as that given by equation (10). 
If the line is shorted at x = 0 and open at x = /, then 

^ 1 - B ^ 1 

X2 - 1 -u 5 1 _ $ • 

If the line is shorted at both ends, we assume 

/(x) = I cos y , Fix) = F sin -J-, 


(27-19) 


and find 


^ ~ X _ 1 + X 

"H-x“l-x 


(27-20) 
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Mfhere 



For a line open at both ends we have 

““ 1 - x™ 1 + x* 


( 27 - 21 ) 


( 27 - 22 ) 


The above approximations in terms of L and in terms of C are actually 
different approximations except when the deviation of L and C from uni- 
form distribution is smallj which is the condition postulated in deriving 
the formulae. Nevertheless in cases of substantial nonuniformities when 
one formula may fail altogether the other may give surprisingly good re- 
sults. We shall encounter, for example, lines in which C is proportional 
and L inversely proportional to x. The formulae depending on L fail, but 
those depending on C give very accurate results. 



CHAPTER Yin 

Waves, Wave Guides and Resonators — 1 


8.0. Introduction 

If we were to start with a physical situation met in practice, we should be 
faced with a complicated mathematical problem having a complicated 
solution. Frequently after studying the solution numerically we should 
find that it reduces to a simple approximate solution. In practical work 
it is more expedient to make approximations ab initio \ this, however, 
requires experience and gccd physical sense that may develop from it. 
The mathematician's ‘‘ laboratory experiments " consist in looking for 
simple special solutions and studying them; then he can look for physical 
conditions under which such solutions might be realized either exactly or 
approximately. This chapter is devoted to just such experiments, chosen 
either for their value in explaining electromagnetic waves or for their 
practical value in general and in communication engineering in particular. 
A more comprehensive treatment of Maxwell’s equations is reserved for 
Chapter 10. 


8.1. Uniform Plane Waites 

A plane u'ave is a wave whose equiphase surfaces form a family of parallel 
planes. In a uniform plane wave the field intensities are independent of 
the coordinates in each equiphase plane. Choosing the ;cy~plane parallel 
to the equiphase planes and setting d 'dx = d -dy == 0 in the general electro- 
magnetic equations, we have Ez = 0, i/, = 0, and 


dE, 


dz 




dHy 

dz 


— {g ri* io:e)E^; 


( 1 - 1 ) 




dz 


ioifJLHxy 


dHx 

dz 


(g" + io2e)Ey. 


( 1 - 2 ) 


Thus uniform plane waves are transverse electromagnetic. 

The four transverse components in (1) and (2) are divided into two 
independent pairs Ex^ Hy and if*. In the wave associated with each 
pair E and H are mutually perpendicular. The difference in the algebraic 
signs in (!) and (2) is removed by reversing the positive direction of one 
component, Hx for example, and equations (1) become general if the posi- 
tive directions of £, //, and the phase velocity v are related as shown in 
Fig. 8.1. 


2i2 
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Equations (1 ) are seen to be the equations for a transmission line whose 
series inductance is pc, shunt conductance g and shunt capacitance €, all 
taken per unit length. The electric intensity Ex plays the part of the 
transverse electromotive force and the magnetic in- 
tensity that of the transverse magnetomotive force or 
the longitudinal current. The longitudinal current as 
such is not in evidence because our equations refer to a 
typical ‘‘ unit wave tube ” rather than to the complete 
wave, the boundaries of which have been made inac- 
cessible by the assumption of infinite dimensions. We 
can introduce a pair of parallel perfectly conducting 
planes perpendicular to E, without disturbing the 
electrodynamic equilibrium; we can assume that the 
field has been annihilated except in the region between the planes since 
perfect conductors provide a perfect barrier to the flow of energy; and 
finally we may cut out of the planes infinitely long narrow slits (Fig. 


E 





Fig. 8.1. Relative 
directions of £y H, 
a in a uniform 
plane wave. 



Fig. 8.2. A cross-section of two parallel strips with guards to eliminate the edge effect. 


8.2) and separate a pair of parallel infinitely long strips from the rest of 
the plane conductors which, however, are retained as “ guards ” to keep 
the electric and magnetic lines straight- The longitudinal current I in the 
lower strip and the transverse voltage from the lower strip to the upper 
are' then 

I = aHyy^ V = bEx> 

Substituting in (1), we have the following equations for our transmission 
line 

T” ~ — (G + ioiC^V , 
dz d% 

T r r - ^ 

abb 


The characteristic impedance and propagation constant are 

•qh b io 
a a\g -f 


K 


icxj/i 


j g + ict)e 


p == cr == V/a)jLi(^ + fw€). 


* Assuming I positive in the positive ::-direction which is away from the reader 
in Fig, 8.2. 
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If the guard plates are removed^ the electric lines near the edges of our 
parallel strips will bulge out as shown in Fig. 4.1 and the magnetic lines 
will bend round to enclose one conductor or the other. Subsequent analy- 
sis will show that a wave of this modified type may exist at all frequencies 
and that the shape and distribution of the electric and 
magnetic lines are independent of the frequency. For 
such a wave the edge effect is small if b is small com- 
pared to a since the energy is distributed largely be- 
tween the plates. 

If b is small compared to the strips can be bent 
into cylinders to form coaxial conductors with nearly 
equal radii (Fig. 8.3). Electric lines will run along 
radii and magnetic lines will be coaxial circles between 
the conductors. There will be a slight curvature 
effect ” instead of the edge effect. The curvature effect is comparatively 
small; thus if the radii of the conductors are a and b {b > d)^ then by 
the parallel plane formula (using the average circumference for the ap- 
proximate length of the magnetic lines), we have* 

7i{b — a) ^ r20(^ ~ a) 
v{b 4“ iis) b d 



Fig. 83. Costxial 
cylinders of nearly 
equal radii. 


If b — 2a^ this gives iC = 40 ohms; the exact value is 41.6. 

Since the voltages along various parts of a given radius are added while 
the magnetomotive force is the same for all magnetic lines, the character- 
istic impedance of a coaxial pair is the sum of the characteristic impedances 
of coaxial shells into which the space between the conductors might be 
subdivided. Thus li b — a is divided into n equal parts, the exact value 
of K may be expressed in the following form 

K = lim l2Qii-a) + <»+(2»-l)J 

as 77 ■ 


Taking again b = 2a and choosing » = 2, we obtain K = 41,1; this value 
differs from the exact value by about 1 per cent. 

Let us now return to waves in an unlimited medium. With transverse 
dimensions fading out of the picture, we fix our attention on the field 
intensities E and i/, rather than on their integrated values, and define 
the ratio E/H as the wave impedance in the direction of wave propagation. 
A uniform plane wave can be generated by a plane current sheet of uniform 

* Whei a numerical value is ascribed to the intrinsic impedance, free space is usually 
assumed. 
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density. Consider such a sheet in the A^^^-plane and let its density be /x- 
Since the eleCrtric intensity is continuous at the sheet while the magnetic 
intensity is discontinuous, we have 

£x(+0) - £,(--0), H^(+0) - Hy(~^0) - 

The current sheet acts as a shunt generator and sends out plane waves in 
both directions 

Htiz) = 2 > 0 , 

EZiz) = H-iz) = 1/^-, z < 0. 

The complex power (per unit area) contributed to the field by the im- 
pressed forces is 

^ = -hE.mn = hhn- 

If the medium is nondissipative, then the power carried by each wave per 
unit area in an equiphase plane is 

= ^EtizWtiz)]* = hJ.Jt, = -hEZ(z)[H-iz)]* = hLJt- 

The sum is equal to the power contributed to the field. 

The total power carried by a uniform plane wave in an unlimited medium 
is infinite and the wave cannot possibly be started by an ordinary generator. 
The principal reason for considering such waves at all is their simplicity, 
combined with the fact that at great distances from any antenna and in a 
sufficiently limited region the wave is nearly plane. 

If the medium is nondissipative it is possible to send all the energy in one 
direction only. Consider two parallel equal current sheets (1) and (2), 
a quarter wavelength apart, and let the currents be in quadrature. If 
the current in the left-hand sheet (2) is 90 degrees ahead, then the right- 
hand wave generated by it will be in phase with the right-hand wave gener- 
ated by the sheet (1); the two waves will reinforce each other. The left- 
hand wave from (1) will be 180 degrees out-of-phase with the left-hand 
wave from (2); the two waves will destroy each other to the left of the 
plane (2). The electric intensity of the wave produced by the sheet (1) 
will directly oppose the electric intensity of the second sheet and reduce 
the total intensity at that sheet to zero; hence the second sheet contributes 
no power and may be taken to be a perfect conductor. The electric inten- 
sities of the two waves reinforce each other at the sheet (1). Assuming 
that this sheet is in the plane z = 0, we have therefore 

Et(z) = H^iz) = z > 0. 

The power emitted by the sheet is twice that which would be emitted by 
an isolated sheet. 
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Let us look at the situation in another way ^nd assume at the start 
that the plane (2) is a perfect conductor. By (7.6-3) the tmpedance as 
seen irom plane ■ 1 ’• leftwaro :s Z , = r? tanh = /17 tan 3/, where I is the 
distance betw’een the planes. Ii i = X 4^ this impedance is infinite and 
no power will flow to the left of plane ‘Ij. 


^ i ! 


1 

U A. 

j 

XT .. 

\ 

A ^ 

1 


s 

i 


f I 

C2) 0) C3) C4) 



Fig. 8.4. Passing of waves through and redec- 
den from resistance sheets. 


Fig. 8.5. Transmission diagram repre- 
senting the case in Fig. 8.4. 


The wave to the right of sheet (1) can be completely absorbed by a thin 
conducting sheet (3), with surface resistance equal to 77, if the sheet has a 
perfectly conducting sheet (4) a quarter wavelength behind (Fig. 8.4). 


To facilitate the use of the transmission theory of the preceding chapter 
we construct a transmission line diagram (Fig. 8.5) in which the current 
sheet il) is showm as a shunt generator, the resistance sheet (3) as a shunt 
resistance and the perfect conductors (2) and (4) as zero resistances at the 
ends of the line. Without the reflector (4) the impedance of the sheet (3) 
would be in parallel with the intrinsic impedance of the medium behind 
it, the impedance presented to the incoming wave w^ould be only §7?, and 
some of the w’ave w'ould be reflected. It should be noted that the ab- 
sorber (3) will function just as w^ell even if the medium 
betw’een the resistance sheet and the reflector is differ- 
ent from that between the resistance sheet and the 
generator. 

The impedance normal to a plate of thickness / 
(Fig. 8.6) is in general 

O- mN W cosh <7-/ + 1? sinh ixl „ 

■2* (0) = V -TTr~7T-^^7R-wr— 7 . (1-3 ) 



Fig. 8.6, A cross- 
sec don of an in- 
dniie metal plate. 


T} cosh al + Z2 (/) sinh cl ^ 


where Zz(/) is the impedance looking to the right of the plane z = L If 
the latter plane is a perfect conductor, then Zz(/) = 0 and we have 
Z^(0) = tanh cL If z = / is a sheet of infinite impedance, then 

Z^(0) = 17 coth cr/. (1-4) 

As we have already pointed out, in practice an infinite impedance sheet at 
z = / can be provided by placing a zero impedance sheet at z = / + X/4. 
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If the plate is a good conductor its intrinsic impedance t] is very small 
even at very high frequencies. If the medium to the right of 2 ; = / is free 
space, then Zgil) = 377. This impedance is so large compared with 97 
that equation (4) represents an excellent approximation to the impedance 
normal to a plate of high conducti\nty provided / is not too small. If 97 
is much smaller than Zj(/), then, regardless of the thickness of the plate, 
we can ignore the second term in the numerator of ( 3 ) and obtain the follow- 
ing approximation 

Y (0) = L . L ... 

^ i7COth(r/^Z,(/)* 


Thus the input admittance is represented as equivalent to two admittances 
in parallel, the admittance of the plate on the assumption that Za(/) = 00 
and the admittance ¥^(1) itself. 

When / is very small the open-circuit ” impedance (4) for any quasi- 
conductor becomes approximately 

z,(0) - . . .) = i . i. 

This impedance is equal to the free-space impedance if / = 1/377^. A 

provide an open-circuit condition will completely ab- 
sorb a plane wave incident normally to the plate. 

It should be noted however that for very thin films 
the value of g is different from that for the substance 
in bulk. 

The formulae for the reflection of uniform plane 1 Reflection 

waves from a plane interface between two homoge- 
neous media (Fig. 8.7), when the incidence is normal to the interface, fol- 
low immediately from (7.13-3) and (7.13-4); thus we have 



V2 ~~ VI Vl ^ V2 ^ ^V2 

qs = ; J qH = T ; pB == — , PB 

V2 + ^71 + V2 Vl + V2 


2vi 

Vl +V9* 


(1-5) 


At a metal surface the reflection is almost complete, E practically van- 
ishes and ff is doubled; almost pure standing waves are formed with nodal 
planes for E parallel to the metal surface at distances 0, X/2, X, • • • from 
it and nodal planes for 77 at distances X/4, 3X/4, 5X/4, • • % The planes 
of maximum //"coincide with the nodal planes for E and the planes for maxi- 
mum E are the nodal planes for //. 

The shielding effectiveness of metals is great; it can be judged by using 
( 7 . 6 - 10 ) to obtain the ratio of magnetic intensities at the two surfaces of 
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a plate in free space 


Hd) ^ V 

H-0) 7} ccsh al -i- 377 s:nh al 


Even for quite thin plates sinh cl is apprcximately equal to and 

" htj ‘ ^ ivm , 

Hfi) 377^ ’ .7/:0) 377 

where S( b the intrinsic resistance of the plate. As the frequency dimin- 
ishes, T! and €r approach zero and the limiting value of (6) is 1/371 gL 
If these formulae are to be applied to frequencies in the optical range 
one should bear in mind that the electromagnetic constants may vary 
with the frequency. While there is no evidence, for example, that the con- 
ductivity cf seed m.erals varies in the frequency range (0,10^^), there is 
definite evidence that at optical frequencies it is a complicated function 
of the frequency. The conductivity of dielectrics is usually variable even 
at low frequencies. 

If the incident waves come from free space and strike water, then 
= 377 and v ^2 = thus from (5) we obtain 

qE = — 0 . 8 , qH = 0 . 8 ; pE = 0 . 2 , ps = 1 . 8 . 

For waves coming from water the coefficients for E and if are interchanged. 

8.2 Elliptic ally Polarized Plane Waves 

Waves whose electric and magnetic vectors have directions independent 
of time,* as for instance the waves given by (1-1) and (1-2), are called 
linearly polarized.^ 

Let us now consider two linearly polarized progressive waves 


37 — trs-f-iwf 




Ey = - —f 

V 




We choose the origin of time to make Ei real; E 2 denotes the amplitude of 
the second wave and § its initial phase in the plane 2 = 0. The instan- 
taneous electric intensities are the real parts of the above complex quan- 
tities; thus in the plane s = 0 

= El cos cat^ Ey = E2 COS (o>t + t^). 

* Although they change their sense twice during each cycle, 
t We discard the term plane polarized,” frequently used in optics, in favor of 
the term used by radio engineers. 
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Unless d- = 0, TT the vector representing the resultant intensity will rotate. 
Consider tor instance the case t? = — it/ 2 when the fwo component inten- 
sities are in quadrature; then 

£« = El cos o:t, = Eo sin o^L 


At / = 0, the electric vector is along the positive ^r-axis; at / = T/4cy where 


T = \/f IS the period of oscillations, 
t == T/2 the vector is along the neg- 
ative ^c-axis. As the vector rotates, 
its magnitude changes. The locus of 
the end point of the vector is found 
by eliminating / from the above 
equations 

^4-S-, 


the vector is along the j'-axis; at 





/ \ cot \ 


Et ’ j 

- 

1 


This equation represents an ellipse pic. 8.8. EULptic polarization. 

(Fig. 8.8) whose semiaxes are Ei and 

£ 2 - The wave is said to be elliptically polarized', it is circularly polarized 
if El = E 2 . 

If ^ — ^^2, the ellipse of polarisation is exactly the same but the vector 
rotates clockwise instead of counterclockwise. This polarization is said 
to be left-handed as distinct from the 7'ighuhanded polarization in the pre- 
ceding example. If in the right-handed polarization the electric vector is 
represented by the handle of a corkscrew, then as the vector rotates the 
screw advances in the direction of wave propagation. For values of 
other than ±90®, the wave is still elliptically polarized but the axes of the 
ellipse do not coincide with the coordinate axes. 

So far we have considered the electric vector in the plane 2 = 0. For 
2 > 0 the amplitudes of both components of E are multiplied by e^^ and 
the ellipse becomes smaller; the phases of both components are retarded 
by /Sz but this simultaneous retardation does not affect the orientation of 
the ellipse. 

The magnetic vector describes another ellipse. In nondissipative media 
H is evidently perpendicular to E at all times; but in dissipative media 
this is not the case. When = 0 or tt, the E-ellipse and the i^-ellipse 
degenerate into straight lines and the wave becomes linearly polarized. 


8.3. Wave Impedances at a Point 

In an orthogonal system of coordinates the components of the complex 
Poynting vector are 

Pv = - EuH*), 

P„ = iiE^Ht - E,H*). 
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The real part of each component represents the average power p)er unit 
area flowing parallel to the corresponding axis. The following ratios are 
defined as the zraze impeJatices ai a typica. point looking in the directions 

of increasins cccrdinaies 







z- = - 









The wave impedances looking in the directions of decreasing coordinates 
are denned by a similar set of equations 



The 3K-componeat of the Poynting vector becomes 

Pu - -f Zm.Ml) - + ZZ^H^HZ); 

the remaining components are obtained by cyclic permutations of Vy 
The algebraic signs in the definitions of the wave impedances have been so 
chosen that, if the real part of any given impedance is positive, the corre- 
sponding average power flow is in the direction of the impedance. 

We have seen that the impedance concept plays an important part in 
transmission theory, but the general formulae of the preceding chapter 
have been obtained for simple transmission lines having only one imped- 
ance in a given direction. At a junction between two simple transmission 
lines two variables F and I must be continuous and the reflection coeffi- 
cients depend on their ratio. Transmission theory of this type can be 
extended to a transmission line with two transmission modes, when there 
are four variables Ii and ^2 which must satisfy continuity require- 
ments at a junction. The resulting formulae are so complicated that it is 
doubtful if they would actually save labor in solving problems. At any 
rate, until a sufficiently large number of problems involving such two-mode 
transmission lines arises, it is preferable to treat each individual problem by 
itself, particularly since in many practical problems double mode lines can 
be approximated by two nearly independent single mode lines. In con- 
sidering waves in three dimensions the situation is in general vastly more 
complex. For a general wave the wave impedances are point functions 
and no advantage is derived from their introduction; one might just as well 
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deal with the actual field intensities. But let us suppose that two imped- 
ances Zuv and Zfu, for example, associated with a given wave, are inde- 
pendent of the u and c coordinates; then in effect we have a double mode 
transmission line. If at any surface w = Wq the properties of the medium 
are suddenly altered, the four tangential components have to satisfy con- 
tinuity conditions at one point only — the continuity conditions elsewhere 
are automatically satisfied as soon as they are satisfied at this point. The 
amplitudes of the reflected and transmitted waves will depend on the 
associated wave impedances. If, furthermore, the two wave impedances 
in the same direction are equal 






H. 






— Tj — tt > 

Si t> ^ u 


with the corresponding set for the impedances looking in the opposite 
directions, then the transmission theory of the preceding chapter can be 
applied in fiiiL Eu^ ZZ and ZZ form right-handed triplets. 

It is not necessary that all the wave impedances should satisfy these equa- 
tions. If we are concerned with reflection of waves at the surface w = Wq^ 
only Z^ and ZZ need exist and be independent of the u and v coordinates. 
Likewise, we are concerned only with Zt and ZZ when considering reflec- 
tion at the surface u = uq. 


8.4. Reflection of Uniform Plane Waves at Oblique Incidence 

In considering reflection of uniform plane waves falling at an arbitrary 
angle on a plane interface between two homogeneous media (Fig. 8.9) 
it becomes necessary to distinguish 
between two orientations of the field 
vectors: (1) the case In which H is 
parallel to the interface, (2) the case 
in which £ is parallel to the interface. 

The impedances normal to the inter- 
face are different in the two cases.* 

If neither E nor H is parallel to the 
interface, the wave is resolved into 
two waves, one having the first of 
the above properties and the other the second. This resolution is always 
possible since the £-vector for example can be resolved into two compo- 
nents, one parallel to the interface and the other in the plane of incidence^ 
that is in the plane determined by the wave normal and the normal to the 
interface. The second component is along the line of intersection of the 
equiphase plane and the plane of incidence. The component of H associ- 

* For a general orientation the impedance normal to the interface does not exist. . 



Fig. 8.9. Reflection of uniform plane waves 
incident obliquely at a plane boundary; H 
is parallel to the boundary. 
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ated with this component of E is perpendicular to it and to the wave nor- 
mal; therefore this H is parallel to the interface. 

First we shall assume that H is perpendicular to the plane of incidence 
and hence parallel to the boundary betw'een the tw^o media; in Fig. 8.9 
the positive direction cf H is in the positive .v-direction (toward the reader). 
The angle faetw’een the wave normal and the normal to the boundary 
is called the angle cf incidence. In radio engineering its complement 
f T — # is frequentiy used. The equations for the incident wave are 

E = Eoe-^^\ H = Eq = 


where Hq are the held intensities at 0 and s is the distance from 0 along 
the wave normal. In cartesian coordinates we have s — y sin d- — z cos d', 
and 

Hs = E-j = Eq cos E^ = £o sin 

thus the equations for the incident wave may be wTitten in the following 
form 

H, = Ey = Eq cos 

Ez = Eo sin Ty — cr sin t?, r;^ = cr cos (4-1) 


These equations may be interpreted as the equations of propagation 
cf a phase-amplitude pattern^ given by in the negative 2-direction, 

with the propagation constant F,. The impedance in the direction normal 
to the interface is 

Ey Eo cos ?? 

^ 7 , = cos 

Jtix JOLq 


Let the impedance looking into the second medium be Z. If Z is equal to 
^ cos §, the boundary conditions are satisfied by the incident wave and no 
reflection takes place; otherwise a reflected wave originates at the inter- 
face. If Z is constant throughout the interface, the phase amplitude 
pattern of the reflected wave, in a plane parallel to the interface, must 
be the same as that of the incident wave or else the resultant wave cannot 
satisfy the lx)undary conditions over the entire plane. Thus for the re- 
flected wave we have* 


1 

ffr ^ ^ ^ ^ ^ -VyV-T,. 

g + io)€ dz ’ 

dH^ 

g+ dy 


* See equarions (4.12-16) which connect Hx, Ey and E. 
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where the tangential EJ and the normal are 

= - in cos E;: = = (7 sin (4r-2) 


That the propagation constant is the same (except for sign) in the positive 
and negative z-directions follows from equation (4.10-3). The impedance 
looking in the positive z-direction is 


ZI = - 


m 


= rj cos d- — Z1 


hence by (7.13—3) and (7.13-4) the reflection and transmission coefficients 
for the tangential components are 



7] cos — Z 

9e, 


7} cos ^ + Z^ 


2n cos 

pB, 


cos + Z ^ 


Et ^ Z — 7} cos 
Eq cos ^ Z + cos d- ^ 

E^ ^ IZ 
Eq cos Z 7 } cos 


For the normal components we have from (1) and (2) 




El y\ sin ^ , 

= 1 + ^En = PE- 

iSo sin v ri sin vtiQ 


The reflected wave is evidently a uniform plane wave moving in the direc- 
tion making an angle with the 2-axis which is equal to the angle of incidence. 
This angle is called the angle of reflection. 

If the ^y-plane is a perfect conductor, Z = 0 and the magnetic intensity 
is doubled at the plane. The normal component of E is also doubled but 
the tangential component is reduced to zero. Except for its direction 
the total electric vector of the reflected wave is equal to the incident electric 
vector. 

If the medium is nondissipative and if Z is real and less than 77, there 
exists an angle of incidence which the impedances are matched 

Z = cos ??o> 

and there is no reflection. This angle is called the Brewster angle. If 
the absolute value of Z is less than that of 77, we can find an angle d-Q for 
which 

\z\ 

I Z 1 = j 77 j cos or cos ^0 = 


For this angle the absolute values of the impedances are matched, the am- 
plitude of the reflection coefficient is a minimum, and the phase of the re- 
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flection coefficient is =90". This angle is called the “ pseudo Brewster 
angle; however, we do not find it necessary to distinguish between the two 
cases and shall refer to either angle as the Brewster angle. 

If the median: is nondissipative and if the .vy-plane is a perfect conductor, 
the total magnetic intensity is 

i/, = = IHq cos [Bz cos . 

The equiphase planes are ncrnial to the .%w-plane and they travel parallel to 
it with the phase velocity r^- = r sin d. The components oi E are obtained 
either by adding the ir.cidQnz and the reflected components or directly 
from (14*12-16, ; thus 

E, - cos 1 / sin i in cos ^ , 

= 2rH- sin d- cos cos ^ . 

The wave intpedances associated with the total wave are 

ZJ = r] sin i}, Z7 = ““ CCS i? tan (jis cos ^). 

The impedance looking in the c-direction is imaginary and on the average 
there is no flow of power in this direction. 

z 



Fig. 8.10, Oblique incidence, E is parallel to the boundary. 

If the electric vector is parallel to the .vj-plane and the magnetic vector 
is in the plane of incidence (Fig. 8 10)^ then for the incident wave we have 

E, = Hy= - — cos ^ 

V 

r 

Hz — ^ sin Zl = rj sec d-, 

n 

The impedance associated with the reflected wave is also ?? sec Thus 
we obtain the following reflection and transmission coefficients for the 
tangential components of E and H 



Z — Tj sec § 

17 sec — Z 

qs 

2 + ^7 sec i? ’ 

71 sec v + Z 

pE 

22 

2?7 sec t? 

Z + t? sec d- ’ 

pHt = oiT-- 

^7 sec j? + 2 
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For the normal component of H we have qn^ == qsj pHy, = Pe^ It is 
now evident that the reflection coefficient depends on the state of polari- 
zation. The impedance Zz is never greater than q when H is parallel to 
the ^j-plane and it is never smaller than 7? when E is parallel to the xy- 
piane. When the angle of incidence is nearly 90 degrees^ the component 
of E parallel to the Arj’-plane is very small for the polarization in Fig. 8.9 
and hence the impedance is also very small. No matter how small Z may 
be, for angles sufficiently near 90 degrees the impedance associated with 
the incident wave will be much smaller than Z so that the total H and the 
total normal component of E will nearly vanish at the A*y-plane, while for 
most values of d- these quantities are nearly doubled. On the other hand 
for the state of polarization shown in Fig. 8.10, it is the component of H 
which is small when d- is near 90 degrees; the wave impedance is then very 
large. If Z is smaller than 77, then Z is smaller than Zz for all angles of 
incidence; and as the angle of incidence increases, reflection only becomes 
more nearly complete. 

The preceding equations apply either to the special case in which the 
medium below the plane is homogeneous or to the more general case in 
which the medium below consists of homogeneous layers with their 
boundaries parallel to the ;cj^-plane. Let us now consider the special case 
in detail. For the wave below the ^j-plane the propagation constant 
jy in the direction parallel to the>’~axis must be equal to the corresponding 
propagation constant in the upper medium or else the tangential E and H 
cannot possibly be continuous everywhere; thus 

yy ^ Ty ^ cr sin z?. (4-3) 

Since -y* = F* = 0 and since 7^ + Ty + 7^ == where cr is the propaga- 
tion constant characteristic of the lower medium, we have 

yz sin^ (4—4) 

If both media are nondissipative, equation 
(3) may have another interpretation besides 
the obvious one that the velocities along the 
y-axis of the wave above the Ay-plane and of 
that below it are the same. Let us assume 
that the transmitted wave (or the refracted 
wave in the terminology of optics) is a uniform 
plane wave and that the angle of refraction is 
^ (Fig. 8.11); then just as in the case of the 
incident wave we have 

7y = sin 7* = ip cos (4“5) 



Fig. 8.11. Angles of inci- 
dence, reflection, and refrac- 
tion. 
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and equation (3) becomes 
^ sin = i§ sin 


or 


sin § 
sin d- 


£ 


Vue 


(4-6) 


that is, the sines of the angles cf incidexoce and of refraction are propor- 
tional to the characteristic phase velocities of the media. 

When a wave passes from a medium with higher characteristic velocity 
into a medium with lower velocity, the equiphase planes tend to become 



passing from a medium 
high characterisdc velocir>' 
into a medium wi:h low 
velocity. 



Fig. 8.13. Conditions exist- 
ing when the angle of inci- 
dence is equal to the angle of 
total internal reflection. 


more nearly parallel to the interface (Fig. 8.12); in passing the other way, 
they tend to become more nearly perpendicular to the interface- This 
means that if r < c or V/xe > V^, there will exist an angle of incidence t? 
for which the angle of refraction is equal to 90 degrees and the equiphase 
planes in the low’er medium are normal to the interface (Fig. 8.13). This 
critical angle of incidence is called the angle of Mai internal reflection be- 
cause, as we shall presently see, the w^ave is completely reflected. Setting 
J — 90"^ in (6), w’e obtain 


sin ^ == - 



For this angle the propagation constant in the lower medium vanishes 
since in the present nondissipative case we have 


/jS cos cos ^ 



— sin^ 




For ^ 7 ^ is imaginary and the angle of refraction is real; but for 

3^ > I?, 7x becomes real and the eauiphase planes become normal to the 
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interface. The field in the lower medium is then attenuated exponentially 
with the distance from the interface, which indicates that the average flow 
of power across the interface is zero. Since the free space wave velocity is 
higher than the wave velocity in any other dielectric, the phenomenon of 
total internal reflection can always occur at a boundary between free space 
and a dielectric when the incident wave is in the dielectric. In the case 
oi water and free space jS = 9 ^ and 5 = 6 ® 23^ When is sufficiently 
greater than is given approximately by 


7 * = iS sin 


2t sin d- 


X 


yzk “ 2t sin t?. 


For short waves the attenuation becomes substantial. 

We have seen that if the incident wave is uniform, the reflected wave 
is also uniform; on the other hand, the transmitted wave is not necessarily 
uniform even in the special case of nondissipative media. 

The foregoing properties of transmitted weaves are independent of the 
state of polarization. This state has to be specified if the values of the 
transmission and reflection coefficients are sought. Let us start with 
the case in which H is parallel to the boundary. Inasmuch as the wave is 
generally nonuniform we shall write our equations in terms of the propaga- 
tion constants yy and yz and use the “ angle ” of refraction 5 only for the 
sake of attaining formal symmetry in the results. We simply define the 
complex angle 5 by the following equations 

= O' sin 5, = S' cos 5, 

whereas the propagation constants themselves are given by (3) and (4) in 
terms of known quantities. For the transmitted wave we then have 


Hi = Ey = E, = 

g-\- t<a€ ^ + tut 


Hence we have 


; = ri cos S, = -~—2 = j; sin S. 
g + iiae g + ;we 


These expressions are of the same form as for uniform waves except that 4 
is no longer real. We now let Z — and obtain 


17 cos d- — fj cos S 

1 -k 

rj cos d- + 7} cos 5 

1 + k’ 

2ij cos t? 

2 

r) cos ^ cos 5 

1 + k' 

2ri cos ^ 

2k 

V cos ^ ^ cos 5 

1+k’ 


Ss. = iu, 
pBn = PB, 


(4-7) 
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where k is the foilowing impedance ratio 

^ cos 
V, cos 

From (3) have 


c sin ^ = cr sin d, - . ■ 

a sin & 

If both media are nonmagnetic (cr^ more generally, if they have the same 
permeabilities), then 

^ 0 * sin 

7] a sin I? 

Substituting in the above equations, we have 

sin 2?^ — sin 2^ sin (p- — S) cos (e? + _ tan — t?) 

sin 2§ T" sin 2^ cos — d,. sin -r i?) tan ^ 


piT = 


2 s:n 2d 


sin 2d 


sin 2d — sin 2d cos (d — d) sin (d + ^ 


2 sin 2d 


sin 2d 


sin 2d ~r sin 2d cos (d — d) sin (d + d) 

If the E-vsetor is parallel to the interface between the two media, then 
using (4.12-15) we have 

£‘ = El Hi El 

tiXiji tOilJL 


Z 2 — V sec d, ZZ = — = 7j CSC d, 

Jz Jy 

and the impedance ratio becomes 

rj sec d rj cos d 
7} sec d ij cos d 

Expressions (7) for the reflection and transmission coefficients in terms of 
the impedance ratio k are, of course, independent of the state of polariza- 
tion. For nonmagnetic media the above equation becomes k = tan d cot d 
and the coefficients assume the following special form 

^ sin ^ cos d ^ 2 sin d cos d 

sin (d + d) ^ sin (^ + d) ^ sin (d + d) 

The expressions involving the angle of refraction d are convenient if 
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this angle is real; otherwise in actual computations it is best to eliminate 
it with the aid of the defining equation 


COS ^ = 



sin^ 


In the case of wave propagation over a plane ground the absolute value 
of O' is considerably smaller than the absolute value of and the above 
equation becomes approximately 


cos ^ 1 — ^ sin^ 1, 


The accuracy of this approximation may be gauged by expressing the ratio 
of the squares of the propagation constants in the following form 


0 -^ 




z 60 AriX = ArCr ^ 


where Arj are the permeability and the dielectric constant of ground 
relative to free space and Q is the 0 of the ground. For the actual earth 
€r is often greater than 10 and then cos S will not deviate from unity by 
more than 5 per cent and the impedance looking into ground is substan- 
tially 

The intrinsic impedance of the ground is usually smaller than that of 
free space and the ratio of the two impedances is 



It is only if the relative permeability of the ground is higher than the rela- 
tive dielectric constant — an unlikely case — that this impedance ratio 
may be greater than unity. 

When the E-vector is parallel to the ground the ratio of the impedances 
normal to the ground is approximately 

A. 

k COS t?c 

V 


The amplitude of k is substantially less than unity even at normal incidence 
and becomes very small indeed as approaches 90 degrees; hence as the 
angle of incidence increases the amplitude of the E-reflection coefficient 
steadily approaches —1. 

On the other hand if the /f-vector is parallel to the ground, the impedance 
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When § is smali, die amplitude of k is less than unity; but near grazing 
incidence it becomes very large. The amplitude of k is unity when the 
angle of incidence is approximately 

i A r * A % 2 

cos t ?,3 ~ - = 


(60Ar|X)i' 


2 ]-l /4 


This is the Brewster angle; at this angle of incidence the amplitude of the 
reflection coefficient is minimum and the phase is ±90®. At this angle if 
the ground were nondissipative the wave with the AT-vector parallel to the 
reflecting plane would not be reflected at all. For high angle waves 
(d- ^o), k is well inside the unit circle and H as well as the normal com- 
ponent of E may be almost doubled; but for low' angle waves (t? t?o), 

k is w'eil outside the unit circle and these components are nearly annihilated. 
In the latter case the tangential component of E is nearly doubled; but 
this component is small to begin w’ith. Thus near grazing incidence the 
entire field at the ground is nearly annihilated by the reflected wave. 

8.5. Uniform Cylindrical Waves 

A w'ave is cylindrical if its equiphase surfaces form a family of coaatial 
cylinders; it is uniform if the amplitude is the same at all points of a given 
equiphase surface. Choosing the axis of such weaves as the 2-axis, and 
assuming b 'Bip = 0, B Bz = 0 in the general equations, we have Ep = 0, 
Hp = 0, and 

dE. d 

= (^ + (5-1) 

d dHz 

~ {pE^ = —ii^iipHz^ = —(g+ (5-2) 


Thus uniform cylindrical waves are transverse electromagnetic and they 
may be of tw'o t>'pes: (1) waves with the vector parallel to the axis, 
(2) waves with the i/-vector parallel to the axis. 

If eliminated from (1), we obtain 


cPEz dEz 2 ^ ^ 


This is the modified Bessel equation of order zero, with the independent 
variable crp, and it has two independent solutions 

Et{p) = JKoicp), E7(p) = Bloiap). 

By (3.4-8) we have at great distances 


(5-3) 
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this function vanishes at infinity while the second solution becomes ex- 
ponentially infinite. Thus (p) represents an outward bound wave. 
For large values of p it is very similar to a plane wave except that the 
amplitude is steadily decreasing, as indicated by the factor While 

the first solution is infinite at p = 0, the second is finite for all finite values 
of p; hence it is appropriate for source-tree regions for which p < a. 

The iZ-wave functions corresponding to (3) are obtained immediately 
from (1); thus 

^t(p) = H-(p) = ( 5 ^) 

V V 


From (3) and (4) we obtain the radial impedances 




KqM 

Kii<rp)’ 


-^o(gp) 

hi<rp) 


(5-5) 


Fig. 8,14. Two parallel conducting 
planes supporting uniform cylindrical 
waves whose axis is OZ. 


Equations (1) apply either to cylin- 
drical waves in an unlimited medium 
or to waves between two perfectly 
conducting planes perpendicular to 
the E-vector. Let one of these planes 
be 2 = 0 and the other z == k. If 
F is the transverse voltage from the 
lower plane to the upper (Fig. 8.14) at 
a distance p from the cylindrical axis and if I is the total radial current in 
the lower plane, then F = AE;;, I = —2wpH^, The second equation can 
be derived in several ways. Thus the outward radial current /(p) is equal 
to the downward transverse current inside the cylinder of radius p; since 
this transverse current is equal to the magnetomotive force, we have the 
desired equation. Substituting in (1), we have 

^ ^ - (G + io,c)r, 

dp dp 


where the distributed constants per unit length of the “ disc transmission 
line ” are 


~ 2xp’ ^ A ’ k ' 


Since the electric lines are straight lines normal to the two planes, we 
could have obtained G and C directly by considering the conductance and 
the capacitance between annular rings of width dp, one in each plane, and 
dividing the result by dp. The inductance per unit length along a radius 
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could be similarly obtained from, the magnetic dux passing through the 
rectangle JBCD shewn in Fig. 8.15 and letting AB = dp. 

For the wave impedances of the disc transmission line ” w^e have 


K'^ = 


r\p} 


hE , h 

27rpH^ 2r/ 



The complex power carried by a progressive wave traveling outward is then 
The wave E~^ is not progressive; it is strictly station- 
ary when the mediumi is nondissipative. If the medium is homogeneous 
within the cylinder of radius p, the radial current in the planes must vanish 
at p = 0; hence the disc line must behave as electrically open at p = 0 
and the energy will be completely reflected. Some energy will travel 


iO A B p 

Fig. 8.15. Illustrating ele- 
mentary derivation of trans- 
mission equations for uni- 
form cylindrical waves. 

inward only if the medium is dissipative or at least if a dissipative wire 
connects the two pianes along the axis. The wave functions (3), each 
corresponding to a homogeneous region seem to be more suitable for prac- 
tical purposes than other possible sets. If the region is homogeneous and 
source-free only between two cylindrical surfaces p = ^ and p = then 
the field is expressed in terms of both wave functions. The complex power 
fiow^ in the stationary wave is = ^K~ II*. These expressions for the 
complex power represent the total power flow across a cylindrical surface 
between two parallel planes. The radial flow per unit area depends on 
the radial impedances (5); thus 

There is another aspect to and K~. Consider an infinitely long wire 
and let an electric intensity be applied uniformly round the surface of 
the wire (Fig. 8.16). Let 1 be the -current in the wire in response to 
If £~(p) and are respectively the field intensities in the wire and 

outside it, then 

Ei = Er{a) - E^{a). 

The intensity driving the return current, external to the wire, acts of course 



El- 


Fig. 8.16. A section of 
an infinitely long wire. 
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in the direction opposite to the intensity driving the current in the wire. 
Dividing by /, we have 


Ei _ E~(a) ^ ^Er(a) 
I I ' I 


(5-6) 


where Zi and are respectively the internal and the external impedances of 
the wire per unit length; they are equal respectively to lC~fh and h. 

We shall now consider the numerical magnitudes of the impedances under 
various conditions. If the frequency is so low that ] ora l <^ 1,. then we 
take the first two terms of the power series for the /-functions and at p = a 
we have approximately 


27 


(g + io}e)a 




K- = 






If € = 0 or if a?€ can be neglected in comparison with then 

= + i? = — 2 , ^ = 

gva^ Ott 

Thus we have the low frequency resistance and internal inductance of a wire 
of radius a and of length h. If on the other hand ^ == 0, then 

A'- = ^+/coZ., C=~, (5-7) 


and %ve have an expression for the low frequency capacitance of a capacitor 
formed by tw^o parallel circular discs of radius a separated by distance h. 
Inasmuch as these expressions have been obtained on the assumption that 
the electric lines are normal to the metal discs, in practical applications of 
(7) we must assume that h is small compared with a; then the formula 
furnishes an approximate value for the “ internal capacitance ’’ of the two 
discs. The external capacitance between the outer surfaces of the discs 
is more difficult to calculate; but it is, of course, considerably smaller 
than the internal capacitance. 

When \ (ra\ I y the outward looking impedances (in a nondissipative 
medium) become 

Z"; = icofia (log h 0.116) + ‘ ^ 

ZTa X 




TTjk mpk / 

■ + 


log + 0.116 




The external inductance depends on the frequency and becomes infinite at 
/ = 0; but the external impedance vanishes at/ = 0. 
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At high frequencies in good conductors we obtain from the asymptotic 
€ 3 q)ansions of the modified Bessel functions the following expressions 

_ I— = ui 4. ^ 

2y<J ’ 2xa ‘ -igira^ 

Since in this case 17 = £^(1 + /), the high frequency resistances of a wire of 
radius a and of length h and of a metallic conductor extending to infinity 
in the radial direction are respectively 

R 

2xa ' -igTra^ ’ Ira Airga^ ' 


The inductive reactances are equal in magnitude to the first terms in these 
formulae. 

The exact expression for the internal impedance per unit length of a 
conducting wire is 


•Z 7 17/0 (o-a) 

2xa 2xali (jja) 


(^8) 


The phase of a is 45° and, in order to separate the real and imaginary parts, 
the following auxiliary functions are introduced 

/o(aV^) = her a + f bei a. 

The power series for these functions can be readily obtained from the power 
series for the /-functions; thus 

K. _ ^ K.- _ V 

“ “o2*’‘[(2n) If ’ ‘ “ “o2*»+2[(2« + 1) !]* * 

Hence if we let a = rfV aiig in equation ( 8 ) and separate the real and 

imaginary parts, w^e obtain 

^i(f} u heV u — bei u ber^ u] . u^hcr u he/ u + bei u bei^ u] 

2 .( 0 ) “ 2 [(ber' uf + (bei' a)^] * 2 [(ber' a)^ + (bei' a)^] ’ 


where Z, (0) is the d-c resistance of the wire. The ratio of a-c to d-c re- 
sistance is represented by the solid curve in Fig. 8.17; the dotted curve 
represents the ratio of a-c reactance to d-c resistance. 

Let us consider the field external to an electric current filament of radius 
a. For the magnetic intensity at distance p we h?ve 




IKijap) 

27raKi (<ra) 


Itc 


Ki(<rpy 
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The electric intensity is 

E.(p) = -Zt(p)H^{p) = 


rjlKpiap) iuip.1 

lnaKx (<Ta) 2ir 

When <rp is small, then the field is approximately 


Ko(.<Tp). 


H^{p) = ~ , E,(p) = ^ (log crp - 0.116); 

I'irp Ztt 


and in nondissipative media we have 


Ezifi) = — jwp/ — ^ + 0 . 116 ^ 



Fig. 8.17. ** Skin effect ** in cyKndrical wires. The solid curve represents the rado of th^^ 
a-c resistance of the wire to the d-c resistance and the dotted curve the ratio of the a-c 
reactance to the d-c resistance. The parameter u = ay/tayig. 

Thus the magnetic intensity is in phase with I and it varies inversely as 
the distance from the axis of the wire. The electric intensity has a con- 
stant component 180 degrees out of phase with the current and a component 
in quadrature with I which varies logarithmically with the distance. At 
large distances in nondissipative media the amplitudes of both field inten- 
sities vary inversely as the square root of p (see 
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Let us now consider an infinitely long and infinitely thin plane strip 
of width s, carrying a uniformly distributed current /. Assume that the 
strip is in the Art-plane and that its axis coincides with the s-axis. The 
density of the electric current is Jz ^ I Let Ez{>Cjx) be the intensity 
produced by an infinitely thin hlament passing through the point (^^O^O) 
along the line (-a',OjC); then 




Ez(x^ 


The intensity E^ix) due to the current in the entire strip will be 
E,:x) = - / E,ix,x)dx, 

The average value of this intensity over the strip is then 

-Eav = ^ r r dk. (5-10) 

S «/ 2 —s. 2 

Therefore the average external impedance per unit length of the strip is 

Z. = -%•■ = ;J ^2 r ' dx r * Koii^ \x-k\)dk. (5-11) 
J Its J 2 d ^g 2 

It j is small,* then the average value of the double integral is given by 
equation (3.7-8); hence 

z, = ^ ^iog ^ - 0.222^ ix X j ~ 


If now a plane wave strikes a perfectly conducting strip of the above 
dimensions, the approximate current in the strip will be / = Eq/Zq. The 
distant field of this current is then obtained from (9). The electric inten- 
sity, for example, is 


Ezip) 


TT + 2i (log -^- 0.222^ 



where Eq is the intensity of the incident wave. This is the field scattered 
by a narrow perfectly conducting strip. In optics this field is called the 
field diffracted by the strip. It the strip is not perfectly conducting we 
should add its internal impedance to Z, and then compute the induced 
current. 


* Remembering that this means 0s is small compared with unity. 
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8.6 Cylindrical Cavity Resonators 

Consider a perfectly conducting cylindrical box of radius a (Fig. 8.18) 
and assume that the medium inside is nondissipative. An electric disturb- 
ance, once started inside this box, will continue indefinitely since no energy 
can escape through the conducting walls. Thus 
there may exist free oscillations similar to those in 
a simple circuit containing an inductor and a ca- 
pacitor or to those in a transmission line short-cir- 
cuited at both ends. Even in the latter case 
there are infinitely many oscillation modes and Fig. 8.18. A cross-section 
corresponding natural frequencies; the box, hav- ^ cylindrical cavity 

ing three dimensions, may be expected to have resonator, 
a triple infinity of oscillation modes. In this section w^e shall confine 
our attention to the particular oscillation modes in which the £-vector is 
parallel to the axis of the box and is independent of the ^-coordinate. 

In accordance wnth the preceding section we have 

= £/o(/?p), = 

V 



Since Ez must vanish on the boundary p = a^ Pa must be a zero of Jq(x) 
and 


pa 


2Tra 

T~ 


2.40, 5.52, 8.65, 11.79, 


The consecutive values differ approximately by tt. For the mode corre- 
sponding to the lowest natural frequency we have 

2 40 

d=2a ‘ X - 0.764X, X = L3W, 


where X is the wavelength characteristic of the medium. The correspond- 
ing frequency/ is then v/\ = 1/xV^. 

On the axis the electric intensity has the greatest amplitude and the 
magnetic intensity is zero at all times. In general Ez and Htp are in quadra- 
ture. The charge density on the bottom face of the cavity is qs = ^JoiPp)^ 
and the total charge is 

q = lireE f pJoiPp) dp = era^E, 

do P^ 

For the lowest mode this becomes q = 0.433€7r^z^£. On the top face we 
have an equal but opposite charge and there is no charge on the cylinder. 
The charge fluctuates between the top and bottom and the electric 
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current in the cylinder is 

/ = -IrraH^ia) 

For the principal mode fthe lowest) in an empty cavity we have 
/ = —iB.SSaE = —/3.30>uE milliamperes. 

The voltage along the axis is, of course, F = hE. 

The energy content may be calculated by integrating thus 

JV = = 0.135 ^ = 

k OTT 

For a given E the energy" content is proportional to the volume of the 
cavity- Incidentally if we were to use E 2 as the average value of Ez and 
then assume Ez to be uniform, w’e should find the numerical factor 0.125 
instead of 0.135. 

We have seen that the maximum electric intensity is along the 2-axis 
and, for the principal mode, it diminishes steadily and vanishes at p = <3. 
The magnetic intensity vanishes on the axis and then increases; its maxi- 
mum, however, is not at the surface of the cylinder. It is the magneto- 
motive force that reaches a maximum there since the vertical displacement 
current increases steadily with the radius. The maximum occurs at a 
distance pi defined by /iOpi) == 0. The first root of J[ is t.84 and there- 
fore 

jjpi = 1.84, — = — ^ 0.766. 
a 2.40 


. Izaji :Ba:E ^ _ 1.25/X£ 

V V 


If the walls of the cavity are not quite perfectly conducting, the above 
results become first approximations. For good conductors the tangential 
component of E is small but not zero and the E/H ratio is equal to the 
intrinsic impedance ^5 of the metal walls. The principal correction con- 
sists in taking account of the energy absorption by the walls since the 
reactive flow' of eneigy in and out of the walls will constitute a negligible 
part of the total energy of the cavity. The power J^i absorbed by the 
two flat faces of the cavity is 


r H^%pdpdip = 
0 «/o 


[2.407i(2.40)]VSi;^ 

4tAV 


4t 


The power g absorbed by the cylinder can be obtained without integra- 
rion since the current in the cylinder is uniform and the resistance of the 
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cylinder is dik 2-a; thus 


= 


91M^ 

4Tra 


microwatts. 


^ “ # 


The total power loss is then 

^ = ^(l + ^) -^ watts, or = 0.872£R/'^^^ + 2-62 0 mi 

Hence for the Q of the cavity we have 

(t!/^a 1 . 207 ? 

29l(l+0 ^^(l+0 

In dealing with uniform cylindrical waves in nondissipative media 
bounded by two cylinders p = a and p = b, where b > it is more con- 
venient to employ the following w^ave functions 

E7{P) = /o(/?p), Et(p) = NoiM; 

vH^(p) = //iOp), TjHjip) = /A^i(^p). 

The -ST-function which is more suitable for waves traveling to infinity is 
now replaced by the A^-function w’hich represents a stationary wave with a 
singularity at p = 0. The radial impedance looking from p ^ a to p ^ i 
may be obtained from (7,10-8); thus for a perfect conductor at p = b we 
have 

^ . MPa)Nom - No{Pa)Jom 

ji (fi^^Wom - iVi ' 

Thb impedance either vanishes or becomes infinite, according as 

jom „ jom „ MM _ MM 


No(M Nom 


(6-1) 


The first case corresponds to the natural oscilla- 
tions when there is another perfectly conducting 
cylinder at p = ^ (Fig* 8.19) so that we Jiave a tor- 
oidal cavity. The second case corresponds to a 

screen of infinite impedance at p = a; it approxi- g ^ toroidal 
mates a cavity with a small hole through the cen- cavity bounded by two 
ter of each of its flat faces (Fig. 8.20).. cylinders and 

When a and b are large, the roots of the above parallel planes, 

equations are easy to calculate since the disc line becomes nearly uniform 
and in the first approximation b — a ^ X/2 (for the gravest mode, of 
course) in the case of the two conducting cylinders and ^ = X/4 in the 
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case Oi the one perforated cylinder. In this case only the s;nail deviations 
from these values need to be calculated. For this purpose the Bessel 
functions are replaced by their asymptotic expansions 
Approximate formulae for the roots of (1) are avail- 
able in books on Bessel functions. 

When a and i are fairly small which is the case for the 
principal osciiiation mode, it is more expedient to com- 
Fig, 8.20. A per> pute the roots graphically. The ratio is 

**^*^"^^ as a function of at. This graph consists of 

an innrdte number of branches and it cuts the ^c-axis 
when xls SL zero of Jq and goes off to infinity when .v is a zero of Nq. Then 
we pick pairs (xi^xo) corresponding to the same ordinates, and thus obtain 
pairs of values of 3a and which satisfy the equation. Starting with 
= 0 and selecting the smallest corresponding value of we plot the lat- 
ter against 3a. Such a curve makes it possible to compute the dimen- 
sions of the resonator or the resonant w'avelength, as may be seen from 
Fig. 8.21. In this figure 



and the cur%’e is the locus of 



= /o(^Wo(^) “ .Vo(5)/o(^) - 0. 

Similarly the curve in Fig, 8.22 is the locus of 

r( 5 , 2 ) = A\(d)Jo(J) - Md)No{b) = 0 . 

From this curve w^e can obtain data on the approximate resonant frequen- 
cies of the cylindrical cavity shown in Fig. 8.20. Thus the small holes do 
not alfecc appreciably the principal resonant frequency; on the other hand 
a perfectly conducting cylinder, even if quite thin, changes the resonant 
frequency by a substantial percentage. However an infinitely thin wire 
does not affect the resonance conditions. 

The radial impedance Zp{a) is positive imaginary if h is sufficiently 
small. Assuming a capacitance sheet over p = ^ (Fig. 8.23)^ whose radial 
capacitance is Cp, w’e shall have resonance when the sum of the two imped- 
ances vanishes 




This condition may also be expressed as follows 

Ypia) + icoCp = 0, or iYp(a) = coCp. 

Plotting iYp(a) for different values of ^ we obtain the familv of 
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0.1 0.2 0.3 0.4 0.5 O.e 0.7 0-5 0.9 

0 


Fig, 8.21. Curves pertaining to resonance in the cavity shown in Fig. 8.19 when the wails of 
the cavity are of zero impedance. 



0.1 0.2 0.3 0.4 0.5 O.d 0-7 0.6 0-9 10 

Q 


Fig. 8.22. Curves pertaining to resonance in the cavity shown in Fig. 8,19 when the inner 
cylinder is of infinite impedance and the remaining wails are of zero impedance. 
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curves shown in Fig. 8.24 and from these the dimensions of the resonant 
cavity can be determined tor various values or Cp. 

The radial capacitance ot tne sheet may be expressed in terms of the total 
internal capacitance Ci as follows 


C, - 



since the capacitances of unit areas round the cylinder admit more current 
for the same voltage and hence are in parallel while the capacitances of 
unit areas stacked longitudinally along the cylinder 


“! 

I 

i 

1 

J 


I 

I 

! 

L 


Fic. S.23. A cylindrical 
cavity in which the in- 
ner cylinder is a capaci- 
tance sheet and the 
remaining walls are of 
zero impedance. 


are in series. 

After all types of cylindrical weaves have been ex~ 
amdned it will be obvious that, if A < X/2, the cavity 
shown in Fig, 8.23 represents correctly a cylindrical 
cavity with a coaxial plunger (Fig. 8.25). The 
value of Ci is determined by the capacitance be- 
tween the base of the plunger and the base of the 
cavity, including the “ fringing capacitance."* 
The latter may comprise a substantial fraction of 
the total capacitance Ci, 
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8.7. Solenoids and Wedge Transmission Lines 

We shall now turn our attention to the converse type of uniform cylindrical waves 
in which the magnetic lines are parallel to a given axis while the electric lines are 
circular. For this type the transmission equations are 

(5-2); these equations are similar to (5-1) and their 

solution can be obtained by analogy. Thus for the field 

intensities we have 

Htip) = AKo{ap), H7 (p) = 

j ) Fig. 8 . 25 , A cross-secuoa 

Et(p) = E^(p) = -BvIiM, 


and for the racHal irtipedances 

T]Ki(crp) ^ vIi((Tp) 

' Ko(ap)'^ h{<Tp) 



(7-2) 


Comparing these expressions with (5-5), we find that the products of the correspond- 
ing radial impedances for the two types of waves are equal to the square of the intrinsic 
impedance; the radial admittances of the present waves are obtained if we divide 
the impedances of the other t>q>e by q-. 

In nondissipative media, for small values of p — we have approximately 

Zr » = \iuiia, Y\{a) = ^log — + 0.116^ + — . 

For large values of p the outward looking impedance approaches while the inward 
looking impedance fluctuates between — oo and + cc if the medium is nondissipative 
and approaches t] otherwise. 

Consider now a circulating current sheet of density — J per unit length on a 
cylinder of radius a; that is, a “ coil ” with one turn per unit length. The electric 
intensity is continuous across the sheet but the magnetic intensity" increases by an 
amount /; thus 

^7(^) - = /, 

where E is the driving electric intensity. Dividing the second equation by the corre- 
sponding terms of the first, we have 

I = + Yj. 


Thus the internal and external media are in parallel. For small values of is 

very much laiger than T+ and we have substantially E = J. 

For a solenoid wound on a cylinder of radius with closely spaced turns of fine 
wire, n turns per unit length, we have J = nl. If V is the voltage applied to a portion 
of the solenoid of length /, then the voltage E per unit length of the wire is 
V/2wanl\ hence V = iwZJ, L = jxwa^nV. Thus we have the inductance of a solenoid 
of length I when it is a part of an infinitely long solenoid, or when the end effects are 
eliminated by bending the solenoid into a toroidal coil. In the latter case there exists 
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some can’anire effect, of course; but one may expect it to be small if the radius of 
the cross-section of the coil is small compared with the m^ean radius of the toms itself. 

The equations of this section may be used in the solution of problems which have 
no apparent connection with sc’enoids. One such problem is that of the diffraction 
of plane w*aves by a narrow slit in an infinire perfectly conducting plane (Fig. 8.26). 
We shall approach this problem by considering nrst a “ w^edge transmission line ” 
formed by two half planes issuing from the same axis or nearly so (Fig. 8.27). Let F 



Fig. 8.26. A urofcrm plans 
wave incident on a perfectly 
conducting plane with an 
infinitely lo.ng, narrow slit. 



Fig, 8.2~. A cross-section 
of a wedge by a plane 
normal to the axis of the 
wedge. 


be the voltage impressed on this line and let J be the input radial current in the planes 
(per unit length along the axis). If the half planes terminate at distance p = ^, then 
the input voltage is given by F = ’-^aE^(a)y w’here ^ is the wedge angle. Hence 
rhe approximate input admittance per unit length is 

T - ^ Ytia) = y Koim- (7-3) 

In Fig. 8.26 the input admittance of each wedge line, one looking to the left and 
the other to the right is given by the above expression with ^ = tt. The two lines 
are in parallel and the total input admittance is Y ~ (2ici3€/Tr)Ko{iPa), This expres- 
sion becomes more accurate as a becomes smaller. For a finite slit of width s a better 
approximation to the input admittance is obtained by assuming a — \ x — x \ and 
averaging the admittance over the slit just as we have done in the case of a metal 
strip.* Comparing the above expression with (5-11), and using (5-12), we obtain 
the following average value 

2/aj€ / X \ 27r 4/ / X \ 

y = c. + — (log - - 0.222j = ^ + ^(icg - - 0 . 222 ) . 

Consider now^ a uniform plane wave incident on a screen with a narrow slit through 
it and let E be perpendicular to the slit. If there were no slit, the wave would be 
completely reflected and H would be doubled; electric current of density 2H would 
How upward in the plane (Fig. 8.26). With the slit present we should still have com- 
plete refiection except in the region surrounding the slit. The electric current be- 
rween the edges of the slit is reduced to zero and the voltage necessary to reduce the 

*Seeequat*on (5-10). 
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current density 2H to zero is 




0.222'^ 


T + 2 / 


This is the counter-electromotive force produced by charge concentrations on the 
edges of the slit. 

Expressions (1 ) for Ej, H'X to the right of the screen may be found in terms of the 
voltage F applied over half the circumference near p = 0; for in this neighborhood 
== FJttpi, Hence at all distances 

F Kdm . 


Etip) = - 


F ^ xmp) 

Tcpi Kiii^pi) 




iuy 

H+ip) = Yt{p)Et{p) = - — KoH^p). 

'H"7} 


Substituting from (4), we have 

liHKSM 


Htip)^ 




■ 2i ^log ^ - 0.222^ IT + 2i (log ^ - 0.222^ 


^ as p-~> so. 


8.8. fFave Propagation along Coaxial Cylinders 

Consider a pair of perfectly conducting coaxial cylinders. If we apply 
a transverse voltage between these conductors we expect that longitudinal 
currents will be generated. If the voltage is so applied that circular sym- 
metry is preserved, we expect that the resultant field will be independent 
of the coordinate. One such field is described by equations (4.12-8) 
and the other by (4.12-9). The first of these has no radial electric inten- 
sity; hence we need consider only equations (4.12-9). In section 6.11 
we have found that if Ez vanishes on the surfaces of the cylinders but not 
between them, waves will travel along the coaxial pair only if the wave- 
length is comparable to the transverse dimensions. In Chapter 10 we 
shall deal with such waves in detail; but at present we are concerned with 
a type of wave propagation which is possible at low frequencies as well as 
at high frequencies. This leads us to assume that the wave is transverse 
electromagnetic {Ez = 0). Our equations now become 

filT p 

^ = - (^ + /«.)£„ - (.pH^) = 0 . ( 8 - 1 ) 

dz oz op 

The last equation implies that the magnetomotive force round any circle 
coaxial with the cylinders is independent of the distance from the axis. 
This is natural since in the absence of longitudinal displacement currents 
this magnetomotive force must equal the conduction current I(z) in the 
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inner cylinder 

2zpH. = Iiz), (8-2) 

I-TTp 

Sabstituting from (2) in (1), integrating from p — a to p — and intro- 
ducing the transverse voltage ^'^z) along a radius from the inner cylinder 
to the outetj we ha%'e 


^2 




dF 

//- 


= -Z/, 


l02- 
“ a 


ioip b 

2t a 


(8-3) 


Except at very high frequencies it is easier to measure voltages and currents 
than held intensities, and equations (3) are preferable to the original equa- 
tions ^1). 

The propagation constant T and the characteristic impedance K are 

r = <r, A=flog-. 

It a 


Thus the propagation constant is the same as for uniform plane waves and 
the characteristic impedance is modified only by a factor depending on the 
ratio of the radii. If the dielectric between the cylinders is air, then 

b b 

X* == 60 log - = 138 logio - ohms. 
a a 


The foliowdng table gives an idea of the order of magnitude of this imped- 
ance: 


-= 1.5, 2, 2.5, 3, 3.5, 

a 

Js: = 24.3, 41.6, 55.0, 65.9, 75.2, 


4, 5; 5.29. 

83.2, 96.6; 100. 


K increases very slowly with the ratio of the radii and it is impossible to 
obtain really high values in coa.KiaI pairs of practical dimensions; never- 
theless if b is infinitely large, K is also infinitely large and it is impossible 
to set up a wave of the present type on a single wire except with an infinite 
power properly supplied over an entire plane perpendicular to the wire. 
By “ properly supplied ” we mean that " most ” of this power should be 
supplied at large distances from the wire. The electric intensity is 
inversely proportional to p and, while the power carried by the wave pei 
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unit area diminishes as p increases, an infinite amount is carried outside 
any cylinder of finite radius. If, for example, we break an infinitely long 
wire and connect its free ends to an electric generator, we should not expect 
to obtain a plane wave of the type here considered. 

It is evident from (1) that for two progressive waves E\ = 

ETp = and that consequently Ep = 7jl{z)/27rp. In an air-filled 

toaxial pair we have Ep = (60/p) I(z), 

If the conductivity of the coaxial conductors is not infinite Ez does not 
vanish on the boundaries but it is so small that its effect on the magnetic 
field is entirely negligible. Thus, starting with the magnetic field as given 
in the above equations, we have 

EM-Z;(a)£, 

where the radial impedances are determined by the properties of the con- 
ductors. The general picture of wave propagation along imperfectly con- 
ducting cylinders is that most of the energy is carried longitudinally by 
the wave between the cylinders and a very small fraction is diverted into 
the cylinders where it is traveling radially. 

The non vanishing surface voltages Ez{a) and Ez(i) modify the second 
equation of the set (3) which now becomes 

^ + E,(a) - E,{h) = -ZL (8-4) 

The ratio of the voltage on the surface of the wire to the current in it has 
been called the internal impedance of the wire or the surface impedance. 
The latter name, particularly, conveys the idea that imperfectly conducting 
wires provide a surface drag on the wave between them. The surface 
impedances of the conductors per unit length are then 

~ lira ’ 2x^ ’ 


and (4) becomes 

dV 

— — {Zaa + Zhh + Z)I. 
dz 

The propagation constant and the impedance now become 

r = V(Z«. + Zn, + Z)Y, K = + + 

In practice the thickness of the outer cylindrical shell is usually small 
compared with its radius and the radial impedance may be computed from 
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the plane ware formulae; thus ^ coth where / is the thickness 

of the shell and v and c- refer to the metal of the shell. The surface imped- 
ance of the outer shell is therefore 

^bb == 7^ coth af. 

If the frequericy is so high that a-/ is large compared with unity, coth is 
nearly equal to unity and 


where SI = \ -hf g is the intrinsic resistance of the outer cylinder. If 
on the other hand the frequency is very low and ct is small compared with 
unity, then the surface impedance Z^h = = 1/2-^/^ is the d-c 

resistance of the shell. For intermediate frequencies we separate the real 
and imaginary parts of coth and obtain 

_ ^ sinh 2ca -f sin lot _ ^ sinh 2& — sin 2af 

Izb cosh 2^ — cos 2at^ ^ 2Tb cosh 2cd ~ cos 2ca ’ 


where a = \ Tjlfg is the intrinsic attenuation constant of the conductor. 

It is evident that the surface resistance of the shell is a fluctuating func- 
tion of the thickness. Thus, using coth at == coth (at + f&), it can be 
shown that R will have a minimum value when at = t/2, t = 7r/2a. With 
this value of t we have coth at == tanh a/, and consequently 




9i(l + i) 

ItB 



0.929^(1 + /) 

27r^ 


The resistance of this shell is actually lower than that of a thicker shell. 
At one megacycle the optimum thickness for copper is about 0.104 mm. 
The optimum thickness is about 57 per cent greater than the skin depth, 
defined by equation (4.10-13). When the thickness of the shell is twice 
the optimum thickness, then coth U == coth at = coth t = 1.004 and fur- 
ther increase in the thickness has a n^ligible effect on the surface imped- 
ance. 

The surface transfer impedance Zah is defined as the ratio of the intensity 
at the outer surface of the shell to the electric current when the current 
returns internally, or the corresponding ratio for the intensity at the inner 
surface if the current returns externally. Thus if a part of the total 
current I returns externally and the other part 4 internally, then, in accord- 
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ance with our definitionSj we have 

Eg(a) = ZaaJa "h E^ib^ = Z}iaJa + Zj^h^h* 

The transfer impedance is approximately 


Zah Z}^ — 


2irV^ sinh bt 


The transfer impedance is important in computing fields external to the 
coaxial pair. Of course, such fields are very feeble; they are nevertheless 
significant in problems of interference or “ crosstalk '' betw^een telephone 
transmission lines. The transfer impedance determines the series electro- 
motive forces induced in external transmission lines of which the outer 
conductor of the given coaxial pair may form a part. 

If a cylindrical conductor consists of coaxial homogeneous conducting 
layers in electrical contact, the surface self-impedances and the transfer 
impedance may be calculated step-by-step from the surface impedances 
of the separate layers by regarding these layers as transducers in series 
and using equations* (7.26-1). The rule for calculation may be sum- 
marized as follows: Let two conductors, each of which may be composed of 
coaxial layers, fit tightly one inside the other. Any surface self-imped- 
ance of the compound conductor equals the corresponding self-impedance 
of the conductor nearest to the return path diminished by a fraction whose 
numerator is the square of the transfer impedance across this conductor and 
whose denominator is the sum of the surface impedances of the two com- 
ponent conductors if each is regarded as the return path for the other. 
The transfer impedance of the compound conductor is a fraction whose 
numerator is the product of the transfer impedances of the comp>onent 
conductors and whose denominator is the same as that for each self-imped- 
ance. If two coaxial conductors are short circuited at frequent intervals 
the above rule holds even if the conductors do not fit tightly one over the 
other, provided we add to the denominators a third term representing the 
inductive reactance of the space between the conductors. 

At sufficiently high frequencies the surface self-impedances are given by 
the simple expression (5) even for compound conductors; only the intrinsic 
resistances of the layers nearest to the dielectric between the conductors 
need be considered. For most purposes we may ignore the effect of dissi- 
pation on the characteristic impedance. Likewise we may ignore the 
effect of dissipation on the phase constant and the velocity; thus the 

* The difference between the algebraic signs of Z 12 and Zdb is the result of conven- 
tion with respect to the positive directions of Ji and /s in one case and of la and Ih 
in the other; 7i and 1 2 flow in opposite directions through the mutual impedance 
while la and flow in the same direction. 
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propagation constant becomes 

a /I , 1\ , 1 5 

r=a + ;.3, 3 = a-%^e, ^ ^\a j) ' 


The last terin in a is due tc the conductivity of the dielectric. 

A half wavelength section of a coaxial pair may be used as a resonant 
circuit. The best way to short circuit the ends is with plane metal caps 
which completely separate the dielectric between the conductors from exter- 
nal space. Power losses in the caps can be calculated as follows. The 
cap is a coaxial transmission line in w’hich metal takes the place of dielec- 
tric; the characteristic impedance of this line is 


log ----- 



and its real part is the resistance introduced at each end by the “ short- 
circuiting ” caps. The effective resistance of the line itself is (X/4) {9i/2Ta 
ri- Si 2r^), since the sinusoidal distribution of current cuts the powder loss 
in half as compared with uniform distribution. The effective total induc- 
tance is also cut in half 

X jx i l b ttK 

-—log- : — 17 log - , 

4 2t a 4:0} a M 


Thus the Q of the resonant section is 

V ^ 

The assumption that the field is transverse and circularly symmetric 
has led to the determination of a specific field distribution in a typical 
transverse plane; thus the electric intensity is radial and it varies inversely 
as the distance from the axis; the magnetic intensity is circular and it 
also varies inversely as the distance from the axis. In order to generate 
this wave in pure form it is necessary, therefore, to apply a transverse 
voltage with its radial gradient varying inversely as the distance from the 
axis. No assumptions have been made with regard to the frequency, at 
least when the cylindrical conductors are perfect; hence such waves can 
presumably be set up at all frequencies. Imperfect conductivity restricts 
the frequency to some extent but not until we reach the optical fre- 
quency range. The terminal conditions are much more important. Usu- 
ally it is not practicable to apply the transverse voltage in the manner 
specified above; we can control the total voltage much more readily than 
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its distribution. It is in the terminal conditions that the real frequency 
limitation is introduced. Unless the applied voltage varies inversely as 
the distance, other types of waves besides the one we have been considering 
will be set up. These waves are rapidly attenuated at frequencies below a 
certain critical frequency* and then they represent merely an end effect. 
For this reason the present wave may be called the principal or the dominant 
wave. But above the critical frequency these other waves will make them- 
selves felt just as far from the end of the line as the dominant wave and 
the character of transmission changes. 


8.9. Transverse Electromagnetic Plane Waves (TEM-waves) 

For transverse electromagnetic waves == d and the electro- 

magnetic equations are considerably simplified; thus we have 


dx dy ’ av dy dy 


dEy dH^ dHy 

17 ’ ' 


SO that either Eor H or both may be derived from stream fiinctions or from 
scalar potentials. The remaining equations are 


1 dEy ^ _ 1 dE:, 

icojj, dz ^ ^ icoji dz * 

I dH^ ^ 1 dH. 

— ^ ^ — 

^ dz g ZW€ dz 


(9-2) 


While equations (1) impose restrictions on the field distribution in trans- 
verse planes, equations (2) govern the propagation of these transverse 
field patterns in the z-direction. Eliminating Hy from (2) we obtain 


d^E. 




(9-3) 


The other field intensities satisfy the same equation. Thus the propaga- 
tion constant of all transverse electromagnetic waves is equal to the intrinsic 
propagation constant of the medium. 

Consider now a progressive wave moving in the positive 2~direction, 
The constants introduced in integrating equation (3) will not in general be 
independent of x andy; thus we may write 

Eolxy'le-’^ Hy = - = nHy, 

n 

*The critical wavelength is equal approximately to the mean circumference of 
the coaxial pain 
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Hence the wave impedance of all transverse electromagnetic waves is equal to 
the intrinsic impedance of the medium. 

Since any cartesian component of either E or H satisfies the wave equa- 
tion, we have in view of (3) 


a;." a/ 


0 . 


Hence the distribution of electric and magnetic fields in a typical trans- 
verse plane is governed by static field equations. If we imagine a cur- 
rent distribution conforming to a given electrostatic field pattern in two 
dimensions and if we assume that the current density is proportional to E 
and is a harmonic mnction of time, then we shall obtain two waves traveling 
in opposite directions normal to the plane and the relative field distribution 
in all equiphase planes will conform to the assumed pattern. 

The wave equation (4.10-1) imposes a restriction on all exponential 
plane waves. Thus if the propagation constant in the z-direction is 
then the field distribution in a transverse plane must satisfy the following 
equation 


dx" dy^ 


- rf)£x 


Conversely if the field distribution satisfies this equation, the field pattern 
represented by it will be propagated in the z-direction and the propagation 
constant will be F,. If we were to impress over a given plane transverse 
electric forces not satisfying the above partial differential equation for a 
constant value of — F;, then the field distribution over planes parallel 
to the plane of the impressed forces would not conform to the impressed 
field. 

As w^e have already stated, the transverse electric field may be derived 
either from a potential or from a stream function. Choosing the former 
method, we have 


Et —gradf F, 




( 9 -^) 


Substituting in (2), we obtain 




where the stream function ^ is 




Bz 


(^ 5 ) 


(9-6) 
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Except for a coefficient depending on z the stream function has the same 
form as the potential K Substituting from (5) in the last two equations 
of the set (2) and comparing with (4), we obtain 




1 

g + ds 


(9-7) 


This and the preceding equation form the familiar set of transmission 
equations. 

Potential and stream functions are also solutions of the two dimensional 
Laplace's equation and to any solution of this equation there corresponds 
a transverse electromagnetic wave. 


8.10. Transverse Electromagnetic Waves on Parallel Wires 

Equation (6.23-14) represents the stream function of two parallel current 
filaments carrying steady currents. In accordance with the preceding 
section it is also the stream function associated with transverse electro- 
magnetic waves along the wires. Thus substituting from (6.‘23-14) in 
(9-6) and (9-7) we have 


bz 


t Pi T f> 

— log — r. f 

lit p2 lTr\g 


log^ 

P2 


a/ 


/6)6) dZ ^ 


(10-1) 


where pi and P 2 are the distances from the filaments carrying currents I 
and — / respectively. The cylinders u = log P 2 / Pi = constant are equipo- 
tential surfaces* In cartesian coordinates their equation is 

(x — c coth u)^ + csch^ u. (10-2) 


Let two perfectly conducting cylinders be introduced along two of these 
surfaces, u = ui and u = U 2 - We can remove the original filaments 
without disturbing the wave between the cylinders and will be left with 
a transverse electromagnetic wave along a pair of cylinders, either external 
to each other or one inside the other. Equations (1) apply to any line 
parallel to the cylinders- Let Fi and P '2 be the potentials on the cylinders; 
then the difference F = Pi — P 2 will satisfy the transmission equations 
in which 


JEi , V ^ 2t€ 

2r Ui — U2 


G = 


2wg 


Ui — U2 


(10-3) 


Let the distance between the axes of the cylindrical conductors be / and 
let a and b be their radii. Then from (2) we have 

ep — csch^ Ux^ ^ (p csch^ 


P — (P (coth Ui — coth «2)^- 


(10-4) 
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Expanding the last equation and substituting coth“ u = csch^ u + 1, we 
obtain 

F = csdi^ ui + csch^ 2^2 — (1 — coth Ui coth U 2 ) 

= cschr UiT ^ csch" U2-' 2 r csch Ui csch U2 cosh (ki— U2)* 


In substituting the radii a and b from (4) into this equation we should bear 
in mind that u\ and may be either positive or negative while the radii 
are essentially positive; thus we have 

P = lab cosh {ui— 

The upper sign corresponds to the case in which and «2 have opposite 
signs and the cylinders are external to each other (see Fig. 1.6); the lower 
sign corresponds to the case in which «i and have like signs and one 
cylinder is inside the other. 

Thus, depending upon whether the cylinders are external to each other 
or one inside the other, w^e have 

— «2 = cosh r-r — or cosh ‘ — — . 

2^0 Ijab 


Substituting in (3) we obtain £, C, G. 

The foregoing formulae have been obtained on the assumption of per- 
fectly conducting cylinders and if the conductivity is finite the above 
results have to be modified. At very low frequencies, for example, for 
the case of two solid cylindrical wires, the magnetic’ flux penetrates the 
wires and the inductance is 


Z== 



+ 


4t 


This inductance is larger than that given by (3); the capacity on the other 
hand remains the same. Hence the wave velocity on the wires is smaller 
at low frequencies than at high frequencies. Furthermore we should 
include the resistance of the wires in series with the inductance. 

At very high frequencies the flux is largely forced out of the conductors 


and the resistance per unit length is given hy R = 91 J HsHf ds, where 


Hs is the component of H tangential to the wires and the integration is 
taken round both wires. The field H is that produced by a unit current in 
each wire. If the radii of the conductors are changed by an infinitesimal 
amount dn in such a way as to increase the inductance, then the increment 


in the inductance is 8L - fiSnJ* ds. 


Hence we obtain the following 
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simple principle"* 


pL on 


where BL/Bn is the variational derivative of the inductance. 
For two wires external to each other w’e have therefore 

\ da db ) 

Calculating the derivatives, we obtain 


R = 


2r V[/T 

91 


Tra.l 

' Aa^ 

V 

^ ~ P 


(a + ^)2][/2 ~ (a- bf] 
if b a. 


Similarly when one wire is inside a cylindrical shell, then (for b > a) 


hence 


jii \ da db) ’ 

V[(a + 3)2 ~ I^][(b - af ~ / 2 ] 


The high frequency resistance of parallel wires increases as the wires 
approach each other. This phenomenon is called the proximity effect.” 
If a wire is inside a cylindrical shell, the resistance is minimum when they 
are coaxial; in this case the proximity effect is sometimes called the “ eccen- 
tricity effect.” 


8.11. Transverse Bleciromagnetic Spherical Waves (TEM-waves) 

For transverse electromagnetic spherical waves we have Er=^ Hr ^ 0. The 
theory of these waves is similar to the theory of transverse electromagnetic plane 
waves. We have two divergence equations 

^ (sin £,) + ^ = 0, ^ (sin = 0, (11-1) 

* Harold A. Wheeler, ** Formulas for the Skin Effect/’ LR.E. Proc., 30, pp. 412- 
424, Sept. 1942. 
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signifying that either E or H or both can be expressed in terms of stream functions. 
Then we have another pair of equations 

I (sin fl £.) = £ I (sin ^ d 1-2) 

signifying that the field intensities may be expressed in terms of potential functions. 
Ail four equations impose restrictions on the form of the field distribution in equiphase 
stirfaces. Besides these equaticns we have four equations which describe wave 
propagation in the radial direction 

d d 

^11-3) 

a a 

-f faJ€)r£a = ~ ^ (!■ m soi€)rE^ = ~ (rii/g). 


We choose to represent the electric intensity in terms of 
and the magnetic intensit}* in terms of a stream function ^ 

dV 

Et == —grad J", rEj = — — , r sin 6 E^- 
oo 


a potential function 

“a^ ’ 


rsmd He 


M 

d<p ’ 



(11-4) 


If .if is regarded as a radial vector, then iif = curl A. Our choice of auxiliary func- 
tions satisfies the second equation of the set (1) and the first equation of the set (2). 
Substituting from (4) in the remaining equations of these two sets, we find that V 
and A satisfy equation (3.6-14). 

Equations (3) show that r£# and rH^ vary as Ex and Hy in a uniform plane wave; 
rE^ and rHe behave as Ey and i/*. Thus the propagation constant of all transverse 
el^tromagnetic spherical w-aves is equal to the intrinsic propagation constant of the 
medium and the w’ave impedance is equal to the intrinsic impedance. Substituting 
from (4) in (3) and int^ating with respect to B and we have 

BF dA 

— - -iospA, — = -(g+ 


Ccmridcr, for example, a progressive wave traveling outward and let 

A = 

where T{8^) is a solution of (3.6-14); then we have 

dT dT 

r sin 5 ilffl = — Ee = E^ = — (11-5) 

8.12. Transverse Electromagnetic Waves on Coaxial Cones 

If two infinite cones (Fig. 8.28) are insulated at their common apex and 
if an a-c voltage F is maintained hetw’een their apices, waves will be gener- 
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ated with electric lines coinciding with meridians and magnetic lines along 
circles coaxial with the axis. This field is independent of ip and the T- 
function* is given by (3.6“17); thus 



cone and V{f) be the voltage from the inner cone to the outer along a meri- 
dian (or along any path which is contained in a typical equiphase sphere); 
then 


7(r) = 27rr sin iTrPe-^^^; 1(0) = 27rP. 


The voltage is the integral of rEs along a meridian and from (11-5) we find 
Fir) = r,e-'^^[Ti9x) - TiO^)]. (12-3) 


Therefore, 


7(r) = 7(0)^-^% Fir)=>KIir\ 
a:- i log (cot I tan I). 


(12-^) 


That a “ cone transmission line ” should turn out to be a uniform line 
might have been expected. As the distance from the origin increases, 
the length of the electric lines of force increases in proportion to the dis- 
tance but the circumference of the conductors also increases in the same 
proportion; hence the capacity remains constant. 

If $2 — 90°, one cone becomes a plane and 


T: = log cot ^ = 60 log cot ^ 


the numerical coefficient being for free space. When 6i is small, then 
K — 60 log (2/6i), If 02 = ^ the cones become equal and oppositely 
directed (Fig. 8.29); then 

K = - log cot ^ = 120 log cot ” , (12-5) 

. T 2 2 

* The present case can be treated either directly or as a special case of (11-5). 
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where is the cone angle, denned as the angle between the axis and 

the generators cf the cone. For small cone angles, w^e have 


a: - 120 log 7 = 120 log - , (12-6) 

4^ a 

where a is the radius of the cone at some fixed distance / from the apex. 




Fig. 8.29. Coaxial cones of equal angles. Fig. 8.30. A cavity 

resonator bounded by 
two cones and a sphere. 

A resonator is formed by two cones inside a perfectly conducting sphere 
or hemisphere (Fig. 8.30). If the apices of the cones are insulated so that 
the cone line is open at the origin, the first resonance occurs when the 
radius / of the sphere equals a quarter wavelength. Then we have 


F{r) == Fq cos iSr, /(r) = /© sin /Sr, 




Iq sin 0r 
2jr sin $ ’ 


Eg — iriH^y 


Fo - iKIoy 


where Iq is the maximum current occurring 2 Xr — I and Fq is the maximum 
voltage at r = 0. 

The power absorbed by the conductors when they are not perfect may 
be obtained (at high frequencies) by integrating where SI is the 

intrinsic resistance. Thus the power loss fFi in the spherical portion of the 
resonator and the loss in the two cones are 

fFi = — log ^cot 2 ’ 2 / ^ ^ 

^ = 1(C + log X -- Ci w) = 0.824. 

Since the energy stored in the resonator is 

1 t2 
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we have the following expression for Q 

1 ( h e2\ 

30x» 2 2 j 


e- 


log 


(^cot-tan-j 


+ p(csc 6i + CSC $2) 


For two equal and oppositely directed cones = x — ^2 “ ^ and 


!2 = 


30^ 

31 , ^ 

log cot - + jp CSC ^ 


This Q is maximum when ^ = 33® .5 and then 

132 


Q = 


31 


For a cone of angle 9i — if/ inside a hemisphere, 02 = 90° and 


Q 


30^ *°«“'2 

3L . ^ , /I I /A 

log cot - + _p(l + CSC if/) 


The Q is maximum when if/ = 24®.l and then 

104 


Q- 


0L ' 


The input impedance at resonance is 

VV* 


Hence we obtain 

imv 




+ T^i') lij^x + 1^2) 


Zi^ 


a 




l^log 


log ( cot ^ tan 


1)1 

+ p(csc 61 + CSC ^2) 


cot -r tan 
2 


For two equal and oppositely directed cones we have 

, 14400 , 


£31 


log cot - 4- p CSC 
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This impedance is maximum when ^ = 9® .2 and then 



3.74 X 10^ 

a 


ohms. 


For a cone in a hemispherical ca\'ity w’e have 

7m. 




Si ^ 

log cot - T- p(l + CSC 


This is maximum when ^ = 7®.5 and then 

1.70 X 10^ 




Si 


ohms. 


When conical conductors such as those shown in Fig. 8.29 are terminated 
at some distance / from the apex, the transmission problem is complicated 
by a sudden change in the physical character of the transmitting medium. 
Transverse electromagnetic waves require longitudinal conductors and 
when these are absent such waves are no longer possible. Thus the dis- 
continuity at the “ boundary sphere r = / is more than just a discon- 
tinuity in the characteristic impedance of the radial transmission line; the 
set of transmission modes for r > / is different from the set for r < I. The 
theory of -wave transmission on such terminated cones and on wires of 
other shapes will be considered in Chapter 11. 


8.13. Transverse Electromagnetic Waves on a Cylindrical Wire 
The theory of cone transmission lines can be extended to cylindrical 
wires (Fig. 8.31) of sufhciently small radius a since such wires will support 
nearly spherical weaves. In this case the inductance and capacitance vary 


B A 

Fig. 8.31. A cylindrical wire energized between points A and .2. 

with the distance r from the origin and by (12-6) may be expressed approxi- 
mately as follows 



a 


(13-1) 


When L and C are varying slowly with r, we have approximately 

^^W=^ = -log- = 1201og-. 
y L TT a a 


(13-2) 
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Since Z(r)Y(r) is constant, we can use (7.12-5) for obtaining the functions 
invoh’ed in the second approximation to the voltage and current in the 
present transmission line; thus 


Kq = j f K(r) dr = 120 log 120, 

A(y) f [K(r) — ivo] cos 23rdr, 

Kod Q 

Bir) = r [Ko - K(r)] sin 2^rdr. 

Aq t/o 


(13-3) 


For further convenience w^e introduce the following functions 
M(r) = KoBir), N(r) = iKoA(r). 

Then we have 

J f*23r 

f sin X log dx 
0 

= 60 (1 — cos 2j5r) ^log - — + 60 (log 20r — Ci 2/?r + C), 

/»2i3r 

iVCr) = 60(Iog 2^1 — 1) sin 2(3r — 60 I cos x log .r dx 

Jo 

= 60 ^log sin 2/3r + 60 Si 23r; 

M{1) = 60(log 2/9/ - Ci 2^/ + C - 1 + cos 2/9/), 

N{1) = 60 (Si 2^/ - sin 2fil). 

The voltage-current equations become 

V{r) = 1^(0) jcos /8r + cos /9r — sin j8r j 
L 2Lo ^0 J 


— iKoI (0) l^sin /9r — 
/(r) = - 1 1 sin /9r - 


M(r) . „ /V(r) 

-T r ~ sm /Sr r;:- cos /Sr 

A-o -^0 


(13-4) 


. M{r) . „ , N{r) ^ 

sm /Sr H — 77 ^ sin /Sr H — — cos fir 

A-O Ao 


+I (0) I cos /Sr — — cos jSr 4 — — 

L -^0 -Ac 


sin /Sr . 

0 


We shall now calculate the approximate input impedance of an infinitely 
|r>ng wire. Taking / = X/2 we obtain from (2) the impedance looking 
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outwari from r - thus Z :x 2) - /c(\ 2) - 120 log X/o. Oo the other 

hand from (4) we obtain approximately 

Z(0) ^ ® 120 log I - 2A/0 - 2/.V0 


120 ^log — 1- Ci 2 t — C i Si lirj 

For a spherical or a hemispherical resonator with a cylinder running 
from the center to the periphery (Fig. 8.32) we can 
find the resonant length by setting 1(0) and ^(l) 
/ \ equal to zero. Thus at resonance we have 

!= ^ cos^/ + ^coe,s;-^sm|S; 0. 


Fio. 8,32. A hcira- ^0 

spherical cavit>' ^wth 
a conducting cylinder 
inside. 

From this we obtain approximately 
T 1-85 

“ 9 “ 

21og^-0J52 


cot = 


Ko M{1) 


2 log A -0.352 

2a 


In practice there is usually some capacitance Co at the center and the 
resonance conditions become 

"’"’x ^ — ipvCoy 


m 0. 7?^ = 


where c is the characteristic velocity. Substituting these values in (4) 
we obtain equations from which //X can be determined. 

8.14. Waves on Inclined Wires /l7\ ^ 

The results of the preceding sections can be general- ^ \ 

ized to cover the case of wires diverging from a com- \ / / 

mon point and making an angle less than 180 degrees \ \ / / 

with each other. We start with two diveiging conical \\ // 

conductors (Fig. 8.33). Using (12-1) and (3.^15), 3^1 .p 

we construct the following stream function for two in- 
finitely thin wires aloi^ arbitrary radii d = ei,<p = <pi Fio. 8.33. diverging 

and $ ^ ^ 

^ cot ^ cot cot ^ cot 

= — lc«7- „ ^ T\- 


e cot 


aV cot - - cot -r )( cot 
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The only singularities of this function occur at points for which either the numerator 
or the denominator vanishes; that is, along the above mentioned radii. The coeffi- 
cient can be verified by obtaining the magnetic intensity and integrating it round an 
infinitely small circle surrounding either of the singular lines. The stream ftmcdon A 
may be expressed in a form free of complex quantities 


A^ 


J d Bi 9i 

j. cot^ 2 ” ^ 2 *2 ~ *2 

— log— 

cot- ;r — 2 cot - cot — cos {tp — ^ 2 ) + cot® y 


It is now easy to determine the characteristic impedance of two diverging conical 
wires whose cone angles and ^2 are small compared with the angle ^ between the 
axes of the cones. The restriction is imposed to assure that the proximity effect is 
small.* The impedance is 



2 ^ 


il ^(>-) 

•\/ai(r)fl 2 (r) * 


(14-1) 


where dix) is the distance between the points on the axes of the conical wires which 
are at distance r from point O (Fig. 8.34) and ^i(r) and a 2 ir) are the radii of the cones 
at these points. Only the distance between the elements of the wires and the radii 
of the wires occur in this expression which may, therefore, be 
taken as the “ nominal ” characteristic impedance (that is v L/C) 
of wires of other than conical shapes. 

In the case of cylindrical wires of radius a we have 

O 

7»^^2 ij/2/ r?\ 

= — log , Ko = -{log 1 +logsin— ), 

TT ° a x\ 2/ 

Fig. 8.34. Two di- 

where Xo is the average characteristic impedance of a section of verging wires, 
length /. 

Two parallel wires of radius with interaxial separation s fairly laige compared 
with carrying currents in the same direction, are approximately equivalent to a 
single wire of radius in so far as the inductance and capacitance are concerned. 
This approximate equivalence applies also to a pair of diverging wires. If two such 
pairs are used &r a transmission line of the type shown in Eig. 8.35, the nominal char- 
acteristic impedance is made more nearly constant. 

Consider now a wire of radius a bent into a circle of radius 3 (Rg. 8.36). If 17 is 
replaced by fi in ( 1 ), we have a formula for the inductance per unit length. Int^rat- 
ing over the circle, we obtain an approximate value for the inductance of a circular 
turn of wire when the length of the circumference is small so that we have to deal with 

* The prosdmity effect can be included without too much added labor. 
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a short transmission line. Thus we have 

2^ 


= — ^ — -r sin dp - fd log ^ , (14-2) 

If the length cf the circumference is large, then we should treat the wire as a nonuni- 
form transmission line in order to obtain its input reactance. In this case, however, 
further corrections should be introduced on account of radiation and the problem 
belongs to antenna thecr>’. 





Fig. 8.35. Two pairs of diverging wires. 

8.15. Circular Magfietk Waves Inside a Hollow Metal Sphere 

A wave is called circular magnetic if the magnetic lines are circles. Waves 
generated by an electric current element or by currents in a straight wire 
are circular rr^gnetic. In this section we shall consider such waves inside 
a hollow metS sphere, assuming that they are generated by an antenna 
\ along a diameter (Fig. 8.37). Let the length 2/ of 
the antenna be small; then the current distribution is 
nearly linear and equations (6.2-11) represent the 
free-space field generated by this antenna. In these 
equations I is to be interpreted as the input current 
at the center of the antenna.* 

The metal sphere at r = « gives rise to reflection. 
The reflected w^ave depends on 6 in the same way as 
Fig. 837 . A spherical the incident wave. If we assume that the reflected 
cavit>' with a doublet wave is of Stationary type without singularities at 
antennaalongitsaxis. origin, there will be no need to consider multiple 
reflections from the center; the field of this wave may be obtained from 
the following vector potential: = sin ffr/r. Thus 

cos fir sin fir\ . ^ 

( 15 - 1 ) 



£7 


Et 




(- 


sin fir + ■ 


s in fir 
fir 


^ tt— /sin fir « \ « 

cos firj cos d, cos firj sin dy 


* The present antenna of length 2/ is equivalent to a uniform electric current ele- 
ment of moment //. 
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where the constant P is determined by the boundary condition at the sur* 
face ot the sphere. If the latter is a perfect conductor^ then the total Eg 
should vanish at r = ^ and therefore 


P = 


{fa- - 1) - iSa 


(fa^ 1 ) sin cos 0a 


On the axis of the antenna near its center, we have 


^(r) 


t?3“P 

3x 


(1 - O.idV). 


(15-2) 


Hence the mutual impedance betw^een the antenna and the sphere is approx- 
imately 

Er(0)l vS"iP 


Adding this mutual impedance to the self-impedance of the antenna, we 
obtain the total input impedance of the antenna inside a perfectly con- 
ducting metal sphere. The input impedance must be a pure reactance 
since under the assumed conditions no power is either dissipated or radiated. 
The radiation resistance of the antenna in free space must be canceled by 
an equal but negative resistance component of Zjf. Separating the real 
and the imaginary parts of P, we obtain 

p - 1 .-rr ~ 1) cos - 0a sin 0a ^ 

(fa^ — 1) sin 0a + 0a cos 0a ^ 

Hence the real component of Zjy is Rm == (’7/67r)jS^P, as we have 

already anticipated. 

The self-reactance AT© of the antenna is largely capacitive and it may be 
obtained from (13-3); thus* 



where b is the radius of the antenna. Hence the total input impedance of 
the antenna is 

iitj0^I^0a sin 0a - (0^a^ — 1) cos 8a irf / 12 \ n. 

"" 6^ 0a cos 0a + -- 1) sin tt^/ 3 V ‘ ^ ^ 

This input impedance becomes infinite when 

tan 0a = ry-o or cot 0a = 0a. (15-4) 

1 - ^ V 0a 

* The distributed impedance and admittance per unit length of the line are 
iooL = i0K and ict>C == i0jK. 
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This equation determines the frequencies for resonance and also for natural 
oscillations inside a hollow metal sphere; at these frequencies a field of 
type (1) can exist w’ithout a continuous impressed force. The smallest 
root of (4) and the corresponding natural wavelength are 

- 2J44, X - 2.290^. (15-5) 


The larger roots of (4) are nearly equal to and hence are approximately 
given by 


0a == nw 


TITT 

n V -1 


X 


n 


— 1 


(15-6) 


The Q of the spherical cavity might be calculated by the method we 
have used so often in preceding sections. However, there exists another 
method which we shall now illustrate. If there is no antenna in the cavity 
the field must be of the form (1). At the surface of the sphere the sum 
of the inw’ard looking radial impedance and the surface impedance of the 
sphere must vanish; thus Zj(a)+rj = 0y where the surface imped- 
ance of the sphere has been assumed equal to the intrinsic impedance 
^ == Si(l + f). In view of (1) this condition becomes 

QV - 1) sin 0a + 0a cos 0a ^ 

0a {sin 0a — 0a cos 0a) tj ' 

When 17 == 0, the principal solution of this equation is given by (5) and in 
general by (6). Since is very small, an excellent approximation to 
any solution of (7) can be obtained by assuming 


0a^k+ (15-8) 

where k is the corresponding solution of (4) and A is a small quantity. 
Retaining only the first powers of A, we reduce (7) to 

AiV'(^) 

Dik) - 17 ^ 

where N^{k) is the derivative of the numerator and D{k) is the denomi- 
nator; thus 

ivDik) _ 9lD{k) .9iD(k) 

vJV'(k) nN'{k) %N\k)^ 

The natural frequency is no longer real and it is better to introduce the 
natural oscillation constant p — icain (8); thus we have 


ik “f* /A 
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On the other hand the oscillation constant ma}’' be expressed in terms of Q 
and the new real natural frequency w 

| + ,„_ -^ + , +i). 

From the above equations we obser\"e that the natural frequency is slightly 
afiected by the imperfect conductivity of the sphere. For Q we obtain 

1 _ hN'{k) 

20 kriN\k)^ 29lD(k)^ 

Since N\k) k sm k + cos ky we have in view of (4) 

N\k) sin ^ ^ cos k 2 — P i/ A ^ 

D(k) sink- kcosk^ ~¥' ’ ^ V 

For the principal resonance we have 

Q = 1.0076 ^ ^ > and in air Q = ^. 


At resonance the electric intensity is maximum at the center of the sphere. 
The voltage along the diameter can be expressed in terms of this intensity 
Eq; thus 




For the principal resonance we have ^ = 0.686-Eo^* At the boundary 
of the sphere the field intensities are 

r f ^ A n 

Er\a) = I — ^ cos k j cos Sy 

.1.5Eo/sin k A . ^ 

H^{a) = / — — cos kj sin 6. 


For the principal resonance we obtain Er{d) = 0.423Eo <^os 6, 

Returning to the impedance function (3), we shall now calculate its 
zeros. Since the second term (the self-impedance of the antenna) is rather 
large and the mutual impedance is rather small except near resonant points 
of the spherical resonator, Z should vanish at frequencies not very different 
fix)m resonant frequencies of the sphere. The equation which we have 
to solve is 

(pa)^\0a sin 0a — — 1) cosffg] ^ _ A 

0a cos 0a + -- 1) sin 0a V/ \ ^ / 
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Writing i + ^5 where ^ is a solution of (4), substituting in the above 
equation, and retaining only the first powers of 5, we obtain 

k(k^ - k- - DP 



This approximation is not good when k becomes so large that 8 is no longer 
small. The large zeros of Z would seem to be nearer to the zeros of the 
numerator than to those of the denominator. The smallest zero of Z is 
somewhat smaller than the smallest infinity (except for that at the origin). 
This was to be expected because the zeros and infinities of a reactance 
function separate each other. The fractional deviation of the first zero 
from the nearest infinity is 0 It I = 0.1a and b = 0 . 1 /, the fractional 
deviation is 0.0007576 or 0.076 per cent. 


8.16. Circular Ekctric Waves Inside a HcII&w Sphere 

Circular electric tcaves are waves with circular electric lines of force. Such waves 
can be generated by a uniform circular current filament. The 
current distribution in a small electric current loop is 
appro^dmately uniform even if the loop is energized at 
one point only; thus small loops can be used to gen- 
erate circular electric ivaves. In free space the field of 
a loop of area S carr\’ing current I is given by equa- 
tions (6.17-5). 

Consider now a loop concentric with a sphere of radius a 
(Fig. 8.38). If we choose the plane of the loop as the equa- 
torial plane of our system of coordinates, the field reflected 
from the sphere can be obtained from the following electric 
vector potential: Fz = sin /Sr/r. Thus we have 

5 Br sin jSA 



Fig, 8.3s, A spheri- 
cal cavity with a 
loop inside it. 






sin fir + 


^ sin 6. 


H7 


P / sin fir 
fir 


cos fir 


\ /I ^ sin j(SA . 

y cos d, 


(16-1) 


If the sphere is a perfect conductor, then the total tangential electric intensity van- 
ishes at the surface and 

P = h^SIe-^ - 

fia cos fia — sin fia 

1 « or sin fia + cos fia 

= ^ + iivPsi. 

fia cos fia — sin fia 
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Near the center the electric intensity in the plane of the loop is 


^7(r) - 


6r 


i3VP(i — O.liSV). 


Hence the rnumal in:pedance between the loop and the sphere is 


= 


/ “ 3 / 


where b is the radius of the loop. The resistance component of Zm is the negative 
ot the radiation resistance of the loop. Thus the input impedance of the loop is a 
pure reactance 


Z = 


^ ^4^2 + COS ffg 

6'jr cos — sin 


+ i-q^h log - , 


(16-2) 


w'here the second term represents the reactance of the loop in free space (r is the radius 
of the wdre). 

The input impedance becomes infinite when 


tan 9 ^ 0. (16-3) 

When the frequency is zero, Z is zero and not infinite; hence the exception. The 
low'est root of this equation is ~ 4.493 • • and % == 1.398^25 a ~ 0.7 ISX.. The 

first zero of the input impedance is at/ = 0, The remaining zeros are obtained from 
the following equation 


sin + cos ^d) 
0a cos 0a — sin 0a 



( 16 ^) 


For small loops the right side of the equation is large and the zeros of Z are near its 
infinities. It is not surprising that the zeros and infinities of Z should be close to 
each other; the former are the natural frequencies of the spherical cavity with a small 
perfectly conducting ring at the center w'hile the latter are the natural frequencies 
ot the cavity when the ring is open. If the ring is small it should make little difference 
whether it is open or shorted. 

We leave it to the reader to show that the approximate solution of (4) is 


0a = k 


1 + 


x(F-f 

b 

6a^ log ” 


where is a solution of (3). It is also left to the reader to show that the equation for 
natural oscillations inside an imperfectly conducting sphere and the Q of the cavity 
are 

0a (0a cos 0a — sin 0a) iq kq 

(0^a^ — 1) sin 0a + 0a cos 0a q * 

8.17. Two-Dimensional Fields 

In this section we shall obtain basic wave functions independent of the s-coordinate. 
Such functions are solutions of (4.12-6) and (4.12-7). The first set represents trans- 
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verse electric cylindrical waves with the ^-vector parallel and the //-vector normal to 
the axis of the 'waves; the second set represents transverse magnetic cylindrical waves 
with the //-vector parallel and the £-vecior normal to the axis. Instead of solving 

the equations directly, we may obtain the complete 
set of wave functions from the wave functions con- 
sidered in sections 5 and 7. 

Let us start with a uniform infinitely thin electric 
current filament parallel to the t^axis and passing 
through the point ^(po,9o) (Fig. 8.39). The field of 
this filament is 

£,(p) = -^^o(ffp), (17-1) 

It 2t 

where p is the distance from the filament. Let this 
field be referred to the coordinate system whose origin 
kdon of Bessel functions Evidentiv Ez is a periodic function of cp and 

trom one ongin zo anotiier. , , , , , , ‘ . -o • 

we should be able to represent it as a hourier senes 

in (p. Indeed, in the theory* of Bessel functions the following expansions have been 
established 



Kq{<tP) = K‘o(crpc)/o(i?’p) ri- 2 Z Kn(<rpQ)Tn(crp) cos n{<p -- po), p < po, 

n = 1 


Joicrpo)Ksi{crp) + 22 In{<rpa)Kn(pp) cos n(<p - ipo), p > po- 
» =1 


( 17 - 2 ) 


Each term of the first expansion represents a cylindrical wave of the stationary t3rpe 
and the second expansion is composed of progressive waves traveling outward. The 
magneric intensitj- in terms of the new coordinates may be obtained from 

1 8Et 1 dE. 

‘ ” ( 17 - 3 ) 


Thus let 


where 


-T— /f =- 

^ tcapp a<p tcap op 


E,(po^) = 2 Ena>s»i<p — <po), 

n =0 


( 17 - 4 ) 


£o = - ^/o(<tpo)li:o(<rpo), £» = - — Ucrpo)K^(apo), » 0; (17-5) 

2t ^ 

then the ce^nplcte expressions for the electric intensity become 

£.(p^) = H V "/"I COS n{<p — «>o), p < Po, 

n=0 ^i^ip-po) 


^ r. Kn(frp) 

■■ 2 -£^.7^7 ^ COS n{<p - i#>o), P > Po. 

n=0 AnM^'PO/ 


( 17 - 6 ) 
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From (3) and (6) we now obtain the radial component of the magnetic intensity 


■«p(p,p) =-2^nEn ■ sin n{(p - po), P < Po, 

57r.=l “tP-Zn-ffPol 

1 * Kn{(Tp) 

= - S Sin n{tp - <po), P > Po; 


(17-7) 


and the circular component 

1 ^ r- 

■fif ?(Pt¥’) =- 2^ En Y~f T “S n{<p- <pa)y P <po, 

^n=0 ^n{(^P0) 

1 * _ ii:;(<rp) . . ^ 

^ V (Z Z Z. ( p > Po. 

^n=0 -^TiV^Po; 

where the prime indicates differentiation with respect to crp. 

The radial impedances for the cylindrical waves of order n are 


(17-8) 


2p^(p) - ri , Zp.„(p) - V . 


(17-9) 


When <rp and crpo are small, as is the case in nondissipative media at short distances 
from the source then from (3.4-7) w'e obtain the following approximations 


^^o(<rpo), E:.^-—. 


(17-10) 


The electric intensity becomes 

X p» 

Ez{p,<p) — 13 -En cos »(¥» — <Po), P <P 0 , 

n-0 Po 


icofiT 

= 23 -En -f cos »(?. — <po) + -z — (log <rp -H C — log 2), p > po. 
n=l P 

For the radial component of H we have 


(17->11) 


Hp{p^) = - 23 —r sin n(sp — ^so), P < po, 

I ^ p’^ 

= - 23 ~ ^»)> p > p®- 

And finally for the circular component of H, we obtain 

I * p"-^ 

23 — T «(v> — po), P < Pa, 

"n = l Po 


4 23 cos »(v> - <f3b), p > po. 


(17-12) 


(17-13) 
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The approximate values of the radial impedances for ;? > 0 are then 




(17-14'. 


Let current iilaments, carr>-ing alternately equal and opposite currents, be 
cquispaced on the surface of the cylinder p — pt, and let the first filament carrying 
current /, m pass through the point Since 


2m 

L 

P 


2 (— )j^exp — =0, It n l)mj 

0 L \ ^ / J 


(17-15) 


(17-16) 


= if » = (2^ 4“ 1}»2, 

the electric intensity of this set of filaments becomes 

ty, ^ ^ ^ y. /rtiCrp) ^ /ssifep) 

Et{p,^] = 2£n 7 -n : cos rmp t 2Ezm 1 cos 3m(p 4 

Irr,\(rf>o) iSmCO-po) 

Km\Ctp) Kzm{<jp} 

= 2E^ -mm : cos m(p 4“ 2£sm m — r cos 3m(p 4“ 

Am.crpo) Ezm{<^pQ) 

Only th^ terms corresponding to the odd multiples of m remain. 

In some circumstances only the first terms in (16) are significant. Thus if po is 
small, then for p ^ po we have approximately 

icoiil Kmietp) 

(17-17) 

If p is also small while remaining substantially larger than po, we have the quasistatic 
case 


JCtJjLi/p^ 

Ez(p,(p) “ — — cos m(p. 


mirp^ 


(17-18) 


Thus just as equations (1) represent a progressive cylindrical wave generated by a 
single electric current filament, various terms in the second line of equation (6) repre- 
sent prt^essive cylindrical waves generated by groups of In current filaments, carry- 
ing alternately equal and opposite currents, equispaced on the surface of a cylinder 
of an infinitely small radius. Equation (6) shows that the field of a simple line source 
at p = Po, at distance p > po> may be r^arded as the resultant of an infinite number 
of multiple line sources at p = 0. 

In the special case of tw^o filaments separated by distance / and carrying equal and 
opposite currents, we have 

ioifjxrll 

Ex{p,<p) 7 ^ Ki{(rp) cos (17-19) 

in the quasistatic case this electric intensity and the corresponding magnetic in ten- 
rides become 

^ iufill II cos 9 „ Ilsm<p 

Exip^) = — castp, ^ — 


Ixp 


lTp‘‘ 


Itto^ * 


(17-20) 
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The case of transverse magnetic cylindrical waves is very similar; we need only 
replace the electric current I by the magnetic current K, Ex by Hxy Hep by —E,p, and 
interchange iocjj. and [g h” /are;. 

Transverse magnetic waves m.ay be generated by appropriate electric current 
distributic^is. Consider for example a uniform electric current “ strip of width s; 
cn the edges of the strip there exist tw'o equal line charges of opposite signs. Assum- 
ing that the strip is situated in the .vc-plane along the s-axis, the magnetic vector 
potential of the held is 


Hx — — iToCerp), 


(17-2i) 


where / is the current and Js the moment per unit length of the strip. The form 
of this expression is obviously correct since the vector potential of the current strip 
is independent of c and is parallel to the;c-axis; that the constant coefHcient is correct 
may be shown by calculating the field and studying it in the vicinity of p = 0. For 
the field "we obtain 


ajs 


dy 

£ L 

" ig-r io>t)p dtp 

1 dH, 


2ir 

dH^ 


A'i(o-p) M ip, 


= ^ Kiiffp) cos 


mjjL Js 


g + io)€ dp 


Ki(prp) sin 


(17-22) 


In the vicinity of p = 0 we have 

Js cos ip 


Js sin <p 


27r(g -r /coejp^ " 27r(g + /coejp^ ’ 


(17-23) 


This intensity is the negative of the gradient of the following electric potential 

Js cos (f Js d 


F = 

2x(^ + io)e)p 2wig + /«€) dx 
Similarly for a magnetic current strip, we have 


logp. 


(17-24) 


Afs dFx cAfs 

Fx = — Ko{(rp), £, = — ==- Kiisrp) sin 


Ms <rMs 

Hp = K[(<rp) sin (p. 


(17-25) 


where M is the magnetic current per unit length. 


8.18. Shielding Theory 

In order to shield an electric circuit from external influences the circuit 
is enclosed in a metal box. Cylindrical and spherical shields are the sim- 
plest from the analytical point of view and in practice the results obtained 
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for these shields are found to be applicable to shiel^ 

First we shall deal with shielding at fairly high frequencies when the attenu- 
ation of fields in passing through metallic substances plays an important 
role and later we shall see what happens at low frequencies where the major 
factor is the impedance mismatch at the shield and the resulting reflection 

First we shall consider a cylindrical shield and a pair of closely spaced 
parallel current filaments (Fig. 8.40) Let the inner 
radius of the shield be a and the outer _ let ^ = t. 

Assume that a is small; then the radial impedances in 
the dielectric are (see 17—14) 

Zt = 27 = (18-1) 

where po is the permeability of the dielectric. If the 
thickness, of the shield is smaU compared with the 
meats and acyHn- radius, the divergence of the wave m passing through 
drical shield. shield may be ignored and the wave propagation 

in the shield may be regarded as substantially plane. Hence in the shield 
we have 

2t Z7-, 0(1+0. “ 

The attenuation of a wave passing through the shield once is then 

A — at nepers = 8.686 at decibels. (18-3) 

This wave is partially reflected at the outer surface of the shield and then 
partiallv re-reflected at the inner surface. The level of the re-reflected 
wave is'lowered by 2^ nepers and at high frequencies ^e re-reflected wave 
may be ignored. Let us suppose, for example, / - 10 and t 0.2 mm, 
then the attenuation constant for copper is over 130 db per 
and the level of the second reflected wave is below the level of Ae first b> 
52 db (which means that the amplitude is reduced to 0.0024 of its original 
value). Thus for most purposes the shielding is due to a reflection Iom 
at the boundaries of the shield and an attenuation loss expressed by (3). 
The reflection loss is the product of the transmission coefficients across the 
two boundaries of the shield; hence from (7.13-4) we obtain 

where k is the impedance ratio* k — In decibels the reflection 

♦We ign<H*e the slight variation in the radial impedance (1) in passing from one 
surface to the other. 
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loss R becomes 

I i 1 '2 

R = 20 logic 4^7^. (18-5) 

*z I ^ f 

When k is either small or large, we have respectiv^ely 

R ^ 20 logio 3 R = 20 logio ^ . 

The total shielding improvement is the sum of the reflection and attenua- 
tion losses; thus S = R A, 

The reflection loss may be considerable. For a shield whose radius 
is 1 cm the radial impedance in air for / = 10® is Zp = 0.079/ ohms. 
On the other hand for copper we have Zp = 0,000369VT ohms. Hence 
1 ' \ k\ = 214, and the reflection loss is 

214 

R = 10 logio = 35 db. 

We have seen that at this frequency the attenuation loss in a 0.2 mm shield 
is about 26 db; thus the reflection loss is the larger part of the total shield- 
ing efHciency of 61 db. 

For magnetic shields the reflection loss may be small. Consider, for 
example, an iron shield with relative permeability 100 and with conduc- 
tivity only a fifth of that for copper. The radial impedance in the shield 
is then increased by a factor V 500 ^ 22 which brings it up to 0,008 V^. 
The impedance ratio becomes nearly 0.1 and the reflection loss is com- 
paratively small. In air the radial impedance is proportional to / but in 
metals it is proportional to V^; hence the magnitude of the foregoing im- 
pedance ratio becomes unity at about f = lO"^ and the reflection loss, due 
only to a 45° phase difference in impedances, is negligible from the 
shielding point of view. But the attenuation constant is larger in magnetic 
shields than in nonmagnetic. Thus for the iron shield just considered the 
attenuation constant is increased by a factor = 4.47, When the shield 
is thick this will more than compensate for the lack of reflection loss. How- 
ever, if the shield is thin, the reflection loss may become more important 
than the attenuation loss and the nonmagnetic shield will be more effec- 
tive than the magnetic shield. For two metals the impedance ratio 

, _ 

is independent of the frequency. The impedance mismatch, as between 
copper and iron, may be considerable and it is advantageous to use a shield 
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consisting of composite layers of copper and iron, 'xith copper layers on the 
outside^ to utilize the substantial reflection losses at air-copper surfaces. 

The complete for.mula for the shieldi.ng efficiency is obtained from equa 
tion (7.19-2); in decibels it becomes 

-20 loaio ’ T' = A ^20 logic ! 1 - ~ (18-6) 

This represents the difference in the amplitude levels of the incident wave 
just inside the shield and the transmitted wave just outside the shield and 
it is substantially equal to the difference in field levels before and after 
introducing the shield. In order to obtain the latter difference in levels 
we should multiply T by b a for the electric intensity and by Ir' /cr for the 
magnetic intensity. 

If the line source is not along the axis, the shielding efficiency varies 
with position round the shield. The actual source may be replaced by 
an infinite number of wlrtual sources along the axis in accordance with 
the results obtained in the preceding section. One of the sources is the 
actual source translated to the axis. The remaining sources emit higher 
order cylindrical waves whose radial impedances vary somewhat with the 
order of the wave in air and are nearly constant in metals. Hence the field 
distribution is altered by the shield, though not very greatly. Except for 
this unevenness in the field reduction, the shielding efficiency is the same 
as for an axial source. 

Let us now consider a spherical shield with a current loop at the center. The radial 
impedance in the shield is the same as for a cylindrical shield; but the radial imped- 
ances in air are 

Zj* = Z 7 = ^fajjLtor. (18-7) 

The external wave impedance is calculated from (6.17-5) and the internal from (16-1 ) 
assuming that r is small. The product of two transmission coefficients is now obtained 
from (7,20-2); thus 

(Z; + Zt)2i7 ^ 3^ 

^ (27 ( t ? + - 2 ^) (1 + (1 + ^ 

where When k is small, then p — 3k and the reflection loss becomes 

20 logi ^ = 20 logio ^ r + 2.5 db. 

The difference between the formulae for cylindrical and spherical shields consists in a 
2.5 db improvement in shielding efficiency for the latter. 

A cubical shield may be replaced by a spherical shield in estimates of the shielding 
efficiency. Since, in practice, high shielding efficiencies are required, one is not justi- 
fied in looking for exact solutions, especially as such solutions show that in general 
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no shield has a sir^Ie figure of merit, independent of the position of the point at which 

the shielding efBciency is measured. 

In the two preceding examples the fields are largely “ magnetic since the wave 
impedances are very small quantities and, in elementary discussions of such fields, 
electric intensities are usually excluded from explicit consideration. Another type 
of field is the so-called “ electrostatic ” field which is produced, for example, by electric 
charges on the plates of a capacitor. Such “ electrostatic ’’ fields may vary at the 
rate of one million cycles per second and perhaps a different name would be more 
appropriate. What really matters is that some fields in the neighborhood of small 
structures are low impedance fields so that magnetic components are large and electric 
components small and other fields are high impedance fields with large electric and 
small magnetic components. The terms “ low impedance and “ high impedance ** 
are used here wfith reference to the intrinsic impedance of the dielectric in which the 
field happens to reside. Thus the field (17-23) of two charged filaments is a high 
impedance field since in a good dielectric 

^ ^ io3tp 2x/p ^ 

which is large compared with ^ 7 . A simple calculation shows that at a metal boundary 
a high impedance field is reflected so completely that there is no need to compute 
the shielding efficiency. The reflection loss tends to infinity as the frequency ap- 
proaches zero. 

The theory of shielding thus far developed may be called the “ transmission theory 
of shielding ” since our attention has been fixed on cylindrical waves passing through 
the shield. A different physical picture of shielding is possible. The fields are pro- 
duced by electric currents, the original field by currents in the source along the 
axis and the final field by the currents induced in the shield. It may be said that 
the shielding action is caused by currents in the twfo halves of the shield flowing in 
directions opposite to the currents in the source. In Fig. 8.40 the current in the right 
half of the shield is negative and in the left half positive. The principal weakness 
in this theory is that frequently it is difficult to compute the induced currents without 
first solving the shielding problem itself. In order to find the induced currents we 
have to calculate the tangential magnetic intensity at both surfaces of the shield; but 
the shielding efficiency is then determined. On the other hand the second method 
suggests some deductions not immediately indicated by the first; thus from the second 
picture of the way in which the shielding is effected we conclude at once that a greater 
impairment in shielding will occur if the shield is cut so as to in- 
terfere with the induced current flow than if it is cut along the 
lines of flow. For example, if a plane wave is falling normally 
on a perfectly conducting screen with an infinitely long slit, 
more power will be transmitted when the £-vector is perpen- 
dicular to the slit than when it is parallel to it. The two physi- 
cal pictures of shielding are complementary. In some cases it is 
more natural to use the second theory even in analytical work. 

An example is furnished by a “ two-wire shield ” (Fig. 8.41), for which it is easy 
to obtain the currents induced in the wires A and B and to show that these currents 
tend to weaken the original field at great distances. 


o • • o 

B *’1 +I A 

Fig. 8.41. Normal 
cross-section of 
two parallel wires 
at A and B which 
act as a shield for 
two current fila- 
ments. 
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Wc now turn our attention to magnetostatic shielding. At / = 0 the 
electric field vanishes and we lose our principal tool, the radial impedance. 
The transmission theory" of shielding could be reformulated in terms of 
properly defined “ radial reluctances but it is more convenient to regard 
steady magnetic fields as fields of vanishingly small frequency. The field 
of two closely spaced equal and opposite current filaments is then given 
by (17-20). The field reflected from the shield must be of the form 

E: = Qp cos <p, = cos = sin 9,. (18-8) 

The proportionality of E to cos <p follows from the boundary conditions; 
the proper exponent for p comes from (17-11); and then H is obtained 
from (17-3). In cartesian coordinates = 0^ Hy ^ hence H is 

uniform. Thus the radial impedances are = Zj = icofxp and the im- 
pedance ratio 

k = - (18-9) 

m 

is independent of the frequency. 

The “ attenuation ” is due solely to the cylindrical divergence of the 
field and is independent of the medium; hence the shielding efficiency is 
due entirely to the reflection loss. The transfer ratio x which enters the 
general expression (7.20-4) for the transmission coefficient T is obtained 
as follows. From the definitions in section 7.10 and from (17-20) and (8) 
we have 

Pi 

xtiPl>P2) == XZ(f>2>Pl) == — > xt(pl5p2) = -2> = 1- 

P2 P2 

If the inner radius of the shield is a and the outer by the transfer ratio x 
for a wave passing through the shield once outward and once inward is 
defined by (7.20-3) and is the product of the above transfer ratios; this 
total transfer ratio is the same for E and H 

(18-10) 

Hence by (7.20-4) the shielding ratio j, defined as the ratio of the field 
outside the shield to the field which would exist there if the shield were 
removed is 

J = 7 - . (18-11) 

1 — ?X 

The factor x'’’(jc'i^ 2) in the expression for T represents the transmission 
ratio across (A^ipfa) for the original field as well as for the field modified 
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by the shield; since j represents the “ insertion '' loss^^ this factor does not 
appear in (11). For the products p and q of the transmission and reflection 
coefficients across the two boundaries of the shield we have 

^ ^ (1 — . _ ^^^2 

^ ~ (1+^)2" (mi (1+^)2- 0‘1+M2)^’ 

Thus we have determined all factors in the shielding ratio s. 

When the diflFerence m — fi 2 Is large, then q is approximately equal to 
unity and ^ = p/(l — x)* The effectiveness of the shield depends largely 
on the ratio of the permeabilities. The thickness of the shield when in- 
creased beyond a certain value has relatively little effect. Thus if x be- 
comes small, we have simply == p. 

When shielding depends on the reflection loss the shielding is improved 
by using less, not more, shielding material. Thus if the shielding material 
extends from p = 1 to p = 1000, then x = 10^ and s is practically equal 
to p. Suppose now that the material between p = 10 and p = 1(X) is 
removed so that in effect we have two shields. For each of these shields 
X = 0.01 and the shielding ratio is still practically equal to p; hence the 
shielding ratio for both shields is p^. Assuming shielding material extend- 
ing from p “ I to p = 10^^“^^ in layers, each layer extending from p = lO^’^ 
to p == we obtain the shielding ratio If the space between 

the above layers is also filled with the shielding material the shielding ratio 
becomes p. These figures illustrate the principle. It is not practicable 
to use shields with radii whose ratio is so large that the full benefit of reflec- 
tion is obtained from each layer. A formula for a practical case may be 
obtained from (7.19-10) in which the exponential factors should be replaced 
by the transfer ratios. For a shield with only two layers calculations 
are not too laborious but for a large number of regularly arranged layers 
it would be preferable to consider first the problem of wave transmission 
through the corresponding iterated structure. 

In the case of spherical shields equations (6.17-7) give the field of a current loop 
at distances which are large compared with the radius of the loop as long as the fre- 
quency is so small that the product is small, and from (16-1) we obtain the follow- 
ing form of the field reflected from a spherical shield concentric with the loop* 

= icoiiPr sin d, Hj = 2P sin $, Hj — — 2Pcos 6* (18-12) 

The magnetic intensity of the reflected field is parallel to the 2J-axis since = 0, 

* The numerical factor P has been changed. Once is obtained, FI$ and H,. can 
be calculated from (4.12-10). 
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Hz ■■ — 2P. The radial impedances are given by (7) and the transfer ratios are 

Xe Ti^^: = m , XjrWi) = - , 

r? _ 

The product which enters the shielding ratio (11) is then 

= ^ = xh- 

For the products of the transmission and reflection coefiicients across the two bound- 
aries of the shield we have (with k = }iz m) 

ii-^lKhk^k) 9k 

~ (iTlEpTl) ~ (1 + 2k){2 ■^k)~ 

(§^ - i)(k - 1) 2(k - 1)* 

- ^ i';§i -T- 1) “ (H-2^)(2 + i) ' 

If k is large, then g 1; and the shielding ratio becomes 
_ P ^ 9 _ 9^,^ 

1-x 2ki^x) 2^x2 

w’here a is the inner radius of the shield and k the outer radius. Comparing this with 
the corresponding shielding ratio for cylindrical shields, we find that when ^ is much 
larger than the spherical shield is somewhat less efFective than the cylindrical shield; 
but in practical cases, in which the thickness of the shields is moderate, the spherical 
shield may be the more effective. 

The preceding specific formulae for the shielding ratio apply 
to the case when the permeability of the medium inside the 
shield is the same at all points. If the current loop is sur- 
rounded by some magnetic material (Fig. 8.42) as is the case for 
coils wound on magnetic cores, then the radial impedance look- 
ing inw’ard from the inner surface of the shield is modified and 
the shielding ratio is altered. In order to obtain more general 
expressions for p and g in (11) we have to distinguish between 
radial imp>edances for waves in homogeneous media and radial 
impedances affected by reflection. We shall now designate the 
former by the letter K and the latter by Z, From equations 
(7.20-2) and (7.20-3), paying due attention to Fig. 7.24 which 
explains successive reflections within the shield, we obtain 

[Zj(a) + Ktia)][K-^(k) + Kt(k )] 

^ [Zl(a)^K+{a)\[K-i{b) + K+m’ 

[K^{a) - Zl{a)][Kt{b) - K\m 
^ [At(a) + Zl{a)\[K^{b) + ’ 

where the subscript 2 refers to the shield. 



rent loop sur- 
rounded by a mag- 
netic core and a 
spherical shield. 


( 18 - 13 ) 
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Let the radius of the spherical “ core ” surrounding the current loop be c. The 
radial impedance Z^^ia) may be obtained from (7.1Q~8) if we let xi = a, X 2 = c and 
Zic) = where }is is the permeability of the core; thus 


Ziia) = yo:iJLia 


2(1 -1c) + m + 2 $) 
(2 + 'x) + i(l-x) ’ 


X 



Ji 




(18-14) 


The magnetic core has altered the impedance looking inward at the inner surface of 
the shield in the following ratio 

_ Ztia) _ 2(1 - + ;(1 + 2x) 

Klia) {2 + x)+HI-X) • 


In practice /is is usually much larger than /ii since the purpose of the core is to increase 
the inductance of the coil. Hence we have approximately 

. 1+2^ 

J =: ^ ; 

1 - X 


thus the impedance Z'^{a) is increased by the presence of the core. This approxi- 
mation, however, should not be used when is near unity. 

Expressing (13) in terms of various ratios, we obtain 

+ _ 3k(2 + T^) 

where k and Ik retain their previous meanings. Without the magnetic core ]? == 1 
and the core makes J larger. Since k is laige for an effective shield, an increase in J 
makes p larger while q is affected only slightly; hence the shield is less effective for a 
coil wound on a magnetic core than for a coil wound on a nonmagnetic core. If the 
core is made of the same material as the shield and if c = the shield loses its effective- 
ness completely. 

The above examples show that transmission theory provides a method for solving 
problen^s on cylindrical and spherical shields under a variety of circumstances. This 
method is particularly useful from the computational p)oint of view when the structure 
is fairly complex. Even in the case of a single layer shield for a coil with a magnetic 
core the solution of the boundary value problem would require writing expressions 
for the fields in the core, in the region between the core and the shield, in the shield 
and outside the shield. These equations would contain six arbitrary constants and 
we should have to use the six equations of continuity of the tangential components 
of E and H to determine these constants; and the labor involved in solving these 
equations is considerable ^cept when the method used is essentially equivalent to the 
transmission method of handling the problem- From the mathematical point of 
view the transmission method consists in solving the boundary value problem for a 
single section, then applying the results to each additional section. Besides, the 
transmission theory enables us to make qualitative appraisals of die effectiveness of 
sHelds once we have mastered the timple but very fundamental ideas concerning the 
^ect of impedance mismatch on r^ection. 
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We shall now examine the eftect of the presence of the shield on the source itself. 
For example, for the current loop at the center of a spherical shield the incident field 
is expressed by (6.17-7); the rejected electric intensity is then 


E^{r) = qEEpa) - = -qs 


iccjiiSIr sin 6 


where qs is the E-reflection coefncient zt r = a which takes into account the shield 
and the medium beyond it. Hence by (7.20-2) w’e have* 

_ KT(a)[Zt(a) - Kfia)] _ Zt(a) - ic^fxia 
Kjia)[Zjia) -f K-{a)] 2[Z+(«) + §/comi<7] ' 

The reflected field is impressed on the current loop and introduces an impedance 

2tcE'^(c) foofjLiSc^ iciifiiS^ 

Zm J— = = 

where c is the radius of the loop. 

In the case of nonmagnetic metal shields at frequencies which are not too low, 
Zj{a) is small compared with tccfjLia and for perfect conductors Z^ia) is always zero; 
then gjg- ~ — 1 and the impedance added in series with the loop becomes 

^ iafjLiS- ^ fxiS^ 

Thus the inductance of the loop is made smaller by the presence of the shield. 


8.19 Theory of Laminated Shields 

In the preceding section w'e have shown that a shield made of alternate layers with 
different permeabilities may be more effective than a solid shield. Laminated shields 
made of r^larly spaced layers may be treated as special cases of iterative structures. 
As an illustration we shall consider a cylindrical shield made of coaxial layers writh the 
permeabilities of the adjacent layers equal to and /i 2 . Let the common ratio of 
the inner radius of a layer to its outer radius be Vx and let the permeability of the 
layer between pi = a and p 2 == ^ = a/\^ % be pi. 

First of all we calculate the transducer impedances 

— El = Z{JIi + Exia) = El cos Exif) = E 2 cos 

(19-1) 

*^2 “ E[p(a) = Hi cos <p^ H^{b) = H% cos 

from the general equations for cylindrical waves of order one 

Ex = fojpi Qi^ cos <py ^ cos <p, 

* Expressing ^ in terms of impedances instead of admittances. 


(19-2) 
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By assigning values to P and j? which make either Hi or Hz vanish we have 

Zu = icajiia , Z35 = —iufiia — — - , 

X! * X 


(19-3) 


The next layer from pi = 3 = a/y/x to p 2 = hf^/x = ^/x has the permeability 
the impedance coefScients can be obtained by analogy with (3): 


Z'' 

^ Am 


1 -x’ 


Z^ = -icofiza 


(19-4) 


The coefficients of the transducer comprised of these two layers may be obtained 
directly from (7.26-1); thus if ^ = M/p'h we have 


. (1 + ^)(1+X)— 4x ^ . 4^ 

Zn tcama . -212 _ ^2) > 

„ • 4x . (1 + k){l+x)^ - 

(1 + ^) (1 - X") (1 + ^)x(l •*- XV 


(19-5) 


The impedance coefficients of the transducer consisting of the next pair of layers 
are obtained if we multiply (5) by 1/x- Equations for the iterative structure are 
then obtained from the first and third equations of the set (7,26-0); thus 

ZiiHi + = —El, 


Z%^H\ + ^Z22 + ~X^^ ” 


(19-6) 


Let the i7-transfer ratio be 


Hi 


(19-7) 


Substituting from (5) and (7) in (6), we obtain 

^-2^ + ?=0, ^ = «(l + ro'), 
X X 


(i+x)' 


(1 - X)' 
(1+x) 




Solving, we have 
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If Ml 


Ms, then = 1 and 


X 

X 



= “ , x; 


Tile first value is the JT-transfer ratio for the converging cylindrical wave in a homo- 
geneous medium and the second is that for the diverging wave. Thus in the laminated 
medium we have 




_X 

- r 


x~-x(^+v-^-~i)- 


Dividing these transfer ratios by the corresponding ratios for a homogeneous medium 
we have 


^ J-WcP—l X X I 

^~x-~ X ’ 1 ~ J- - 1 ~ X * 


The quanrity x represents the shielding attenuation ratio for each pair of layers; for 
n pairs the attenuation ratio will be x’*- 

If the layers are thin^ X near unity and w’e may write x ~ 1 Making the 

necessary substitutions, we obtain 

^=l + i(s-+l)5*, Va'--1 = S. 



Supposing that the shielding space between pi = a and pa = ^ has been divided into 
2n layers, we have 5=1— v a/ k Let 


a 

1 


'-®, e = iog-, 


and substitute in the preceding equation; then 
5 = = 


As n increases, the attenuation across the shield becomes 


limx” = 



a-re. 


r = 



Ml + M2 


Thus the diverging /f-wave is attenuated by TQ nepers besides being multiplied by 
the factor The converging wave is also attenuated at the same rate. Hence 

the cumulative effect of reflections has resulted in exyxinentiai attenuation. 
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The characteristic radial impedance in the positive p-direction in the laminated 
medium may be obtained from (6) and (7); thus 




El 

Hi 


■Zii + Z 


H^ 


Zii -T X'^-^iSs = -2ii -r X"X-2 i2. 


Similarly the characteristic impedance in the negative p-direction is ohtamed from the 
analog of equations (7.26-0); thus 

= -^22 + ”73 — -^22 + X 221 . 

X 

In the limit as the thickness of each layer approaches zero we have 

K'^ = = io^p\^ fXipLz. 


If a shield with infinitely thin laminations is used in a medium with permeability p, 
the shielding ratio is 


s = 


»-re 



(1 - 


8.20. ^ 'Difraction Problem 

In section 5 we have calculated the field scattered by a wire of radius a when the 
^vector of the incident plane wave is parallel to the wire. Let us now suppose that 
the ^‘-vector is perpendicular to the wire (Fig. 8.43). If the radius of the wire is 
small, the electric intensity impressed on the wire is — Eo cos where is the 
intensity of the incident wave at the axis of the wire. The reflected wave is of the 
type discussed in section 17; thus 

A 

HI = AKi(iPp) cos <p, ZJ, = --TjAKiiJPp) cos <p, El — - — Ki(ipp) sin 

tcoep 


Since at the surface of a perfecdy conducting cylinder we must have E^ + Ep^ 0, 
the coefficient A must be 


-go 


PVEo 



V 




Thus the reflected field is proportional to the square of 
the radius of the wire in wavelengths and is considerably 
smaller than in the case in which E is parallel to the 
wire. In the latter case the impedance to the current 
flow in the wire is small whereas when the jE-vector is 
perpendicular to the wire the impedance is large. 



Fig. 8.43. A plane wave 
incident on a cylinder; E 
is normal to the axis. 
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8.2L Dominant Waves in Wave Guides of Rectangular Cross-- Section 
(TEi.o-mode*) 

Consider a wave guide of rectangular cross-section (Fig. 8.44) and let 
the electric vector be parallel to the shorter side. That this assumption 
is consistent with the electromagnetic equations is 
shown by assuming — 0, and substituting 

in (4.12-1) to obtain 




Fig. 8.44. Cross-sec- 
tion of a rectangular 
wave guide supporting 
a wave in which R is 
parallel to the T 2 -pIane 
{TEi.i>-wave}. 


1 bEy 

ictiji 82 


dy 


= 0, 


dz 




dH, 

dx 


1 dE^ 
icoji dx ^ 

= (g+ iii3e)Ey 


0 , 


( 21 - 1 ) 


dy 


= 0 . 


These equations define a realizable field and their 
solution is obtained as follows. First eliminating the magnetic intensities, 
we have 




■ a^Ey. 


( 21 - 2 ) 


It has been shown in section 3.1 that this equation possesses solutions which 
are exponential functions of z and which represent, therefore, waves travel- 
ing along the tube. Assuming 

•Ev(^^) = S:y{x)e~^^ (21-3) 


and substituting in (2), we have 


dx^ 


== 


r 


(21-4) 


The general solution is .Sy = ^ sin + B cos xx\ but if the tube is per- 
fectly conducting, B must be equal to zero since Ey must vanish at the 
face X = 0; furthermore we must have 

xa - n-K, w = 1, 2, • • •, (21-5) 


to ensure that Ey vanishes at the opposite face. Thus we have 
Ey — E sin nwx/ay where E is the maximum amplitude. Substituting in 
(3), and then in (1), we obtain 


^ nTX 

Ey = E sin <r 

a 


TZ TT 

^ % He ^ cos 

tcajJLa 


nirX 


y-VZ 



( 21 - 6 ) 


where the wave impedance in the 2 -direction is = fajja/F- 
* The meaning of subscripts is explained in Chapter 10. 
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In nondissipative media there is a sharp separation between the fre- 
quencies at which the power is carried by the wave along the tube and the 
frequencies at which the wave is attenuated. This may be seen from the 
expressions for the propagation constant and for the impedance 


r = 






(21^7) 


When the wavelength is large, F is real and the wave is attenuated; the 
wave impedance is a pure reactance and energy merely fluctuates back and 
forth across any given cross-section of the tube. On the other hand, when 
X is small, F is imaginary and the amplitude of the wave is independent of 
z; the wave impedance is real and energy is carried by the wave along the 
tube. 

The cut-off frequency and wavelength are obtained from the condition 
F = 0; thus 


2a ^ 


( 21 - 8 ) 


The lowest cut-off frequency corresponds to » = 1 and the corresponding 
wavelength (characteristic of the medium) is twice the length of the side to 
which E is perpendicular 

\c - 2a. (21-9) 


This wave is called the dominant wave because, having the lowest cut-off 
frequency, it is the only wave which will exist at a distance from the source 
of energy when the frequency is in the interval between the absolute cut-off 
defined by (9) and the next higher cut-off. 

Let the ratio of the operating wavelength to the cut-off wavelength be 


\c f ^ 2 ji 


(21-10) 


Introducing this ratio in (7) we have 


II 

= K, 

Vl-y^‘ 

X 

r = — . 

a y 


-r 

X > K- 


( 21 - 11 ) 


The wavelength X;* and the wave velocity r?, in the tube are 


2^ X 


Oz = 


( 21 - 12 ) 
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At the cut-oft the wavelength and the wave velocity are infinite; as the 
fiequency incr^^Sj they approach the values characteristic of the medium. 

In Fig. 8.45 the ratio t\'Vs is shown as a 
function of the frequency. The wave im- 
pedance is infinite at the cut-ofF and ap- 
proaches the intrinsic impedance as the 
frequency increases. Below the cut-off the 
wave impedance is a positive reactance and 
sufficiently below the cut-off it is substan- 
tially an inductance. At low frequencies 
Fig. 8.45. Ratio of the charac- the propagation constant tends to a con- 

tenstic velocity to the veiocivv value nTT a SO that the attenuation 

m the wave guide. i i • -o 

per length equal to a is mr nepers, bor 

dominant waves this attenuation is tr nepers or about 27 db. 

In dissipative dielectrics no sharp cut-off exists since power is dissipated 
at all frequencies wherever there is a field and this power must be carried 
by the wave to the place of dissipation. However, in high 0 dielectrics, 
the conditions approximate those in nondissipative media and if we define 
the frequency ratio p as above, by ignoring we may express the propaga- 
uon constant as follows 


r = Id- (1 -P-) - (21-13) 

\ coe 

Since we have assumed that Q = cce g is large, we have approximately 


r = a> -f ijSj, 


— 1 






(1 


- .2N-1/2 


ri/2^ 


(21-14) 


except near the cut-off. The effect of dissipation on the phase constant 
is of the second order. 

We now turn to a more detailed discussion of the dominant wave; its 

field is 


TX 


ttE 


tx 


sin — ~ E.J, = -^cos — (21-15) 

T}o toifxa a 

where d is the longitudinal phase constant. The maximum voltage F is 

F = bEy = bEe-^\ (21-16) 

The total longitudinal current I in the lower face of the tube (Fig. 8.44) is 
obtained by integrating —jffx; thus 


</ 0 


m rlx = 


2am 2aE 




. g g-iSz 


(21-17) 
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The power W carried by the wave is 

1 


W 


=u/: 


R R* 

j . j 

-Y~ = 


abR? 

AK, 


( 21 - 1 8 j 


The “ integrated ” characteristic impedance may be defined in several 
ways. Thus we may define it either as the ratio of the maximum voltage 
to the total longitudinal current or in such a way that the formulae for the 
power in terms of the longitudinal current or in terms of the maximum 
voltage remain the same as the corresponding formulae for transmission 
lines consisting of parallel wires; thus 



^wa = 


77* ’ 


Kw,v = 


VV* 

w ■ 


(21-19) 


These integrated characteristic impedances satisfy the following equation 

7lv,j = N" K^f (21—20) 

Other definitions are possible; but at present these satisfy all practical 
requirements. 

From these definitions and from the expressions for 7, and we 
obtain the following expressions for dominant waves 

Kw.v = '^K,, = ( 21 - 21 ) 


All these integrated impedances are proportional to the wave impedance 
at a point and involve the dimensions of the guide in the same way. They 
are proportional to 3, the dimension parallel to the electric lines, and in- 
versely proportional to the width of the faces which carry the longi- 
tudinal current. These expressions do not diiFer greatly from the approxi- 
mate characteristic impedance {bld)ri for transverse electromagnetic waves 
in a pair of parallel metal strips. The integrals in (17) and (18) may have 
obscured simple considerations by which the values of the integrated im- 
pedances may be obtained from the wave impedance The longitudinal 
power flow per unit area is proportional to Kz\ if the transverse field were 
uniform throughout the cross-section of the guide all the integrated imped- 
ances would be equal to {bla)Kz- Since the longitudinal current distri- 
bution is sinxisoidal the total current is only 2/x times the maximum current 
density and the voltage/current ratio becomes (Tb/2a)Kz* Similarly, for 
a sinusoidal distribution of the field over the cross-section, the power flow 
is only half what it would be in the case of uniform distribution with the 
same maximum voltage along electric lines; hence the impedance on the 
power-voltage basis is twice that for the uniform field. 

As we have already seen, the impedance concept plays an important 
role in the theory of reflection. When the field distributions in equiphase 
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surfaces are the same for the incident, reflected and transmitted waves, the 
reflection and transmission coefficients depend solely on the ratio of tw’o 
wave impedances, taken in the direction of wave propagation. This is the 
case w’hen the boundary conditions over the entire interface between two 
media are satisfied automatically as soon as the boundary conditions at 
any one point of the interface are satisfied. In some cases the incident 
wave may be resolved into components which are thus simply reflected. 
Examples of this type of reflection have been encountered in the theory 
of cylindrical and spherical shields when the sources were not axially or cen- 
trally disposed. In such cases we have to consider an infinite number of 
wave impedances, one for each wave component, and the reflected wave 
will depend on an infinite number of impedance ratios. In wave guides 
the exact theory of reflection is often even more complicated. Neverthe- 
less there are instances in w’hich the ratio of integrated impedances may be 
expected to give a satisfactory indication of the amount of reflection. For 
example, in two conductor wave guides (parallel wfires or coaxial pairs) at 
frequencies so low that only transverse electromagnetic waves are trans- 
mitted w’hile ether waves are rapidly attenuated and contribute only 
negligible end effects, the integrated characteristic impedances* determine 
quite accurately the reflection and transmission coefficients at a junction 
betw^een tw'o lines. In Chapter 12 we shall prove that for frequencies 
between the lowest cut-off and the next higher, the above mentioned end 
effects may be represented by proper reactances either in shunt or in series 
with the wave guides. 

If a and are varied simultaneously and fairly slowly, it is possible to 
keep the characteristic impedances constant and thus eliminate reflections 
which w’ould ordinarily occur when the dimensions are altered. Reflection 
losses may be avoided even when the change in the dimensions is abrupt 
provided we introduce compensating discontinuities. 

If the conductivity of the tube is finite but large, the tangential com- 
ponent of E is very small. The above expressions for the field become 
first approximations to the exact expressions. The magnetic field tangen- 
tial to the tube is large and is not appreciably affected by the change in the 
boundary condition; hence the tangential electric intensity is obtained if 
w^e multiply the magnetic intensity by tjc — 91(1 + z), where 91 is the 
intrinsic resistance of the tube. The power absorption of the two faces 
parallel to the £- vector is then 

f ffzHf dy = . (21-22) 

•/q V h ^ 

*Fot transverse electromagnetic waves the integrated impedances Kv,Ti E^w,y 
and Kw, i are equal. 
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The power absorbed by the faces perpendicular to E is 

(H,H* + HM*) dx = . ( 21 - 23 ) 

0 


The power absorbed by these faces depends on the frequency only through 
91 and hence is proportional to the square root of the frequency. On the 
other hand, has the square of the frequency in the denominator and 
hence becomes small at sufficiently high frequencies. This is not surprising 
since with increasing frequency the displacement current between the 
faces carrying the longitudinal current will predominate and the transverse 
conduction current will become smaller. 

In the ys-plane the transverse conduction current is 




tV 

ib}}jLab 


An equal current flow's in the opposite face. For the transverse displace- 
ment current we have 


2 -s 2 / w €^ 

Jd = I Eydx - - ia^eaEe^^^^ == F, 
J 0 T T0 


From these equations w^e obtain the shunt capacitance per unit length and 
the shunt inductance on the voltage current basis 

lea ^ imb 




It 


The longitudinal inductance L per unit length may be obtained from its 
definition 


dz 


iCoLyjIy 


Lyj — 


toil dz ^ 


and from (16) and (17); thus £ 7 j = -Kphjla. These expressions provide 
another method of obtaining Kyj. 

The integrated distributed constants of the guide may also be defined 
in terms of the energies associated with currents and voltages. But from 
the practical point of view the primary constants of wave guides are of 
lesser importance than the secondary constants. 

The total power dissipation per unit length of the guide is 

+ ( 21 - 24 ) 

From this equation and from (18) we obtain the attenuation constant 
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In the case of imperfect dielectrics the total attenuation constant is ob- 
tained by adding (14) and (25), The attenuation constant in an air-fiiled 
copper tube with a — 20 cms and = 10 cms varies as shown in Fig. 8.46. 
The wavelength is expressed in centimeters and the attenuation in decibels 
per meter. 

In order to produce waves of the t}'pe considered in this section the elec- 
tric fieid impressed over the cross-section of the guide must conform to the 



Fig. S.46. The arrenuadcr* constant for the dominant wave (TEi,o-wave) in a rectangular 
wave guide; = 20 cms, = 10 cms, copper walls. 

electric lines and to the intensity distribution; thus the impressed intensity 
must be independent of they-coordinate and be a sinusoidal function of the 
.v-coordinate. However, from general equations of Chapter 10 it whll be 
apparent that if ^ and a < X < la^ then the field of any source will 
differ from the one here considered only in the vicinity of the source. 


8.22. Dojiiinant JFaves in Circular Wave Guides (TEi,i-mode) 

A wave similar to the one considered in the preceding section may exist 
in tubes of circular cross-section. Electric lines cannot be parallel, of 
courses since they must end at right angles to the tube; but they show an 
unmistakable resemblance (Fig. 8.47) to electric lines for the corresponding 
transmission mode in rectangular guides. From the equations of section 21 
we find that for the dominant wave the longitu- 
dinal magnetic current flows in one direction in one 
half of the guide and in the opposite direction in the 
other half. This suggests that in the present case 
w^e should seek a solution of the following type 

Hz = Hz{p) cos (22-1) 

Since Hz satisfies the wave equation, we have 



Fig, 8.47. Electric lines 
associated with the 
dominant waves in 
metal rubes of circular 
cross-section (TEi , x- 
waves] . 




dp^ 


+ + (xV — 

dp 

r® + /s2, r = 


0 . 
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This is the Bessel equation of order 1 and its solution for the case when the 
medium inside the tube of radius p = a \s homogeneous must be flz{p) 
= HJiixp)- The second solution becomes infinite at p == 0 and should be 
included only when the axis is excluded from the region under considera- 
tion. Thus (1) becomes 

^2 = HJi (xpj cos c (22-2) 

The remaining field components are now obtained from the general 
electromagnetic equations by setting Es — 0 and using (2) ; thus 

TH 

Jiixp) cos<pe~^‘y = —K^Hp, 

X 

VH 

= -j- /i(xp) sin <p Ep = 

X P 

where the wave impedance in the ^-direction is 

^ ioifi 1] 

Since must vanish for p — we have Ji(x^) == 0. The roots of 
this equation are 

xa^ 1.841, 5.331, 8.536, - • • ; 
hence the longest cut-off wavelength is 

27r 27ra ^ ^ ^ ^ 

- 7 " m 

In Chapter 10 we shall examine all possible transmission modes in circular 
tubes and w^e shall find that l.7d is the largest value for the cut-off wave- 
length. 

The longitudinal electric current consists of conduction current only; 
this current is determined by and it flows in opposite directions in the 



T 


Fig. 8.48. Longitudinal conduction currents associated with a dominant 
wave flow in opposite directions in the two halves of the guide. 


two halves of the tube (Fig- 8.48). Thus the total current I in the lower 
half of the tube is 


I = —a I H^(ay<p) dip 


— p — " ■ 
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Calculating the maximum transverse voltage V and dividing by /, we 
obtain Kyj 


- [j^Vo(^) d>. ~ , 

r/oix) dx - Mk) 

Jo 


^yj - T ~ 


/iW 


The power flow above the cut-off is 
fF = i7rk~*ik^ - 


therefore 

Kwa = ^ - 1)^"- 


For the dominant mode the above expressions become 

J^r,i = 1.38A'j = = , Kw.i - - 7 ==^ > ^w.r 

1 ~ v“ \ — V 


764 


Vl - ■ 


The expressions for the attenuation constant and the power absorbed 
by the tube are 

a = - (tA-T + A (1 - ^ = 2«^- 

7ia \k- - \ / 

For dominant weaves in air-filled guides the attenuation constant becomes 

a = - [3.76(1 - - 2.65V1 - v2]ion3. 

a 

8.23. Ths Effect of Cunature on Wave Propagation 

Heretofore we have considered only straight wave guides. In this section we shall 
study the effect of bending the wave guide by solving four simple problems; two con- 
cerning the bending of parallel strips, and two similar ones for rectangular wave 
guides. Imagine two parallel metal strips of width separated by distance 
and assume that after bending they form portions of two coaxial circular cylinders. 
We shall consider that mode of propagation which was transverse electromagnetic 
before bendingj with electric lines running normally from one strip to the other. After 
bending these lines become approximately radial as shown in Fig. 8.49. If the strips 
were straight we would use cartesian coordinates and call the field intensities perhaps 
Ex and for a wave moving in the s-direction. In the present case, however, cylin- 
drical coordinates are more suitable. The principal component of the electric inten- 
sity' IS Ep and the magnetic intensity is Hz% the wave propagation is in the direction 
of the coordinate. We shall ignore the edge effect. It is possible to state a clear- 
cut mathematical problem in which the edge effect is absent. We need only con- 
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sider a rectangular wave guide in which the impedance of tu’o opposite faces is zero 
and the impedance oi the t^vo remaining races infinite. The tangential electric inten- 
sity and the normal magnetic intensity." vanish at a surface 
of zero impedance; similarly the tangential magnetic intensity 
and the normal electric intensit}’ vanish at a surface of in- 
finite impedance. Thus in the present case we assume zero 
imp>edance boundaries at p = pi and p = p 2 where p 2 Pi = ^ Bending of 

and infinite impedance boundaries at n = 0 and z = a, waves. 

The field under consideration has at least two components and Hg. If we were 
to assume only these two components 'we should find from that the assump- 

tion is inconsistent w^ith the equations. We then make a less stringent assumption 
d dz = 0 which leads us to equations (4.12-7), connecting Ep, Hg, and E^. It appears 
therefore that one consequence of bending as indicated in Fig. 8.49 is to introduce an 
electric intensity in the direction of wave propagation. For the type of wave under 
consideration this intensity must be small, of course, but it is required by the induction 
laws. 

For progressive waves traveling in the negative t^-direction (clockwise in Fig. 8.49) 
w^e assume the following expression for the magnetic intensity 



Substituting in (4.12-7), we have (assuming^ = 0) the remaining intensities and the 
equation ior B{p) 

Q ^ . I dfl . 

'Ep(p,^) = — ^ Efp{py(p) = 

coep icaeap 

dti , 

+ P-T- + G^-p- - q-'W = 0, 


dp- 


dp 


This is the Bessel equation of order q% hence its solution and the s^-component of E are 
iS-(p) = AJ.ifip) + &V,03p), 

= irkAmp) + 

The boundary conditions are £p(pi,^) = 0, Ep(j>ty<p) = 0; therefore 


v^7{03pi) + £iV'(/3pi) -0, 
^TiC^Ps) + = 0. 


(23~1) 


Nonvanishing values of the constants and B will be obtained only if ^ is a root of 
the following equadon 


B _ mpi) ^ jm^) 

A Ni(fipx) Ni(fiP2)^ 


One method of solving this equation would be to plot both sides against q and 
obtain the points of intersection. Another method is to use the series expansions 
for the Bessel functions and solve for q by successive approximations, this method 
suggests itself when small. In any case it is evident that the solution 
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of (2) is more dilBciiit than that of the corresponding equation for a straight guide, 
and it is more practical to lock at the problem from a physical point of view. Thus 
if Pi = p 2 = oc so that the guide is straight, the wave under consideration has very 
simple properties; the transmission equations are the equations of a uniform line with 
distributed inductance and capacity given by L = C ^ Ep and Hs are 

uniformly distributed and is 2ero. Assuming therefore that in the first approxi- 
mation the bending does not alter the uniformity of and that the displacement 
current density may be ignored, we can calculate the new values of the distrib- 

uted inductance and capacity. The inductance L and the capacitance C per radian 
are then 

j. M(p|-“Pi) m ^ P 1 + P 2 

JL, ^ j C -------- ^ c , 

^ j P2 2 

Ic® — 

Pi 


Hence the characteristic impedance, the phase constant, and the wave velocity become 


IL ij3 t- , P2 ^ V be 

iC = ^ ~ » 7 — , q ^ = 0}\ Lc — ^ ■ 


If b is small compared with c we hav’e approximately 




Pi 


Vbc 




Thus the characteristic impedance has been increased by bending; likewise the wave 
%'elcx:itv’ along the mean circle has been increased. The characteristic impedance 
can be reduced to the former value either by decreasing the distance between the par- 
allel strips or by making them wider. 

The toregoing extremely elementary calculations may have created an erroneous 
impression that the fundamental electromagnetic equations have been ignored. In 
reality these calculations are based on equations (4.12-7). Thus dividing the first 
ot these equations by p and integrating the result as well as the remaining equa- 
tion fro.m p == Pi to p == po, we obtain 


a 1 

— I - Htdp ^ 
dip Jp^ p 





pE^ip) 


dV 

dip 



(23-3) 


The first term in the third equation vanishes on account of the boundary conditions. 
The second equation shows that the variation in H is small because pi — p 2 is small 
compared with the wavelength and E^ is small for the wave under consideration; 
hence H^ip) = — I/a^ where I is the conduction current in the strip of radius pi. 
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Substituting in (3) and integrating, we have 


dc 


Thus in following ph ys 
mental equations. 


91 


Pi). 

la ’ 


tiC€a 


Ic^ 


' pi 


V. 


(23-4, 


icai intuition we have not straved verv far from the funda- 



Fig. 8.50. 


Returning to the exact formulation 
of the boundary value problem and to 
equation (2), we note a curious fact 
that this fundamental equation has been 
derived from the boundary conditions 
imposed on that is, on a function 
which nearly vanishes for small cuiwa- 
tures. Equation (2) is not easy to 
handle numerically. However some 
values satisfying this equation can be 
obtained indirectly; thus if ^ = 1, we 
can plot Ji .Vj against jSp from the 
available tables (Fig. 8.50), select pairs 
of values jSpi and |dp 2 satisfying (2), 
and plot (pi -p po) against 

Pi, p 2 (Fig. 8.51). In this special case 
the phase q<p changes exactly by Iw 
per revolution and the field between 
the cylinders is periodic. Two waves 
of this kind traveling in opposite direc- 
tions will form stationary waves and 



Fig. 8.51. The ratio of the mean circumference 
of two coaxial cylinders to the natural wave- 
length for the gravest oscillation mode. 


Fig. 8.51 gives the ratio of the average circumference to the natural wavelength as a 
function of the ratio of the radii. 
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The second problem corxerns parallel strips bent in the plane perpendicular to 
the electric lines, so that the strips become two annular rings of width separated 
by distance h. Using the same coordinates we now have to consider the field com- 
ponents //p, £r, and The equations to be solved are (4.12-6). The boundary 
value problem reduces to equation ;2; and just as in the preceding case it is simpler 
to find an approximate solution by integrating the equations with respect to p and 
then making suitable approximations; thus letting c = i(pi + P2) and P2 — Pi = 
we obtain 



Pi 


In this case the characteristic impedance is decreased by bending while the mean 
wave velocity is increased as before. To increase the impedance to its original value, 
we should either increase h or decrease a. Comparing this result with the preceding, 
we note that in either case the impedance may be returned to its original value by 
decreasing the dimensions of the wave guide in the plane of bending or increasing the 
dimensions perpendicular tc this plane. 

At this point we w’ish to emphasize that there exist exact transmission equations 
for “ circulating ” waves which differ from (4) only in the values of the distributed 
line constants. Thus the second equation in (3) may be replaced by the following 
more general equation, 

Hz{p) = Hz{c) — /w€ J' dpy (23-5) 


where c is either the mean radius, or pi, or some other radius between p = pi and 
P = P2- Substituting from (5) in (3), we obtain exact transmission equations, 
connecting the transverse voltage F and the longitudinal electric current either in the 
inner strip alone or combined with the longitudinal displacement current flowing 
between the coaxial cylindeis p = pi and p = r. The constants in these transmission 
equations depend on the unknown function, £^(p). 

The tw’o remaining problems concern the effect of bending of metal tubes of rec- 
tangular crc^section on the transmission of dominant waves. We assume that before 
Landing the electric lines were parallel to the shorter side of the rectangle, that the 
field "was uniform in this direction, that the transverse intensities varied in the direc- 
tion of the longer side a as sin Ts/a, If bending takes place in the plane perpendic- 
ular to the electric intensity the appropriate equations are (4.12-6), assuming that 
wave propagation takes place in the direction. The solution of interest to us is 
the one w^hich approaches 
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as p increases indefinitely. As in previous cases it is assumed that pi is the smaller 
radius of the bent wave guide and p 2 js the larger radius. 

If the bending takes place in the plane determined by the electric intensity and the 
direction of wave propagation, then the proper equations are obtained from (4.12-2) 
by equating Es to zero. In this instance the field has three components before bend- 
ing, namely Ep, i7c> Hz and the solution in which we are interested is 

Ep = £ sin — 


Thus bending has introduced two additional components Ep and f/p. 

We shall now consider in detail the former case and assume that the field distri- 
bution over the plane normal to the direction of wave propagation is unaltered by 
bending; hence taking (21-15) into consideration we assume 


' E sin 


^(P - Pi) 




tE ?r(p — pi) 

■ cos , 




If Hand I are respectively the maximum transverse voltage and the total longitudinal 
current in the face 2 = 0 and if 

•*P2 

/= / i/p^p, 


=/' 


then dividing the first equation of the set (4.12-6) by p and int^rating it and the 
third equation from p = pi to p = p 2 and from 2 = 0 to z = ^ we obtain 


ds 


ioijnrh 

lAa 




dl_ 
ds '' 








(23-6) 


•2 r . Tip - pi) 

- sin dpy 

P ^ 


B 


_ ^ r^p 
^ Jo, r 


P . Trip — Pi) , 

sin dp, 

c a 


(23-7) 


where s — c<pyC — (pi + P 2 )/ 2 j and 

T 

As Pi and P 2 increase, A and B approach unity and equations (6) approach the trans- 
mission equations for a straight wave guide, written in terms of the maximum trans- 
verse voltage V and the total lor^itudinal current L 
The cut-off wavelength and the characteristic impedance become 


\ = 2ay/B, Kvj = 
Evaluating (7), we have E = 1 and 
A 


Tr\h 


2a\fAB 


- k2\-1/2 


(1 - »--) 


TC 


’/ a-p2 ^ Tp\ TP I ( TPi Tpi\ . Tpi 

L\ ^ ^ J a \ a a ) a } 


Thus in the first approximation the cut-off wavelength is unaltered by bending. For 
large values of Tpi/ a we have approximately 


A = 


C“ 

PlP3 


= 1 


/7“ 


Va 




8r- 
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hence the impedance is reduced by bending. To bring the impedance back to its 
original value a should be made smaller or h larger. 

The exact equations for the above case are 

E, = IAJ^Sp) ri- 

= -r 

mp 

17 } 

Since £*(pi) and E/ps) should vanish we must have 

B _ /,fj3pi) _ AfgPs) 

A ~ N^iBpi) XgiBPi) * 

Again the exact treatment of the problems depends on Bessel functions r^arded as 
functions of their order. 



CROFTER IX 

Radiation and Diffraction 

9.0. Introduction 

If the current distribution producing an electromagnetic field is known, 
the power radiated in a nondissipative medium can be calculated by ob- 
taining either the power contributed to the field by the sources or the power 
flowing through any closed surface surrounding the sources. The second 
method is based on the energy theorem (4.8-7) which states that when 
^ == 0 the average power contributed to the field is equal to the real part 
of a certain surface integral (4.8-8). The surface (6*) of integration may 
be chosen to suit our convenience. Since in general the distant field is 
much simpler than the local field, a sphere of infinite radius is a particu- 
larly suitable surface of* integration. For the same reason the second 
method is usually simpler than the first from the computational point of 
view. On the other hand from the theoretical point of view the first 
method is more direct and fundamental than the second; and in some in- 
stances, when the local field can be obtained in a simple form, this method is 
also preferable from the computational point of view. Furthermore the first 
method makes it possible to determine the reactive power while the second 
method is useless for this purpose. In computing the powder radiated in 
dissipative media tke second method does not apply; in this case we must 
add to the surface integral the volume integral which represents the dissi- 
pated power- 

9.1. The Distant Field 

Equations (6.1-10) represent the intensities of the field produced by a 
given distribution of electric and magnetic currents in terms of tw'o vector 
potentials A and F and tw^o scalar potentials F and U, In nondissipative 
media the vector potentials are 



where dp^ and dpr,t are the moments of typical electric and magnetic current 
elements, f is the distance betw^een an element at P{x^y^) or P{rXip) and 
a t>T>ical point in space or Q{r,e,(p) and the integration is extended 

ov^r the entire current distribution. Thus for r we have 

r = V (x — + (y - y)^ + (2 — z)^- 

331 


(1-2) 
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From the triangle OPO joining the origin, the element, and the typical 
point in space, we have 

p = \ >2 _ 2rr cos -r (1*“3) 

where ^ is the angle between OP and 00, that is, between the directions 

and (^, 9 ?); therefore 

cos = cos ^ cos ^ “T sin ^ sin § cos — ^). (l-~4) 

As r increases indefinitely we have 



0 P 

Fig* 9.1* The difference be- 
tween the distances from two 
points to an infinitely dis- 
tant point. 


5r = r — r cos ^ + 0 




(1-5) 


that is, the difference r — ? approaches the projection of the radius drawn 
from the origin to the element upcm the radius in the typical direction 
{B^ip) (Fig. 9.1 ). Since 


1 


r' — f cos ip -r O 


© 


= -- -f" 0 
r 


©)■ 


the expression for A may be w’ritten as 

-i0r 


We now define the magnetic radiation vector N as follows 


(1-6) 


(1-7) 


This vector is determined solely by the current distribution and it deter- 
mines the principal term in the expression for the magnetic vector poten- 
tial at large distances 


A = 



( 1 - 8 ) 


Similarly we define the electric radiation vector L and then express the electric 
vector potential at great distances as follows 

F.i^ + o{^. ( 1 - 9 ) 

Equations (6.2—11) show that at great distances from a current element 
the radial component of the field intensity varies inversely as the square 
of the distance and that the principal components of the field are therefore 
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normal to tJie radius. From the foregoing discussion it is evident thatj 
for any distribution of current sources which can be enclosed within a 
surface of finite area, the principal field components are normal to the 
radius drawn from some origin in the region of the sources. These princi- 
pal components can be expressed in terms of the radiation vectors, using the 
general formula (6.1-10). The divergence oi A varies at least as 1/r and 
the 6 and ^-components of the gradient contain a factor l/r; hence the 
only contributions to the principal terms come from the vector potentials. 
With this consideration in mind we obtain the following expressions for 
the intensities of the distant field 


Ee = vH^. = - ~ (riKs + 
E^ = -vHs = ^ -r 


(1-10) 


9.2. A General Radiation Formula 

The complex flow of power (4.8-8) across a sphere of radius r is 

= ir- J {E,H% - E^Ht) 

where d£t is an elementary solid angle, d9^ = %mQdBdip. Substituting 
from (1-10) and assuming that r becomes infinite, we find that ^ is real 
and w^e obtain the following expression for the radiated power W 

IF — J* ^ d2, # = ^11 + 2^12 + ^22> ^11 == (AVVf + iV^iV^), 

( 2 - 1 ) 

*^22 ^12 == g^ re(AfiZl^ N^pL^). 

The integrand ^ is called the radiation intensity in the direction 
and may be interpreted as the powder flow per unit solid angle in that direc- 
tion. Since the power flow per unit area normal to that direction may 
then be expressed in the following forms 

CD FE*^ 

= (2-2) 

Iri 

the amplitudes of the electric and magnetic intensities are 


(2-3) 
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The total radiated power is seen to consist of three terms 

IV - Wii ^ 2fVi2 4 - Woo, ( 2 ~ 4 ) 

where Wn is the power radiated by the electric currents alone. Woo is the 
power radiated by the magnetic currents alone, and 2W lo is the mutual 
radiated power. 

9.3. On Calculation of Radiation Vectors 

The general formulae (1-7) and (1-9) are adapted for calculation of the 
cartesian components of radiation vectors. For a curvilinear electric 
current filament the moment of a typical current element is I (s) ds^ where 
Zf is an elementary vector tangential to the filament and I {s') is the current 
in the filament; hence a typical cartesian component of N is 

A- = f dx. (3-1) 


For a magnetic current filament we have a similar expression with the mag- 
netic current K in place of the electric current /. The spherical compo- 
nents which enter the expression for may now be obtained from 


Ns = AT cos ^ cos ^ + AT cos 0 sin ^ — AT sin 
AT = “AT sin ip 4" AT cos p. 


(3-2) 


There are certain properties of the radiation vectors which simplify 
practical applications of the above equations. If an electric current ele- 
ment of moment II is situated at the origin, 
the radiation vector is simply the moment of 
the element 

N - IL (3-3) 



0 

Fig. 9.2. Successive rranslanons 
of the source. 


If the element is at (r,^,^?), then the radiation 
vector 

TV = (3-4) 


differs from (3) only by a “ translation factor ” exp(f/3r cos t^), as if we 
had a virtual source at the origin with a moment of the same amplitude. 
The wave from this virtual source is advanced in phase by /Sr cos ^ in 
order to correct for the phase delay introduced while it travels through 
the distance r cos V'- 

More generally we have the following successive translation formulae 
(Fig. 9.2) 

Np = II, Nji, = 

008 V^; _ ^2 (3—5) 
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where the subscripts designate the successive positions of virtual sources. 
The formula for the translation of a virtual source from one point to an- 
other follows from the theorem that the projection of a compound vector 
on anv straight line eauals the sum of the projections of its components 
(Fig. 9.2:^ 

f cos Tp = n cos 'Pi + ro cos Tp2- ( 3 - 6 ) 

If we have an array of several identical and similarly oriented radiators, 
located at a number of points -Pi (ri ,^1,^1), P2(^25^2)V^2)5 etc., then the 
radiation vector of the array is evidently 

iV - (3-7) 

where Ah is the radiation vector of any element of the array and An is the 
complex strength of each source, having amplitude an and phase 

An = (3-8) 

This theorem follows immediately from the translation formula. The 
summation factor is called the co?nplex space factor of the array and its 
absolute value simply the space factor. The space factor represents more 
than just the eflFect of the arrangement in space of individual elements of 
the array since it includes the effect of the amplitudes and phases of the 
elements. Only when all the Af% are equal to unity does the space factor 
represent the effect of the spatial arrangement. Since the cartesian and 
hence the spherical components of A’^ contain the space factor, the radiation 
intensity of the array is the product of the radiation intensity of an individ- 
ual element and the square of the space factor 

$ = S-^u S = I |. (3-9) 

9 . 4 . Directivity 

The radiation pattern or the directive pattern of a source or an array of 
sources is represented by # or v An overall measure of directivity 
is defined as follows- A uniform radiator is taken as a standard. In the 
case of acoustic waves this standard is represented by a sphere pulsating 
radially- In the case of electromagnetic weaves such a standard cannot be 
realized; but if figures of merit relative to this standard are known, other 
relative figures of merit can be immediately obtained. Secondary stand- 
ards may be varied as convenience demands. Let the strengths of the 
given source and of the standard be adjusted for a unit power output 

W= J = 1, Wo = f = 1; (4-1) 

then the directive gain or the directivity of the given source is defined as 
the ratio of the maximum radiation intensity to the radiation intensity of 
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fyf\r 

JJO 


the standard. This gain is expressed' also in logarithmic units; thus 


Z = 


$0 ’ 


G = 10 logic Z- 


(4-2) 


Since #o = equation (2) becomes 

Z ~ 4 — 4 * 111111 . 


(4-3) 


Another way of defining the directivity is to make the maximum radia- 
tion intensities of the source and of the standard equal to unity and com- 
pute the ratio of the power radiated by the standard to that radiated by 
the source 




(4^) 


The directivity of an antenna and its radiation pattern describe com- 
pletely the directive properties of the antenna. In order to obtain the 
gain (or loss) in some direction other than that of maximum radiation, 
we simply multiply g by or add 10 logic to G. 

In practice w’e are interested in radiation properties in the presence of 
the ground; w’hen the ground is assumed to be perfectly conducting the 
field can be obtained by the image theory. Equations (3) and (4) are 
still applicable if represents the power radiated by the given sources 
and their images. Of course, the actual power radiated above ground is 
only and the po'wer radiated by the nondirective radiator is Itt instead 
of 4x. 


9.5. Directive Properties of an Electric Current Element 

Assume that an electric current element of moment II is situated along 
the s-axis at the origin; then its radiation vector is 


AT, = //, Ne^-Ilsmd, 

and the radiation intensity becomes* 

^ vPP . 2 „ ISirPP . 2 ^ ^ ^ Vl5x7/ 
$ = _ Sin2 9 = — ^ Sin^ V# = — — 


sin 6, (5-1 ) 


In the equatorial plane the element is nondirective and the radiation pat- 
tern is a circle with its center at the element- In any meridian plane the 
plot of is a circle tangential to the element. 

* As usual the numencal coefficient refers to free space. 
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Tr. order to obtain the directivity dt the elemer.t we make the maximum 
radiation intensity unity and calculate the radiated power 

8r 


<1 = sin- y, W = sin= 


bdB ^ 


hence the gain :s 


g = 1.5^ G = 1.76 do. (5-2) 

The above power ^ could also ha\"e been obtained from equation (6.3-1); 
to make ^rnax unity we let /“/“ = 1 15-. 

Next we shall consider the efrect of perfectly conducting ground (the 
equatorial plane) on an element at height z == A above ground; the axis 
of the element is supposed to be perpendicular to the ground. The image 
of the element is positive and therefore the radiation vector and V <i> are* 
= //(^m cos a ^ eos ^ cos (JA cos ^), 

-Va = —21/ cos Q3A cos d) sin 

TT 2VU^I/ 

\ <|> =r CQ5 0 ^ 


The horizontal ’’ pattern is still a circle, but the vertical ” pattern is 
affected by the height. If A is sufficiently large, the radiation intensity 
may vanish for values of the angle 0 other than zero; these angles of the 
cones of sileyice are obtained from 


iSA cos $ = + - 5 


cos 6 = 


(;in + 1)X 
\A 


The height must be greater than a quarter wavelength before other nulls 
than in the direction 0 = 0 make their appearance. Cones of silence are 
produced because in some directions the direct wave from the source is 
canceled by the ground reflected wave. 

The power radiated by the element in the presence of ground may be 
obtained from the equations of section 6.4. The mutual radiation re- 
sistance of the element and its image is obtained from (6.-1^24) if we assume 
2^1 — 22 = thus 

„ \SP{sm2m 

and the total radiated power is 

q 

* For the upper element 0 = 0 in equation (1-4) and for the lower element 0 = x; 
ibr both elements f — A. 


W = 2(^11 -f /F 12 ) = (Rxx + 


¥**») 
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We remind the reader that this is the power radiated by the source and its 
image in free space; only one-half of this power is radiated above ground. 
The maximum radiation intensity is unity when Pf . = l/'60ir, and the 

corresponding radiated power and directivity become 


W ■ 


L 




3 1 + 


3 /s\n23h 

3 /sm2SA 



Fig, 9.3. The gain in decibels of a current 
element normal to a perfectly conducting 
ground. 

gain is less than 3 db. Figure 9,3 si 
with the height in wavelengths. 


If the element is just above 
ground, g becomes equal to 1.5 
and the ground has no effect on the 
gain. If the element is very high 
above ground, then ^ = 3 and the 
ground adds 3 db gain. When 

- cos 2^h = 0, h= 3S7\, 

2ph 

the added gain is also 3 db- The 
added gain is greater than 3 db 
when the mutual radiation resist- 
ance Ri 2 is negative; otherwise the 
►w’s how the gain in decibels varies 


9.6. Directive Properties of a Small Electric Curreyit Loop 
In free space the radiation pattern of a small loop carrying substantially 
uniform current as the same as that of a current element. In the plane 
of the loop the diagram is a circle with its center at the center of the loop; 
in any perpendicular half plane the diagram is a circle tangential to the 
axis of the loop. This is not surprising since the loop is equivalent to a 
magnetic current element. If the plane of the loop is parallel to ground, 
the image source is negative and the radiation intensity in the ground 
plane vanishes. If the loop is near ground and the current is kept constant, 
the radiated powder is considerably reduced. 

If the plane of the loop is perpendicular to ground, the image is positive. 
Let the center of the loop be at height z = A above ground and let the axis 
of the loop be parallel to the ^^-axis. If S is the area of the loop, then the 
moment A/ of the equivalent magnetic current element equals i<jip.SI and 
the magnetic radiation vector of the loop and its image is 

Zj; = 2ic^y.SI cos cos B). 
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For tlie radiation intensity we obtain 


^ = 


——5 (cos^ B cos“ ^ + sin^ ip) 

oriK“ 

cos" C3A cos 5) (cos" d cos" ~ sin' 


Since 


cos^ & cos“ <p i- sin^ ^ = 1 — sin“ 6 cos“ 


«f> is maximum for all \mlues of h when B = 90®, ip = d=90®; that is, the 
maximum intensity occurs aii along the intersection of the plane of the loop 
and the ground plane, unity when — l/240Tr^. 

The radiation resistance of the loop is given by (6.10-3). The 
mutual radiation resistance between the loop and its image may be ob- 
tained from (6.17-5) if w’e compute the electromotive force induced in the 
loop by its image; thus 


Rii 






1 


/jSr 


■i^r 

3 


or 


2407r®-S'^r/ 1 'N - , , cos /Sr" 


2h. 


The power radiated by the loop and its image is then 




(Rll + Ri2)^ = 


(^11 + Ri 2 )^^ 
2407r^S^ ’ 


and the directivity may be expressed as follows 


g = 



1 \ 3 sin 2^k 
4 ^ 2 ^ 4^h 


^ 3 cos 23/r\ ^ 

J 


When the loop is just above ground, it radiates uniformly in its own 
plane (ip = 90®). If however ph = 2, A = X 4, then the vertical radia- 

tion from the loop is canceled by that from the image and we expect a 
substantial improvement in gain. In this case we have 


The gain of a vertical current element, a quarter wavelength above ground 
is only 3.62 db; hence the loop has a gain of 1.87 db over the element. 

9.7. Directive Properties 0 / a Vertical Antenna 

In the case of a vertical antenna above a perfectly conducting ground 
the ground may again be replaced bv an image antenna (Fig. 9.4). As 
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in preceding sections we suppose the ground removed and consider that 
the antenna and its image constitute a wire in free space energized from 
the center. If the wire is perfectly conducting and 
if its radius is vanishingly small, the current distribu- 
tion is given by (6.8-'i ). In the next section we shall 
study the effect of finite radius on the assumption 
I that the current distribution remains sinusoidal and in 

; Chapter 11 we shall determine the extent to which the 

actual current distribution deviates from the assumed 
Fic. 9.4. Vertical an- distribution. The finite radius affects principally the 

tenna above a perfect impedance and the radiation pattern in those 

ground and Its imase. - t i .... - . „ 

directions m which the radiation intensity is small. 

The radiation vector in the present case is 

Xz = 21 f sin — z) cos (^z cos 6) dz 

t/ 0 


2/[Cos fd/ cos — cos ^/] 
S sin^ d 


(7-1) 


where / is the length of the wire above ground and 21 is the total length 
of the antenna in free space. Hence for the radiation intensity we have 




60/“ sin“ — (1 -- cos 6) sin^ ~ (1 + cos 6) 

__ X — _ X ^ 


TT sin“ 6 


(7-2) 


In the special case wEen / = X/4, = t/2 and the radiation intensity 

becomes 


^ = 


15/^ cos^ (Jtt cos 6) 


w sin“ d 


15/2 


The radiated power may be obtained by integrating <l>. If a new variable 
f = cos & is introduced, the integral may be reduced to Si and Ci functions; 
thus w’e obtain 

/F= 15 (log 2t + C- Ci 2ir)P = 36.56/2. 

This is the total radiated power in free space; one half of it is radiated 
above ground. The voltage beween the upper terminal (Fig. 9.4) and the 
ground is one half of the total voltage applied at the center of the antenna 
in free space; thus the radiation resistance of a quarter-wave vertical an 
tenna (of an infinitely small radius) just above a perfect ground is 36.56 
ohms w’hile the radiation resistance of the half-wave antenna in free space 
is 73.129 ohms-. 
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The directivity ct cur antenna is 

G = 10]ogxo:;|^ = 3.15 db. 

Comparing this with G = 1.76 db for an electric current element, we find 
that the gain of the half-wave antenna o^^er the element is only 0.39 db. 
The principal ditference between a very short antenna and a half-wave an- 
tenna is in the input impedance; the short antenna has a high reactance 
and a very small radiation resistance 
while the half wave antenna has a compara- 
tively large radiation resistance. Figure 
9.5 compares the vertical radiation pat- 
terns of the element and the half-wave 
antenna. 

It is evident that the length of the an- 
tenna above ground can be increased to X - 2 
and the maximum radiation will still be in 
the ground plane. In the ground plane 
the radiation vector is equal to the mo- 
ment of the current distribution 

X7 

Ns ^21 I sin z)dz — — (1 ~ cos .6/); 

Jo ^ 

this becomes maximum when == tt. Further increase in I reduces the 
intensity in the ground plane and shifts the maximum tow’ard the normal 
to the ground plane. 

9.8. The Effect of the Radius of the Wire on the Radiated Rower 

In this section we shall consider the effect of the finite radius of the wdre, assuming 
that the current distribution remains sinusoidal; a more complete discussion is de- 
ferred to Chapter 11. If we assume that the current is distributed on the surface 
of a wire of radius we may regard the wfire as a circular array of sources of which 
each source is an elementary current filament- The plane of the array is the equa- 
torial plane. From (7-1 ) we obtain the radiation vector of a typical element of the 
array 

dR, ■■ ^ ““ * 

where ^ defines the angular position of the elementary filament. Hence the space 
factor is 

s=—f d0 = /o(l5a sin 6), 

Itt do 

and the radiation intensity $ becomes ? = where ^ is given by (7-2), lf/3a<^l, 

S 1 and the radius has a negligible effect on the radiated power. 



Fig, 9.5. Vertical radiation patterns 
of a short doublet (the outside 
circle) and a half-wave antenna 
(the inside oval). 
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9.9. Linear Arrays with Uniform Amplitude Distribution 

Consider an arrav of n like radiators equispaced on a straight line 

(Fie. 9 6). Let the amplitudes or the 
gQiij’ces Be equal and let r? be the 
phase lag as we pass from one source 
to the next from left to right. If <J> 
is the radiation intensity of each individ- 
ual radiator, the radiation intensity $ 

Fig. 9.6. Linear array of equispaced of the array is obtained from (3-9); 
sources. 

.<?! = 1, A2 = d ^3 = ■ • • 

n = 0, ro = / cos ip, ra = 2/ cos \p. 



and consequently 

I = 

where 

^ _ I j _i_ ^i£ 4. q_'. . . q- i cos ^ — i?. 

Hence the space factor of the array is 


S = 


I - 1 j 

I - 1 i 



i . $ 

1 


(9-1) 

(9-2) 


(9-3) 


.9 is maximum when $ = 0; then 5 = «. The direction ^ for which the 
space factor is maximum is determined from (2) 


^ ^ t? i?X 

01 cos iP=e, cos i/' = -^ = ^^ • 

Thus if the phase delay t? along the array is zero, Ip = 90° and the space 
factor is maximum in the plane normal to the line of sources. Such an 
array is called a broadside array. The direction of maximum space factor 
is parallel to the line of sources if ip = 0, that is, if 


2x/ 


such an array is called an end-on array or an end-fire array. The requisite 
phase delay may be obtained automatically if the sources are fed from a 
transmission line starting with the antenna at the extreme left. For inter- 
mediate values of the phase delay t? the space factor is maximum in some 
direction making an angle between 0° and 90° with the line of sources. 
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Null directions tor the space factor are given by 


= 1 , 

where k is an integer^ excluding zero. Substituting from ( 2 ), we have 

7 a 2/^^ 

,d/ cos ^ T? = zfc . 

n 

For an end-fire array this becomes 

2kit 
n 

If ;2/is large, the first few nulls are small angles and w^e have approximately 


jS/(l — cos ip) — — y 1 — cos }p = — y sm 


k\ . ip 


'ini' 


2M\ _ 


k/ 


> = 




Ynl 


The total width of the major radiation lobe is 


2X 


A - 2 ^. - 2 ^- 

It should be noted that nl equals the total length of the array, augmented 
by L 

For a broadside array we have the following equation for null directions 

- 2jt7r _ ICK 

cos }p = zh 3 cos ^ . 

n nl 

When the total length of the array is large, then for the first few nulls we 
have approximately 


sm 


/tt X - }CK 

= ± — = I ■ 


The first nulls, one on each side of the direction of maximum radiation, 
are 

X - X X - X 

In this case the width of the major radiation lobe is 

2X 


A = 


nl 


For the broadside array the major lobe is narrower than for the end-fire 
arrav. 
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Between successive nuli directions there will exist secondary maxima 
of the space factor. These maxima coincide approximately with the direc- 
tions for which the numerator in (3) is maximum; thus 


SI cos ± 


{Ik + 1)t 


where k is an integer. The amplitudes of the successive maxima, beginning 
with the second, vary approximately as 

1 1 

sin - sin 


For large n and small k the maximum amplitudes, beginning with the prin- 
cipal maximum, are 

2?? In In 


1: 0.212 : 0.127 : 0.091 :••• . 

The level of the second maximum is about 13.5 db below the principal maxi- 
mum, independently of the actual value of n as long as n is large. 

Figure 9.7 illustrates how’ the space factor varies with ^ for the case 
n = 10. As the angle i/ varies from 0° to 180°, which is the maximum 
span for | varies from — d- to + iS; if this range is within (~“ 7 r,+ 7 r). 



Fig, 9.7. Universal radiation pattern for linear arrays of ten 
sources with equal amplitudes. 

then the space factor contains only one major lobe and the minor lobes 
diminish with increasing angle from the direction of maximum .S'. For 
a broadside array the span of ? is (— /3/^/) and so long as 1 does not 
exceed one-half wavelength, the above condition prevails. As soon as / 
becomes larger than X/2, however, the secondary maxima beyond a certain 
point begin to grow more prominent; for / = X, for mstance, there will be 
just as much radiation in directions parallel to the array as at right angles 
to it. 
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For an end-fire array the absolute value* ci | varies from 0 to 23L In 
this case / should not exceed X 4 :f we wish to exclude growing secondary 
maxima. If / = X 2, there is just as much radiation in the direction 
Q = 180" as in the direction B = 0°. 



We shall now consider two special cases. The first is a broadside array 
of t’wo elements, one-half w^avelength apart. The space factor of this 
array is (reducing the principal maximum to unity) 



5* vanishes along the line joining the sources; the polar diagram is shown 
in Fig. 9.8. The second case is the end-fire array of two sources, one- 
quarter w^avelength apart. In this case 

S = cos ^ = cos (1 — cos 5) J . 

The polar diagram is heart-shaped (Fig 9.9). 

9.10. TJie Gain of End-Fire Arrays of Current Elements 

First we shall consider an end-fire array of n elements, perpendicular 
to the line of the array, a quarter wavelength apart. Let us assume that 
the x-axis is the line of the array and that the elements are parallel to the 

* Only the absolute value is important in the expression for 
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•v-axis; then the space factor and the radiation intensity become 

Sin sin 


sin I -sin - 


# = 2 — (cos" 9 cos' <f> + sin^ <p) S^. 


(10-1) 


If we reduce the maximum radiation intensity of the array to unity, we 
obtain 


riT . 


sin I — sm- ~ 


sin" I - sin 


(cos" d cos^ <p + sin^ <p). (10-2) 


The radiated power may he obtained either by integrating $ or from the 
mutual impedances between the elements. In the case of a few elements 
the second method is preferable; for a large number of elements, it is easy 
to obtain an asymptotic expression by the first method. When n is large, 
the principal radiation lobe is within a small angle d where we have approxi- 
mately sin ^ ^ and cos ^ = 1; thus 


64 sin" 


71 7k Q V 


Introducing a new variable t = we have asymptotically 

8 sin" / , 4 1 — cos 2/ 


= “ f = 5 r 

njQ r 72 Jo 


3C 

sin 2/ ' 

+ 2 

/ — dt 

0 

Jo t J 


From (3.7-18) and (3.7-19) we have — (8/72) Si 00 = 4 x/ 72 . Hence 
the directivity of the array is 

g — n, G = 10 logio 71. (10-3) 

If the separation between the elements is then instead of (2) we have 

. _ . oA 


sin I Ti^a sin 


72" sin*^ f 8a sin' 


(cos^ 6 cos^ <p + sin^ <p). 
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Let a decrease and n increase in such a way that the total length I of the 
array remains constant; then 

sin- {&l sin- 

w = . 1 — Sin B cos“ c?), 

oO • 4. ^ 

sin - 

2 


and the radiated power is 
IF = 



The first term represents the power which would be radiated by a continu- 
ous array of nondirective elements; the second term expresses the modifi- 
cation due to the directivity of the elements. As / becomes larger the 
second term becomes smaller in comparison with the first. Evaluating, 
we have 

rrr ^TT log W — Ci l8l + C - cos^ SIH 2^l\ 

j, 

As / increases, approaches '3l = ttX 7. Hence the directivity;, 

of the array is 

g = ^, G = 10 logio 7 4- 6. (10-4) 


If (3) is expressed in terms of the total 
length of the array in wavelengths, then 
we also obtain (4). 

The power fVi radiated by a long 
continuous array w-ithin the major lobe 
is PFi — (4^/^/) Si Ztt, hence the ratio 
of fFi to the total radiated power is 

2 Si 2 t , 1 

£ — 1 

PF T T-' 



If ■we had ignored all secondary lobes in Fig- 9.10. Radiation pattern of an end- 
computing ti.c dimctive gain c„, figure 

w'ould have been 0.46 db too high. 

The first null direction of the continuous array and the width of the 
major lobe are 


d 


Vt’ 


A = 25 = 2 


2\ 

/ 


(10-5) 
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The total width of the major lobe is inversely proportional to the square 
root of the length of the array in wavelengths. Figure 9.10 represents 
the radiation pattern (S) of an end-nre array of eight nondirective elements, 
spaced one-quarter wavelength apart. 


9.11. The Gam of Broadside Arrays of Current Elements 
For a continuous broadside array of electric current 
elements parallel to the ^-axis, the radiation intensity 
with its maximum reduced to unity is 

4 sin^ (|g/ cos 
cos^ B 



$ = 


(1 — sin^^cos^^). (ll“l) 


The first two null directions, one on each side of the 
maximum direction are obtained from cos ^ 

The total width of the major lobe is 


The directivity of the arrav is calculated to be 


Fig. 9-11. Radla- 


-(i 


cos 

sT ■ 


sin j8/\ ^ 

• 


Qon pattern or j have asymptotically 

a continuous ^ ^ tr j 


broadside array, 
two wavelengths 
long. 


231 4/ / 

^ = — = Y> G=10 logio - + 6 db. 

TT A A 


(11-3) 


(11-4) 


Figure 9.11 represents the radiation pattern of a continuous broadside 
array of nondirective elements, two wavelengths long. 


9.12. Radiation from Progressive Current JVaves on a Wire 
Let us now suppose that a progressive wave is traveling in a wire of 
length / with velocity in general different from the velocity v charac- 
teristic of the medium. If the wire extends from z = 0 to z = /, the radia- 
tion vector and the radiation intensity are 

Y j f cm 8 21 ^ cos B)l 

Jq “ jS cos 0 


^ = 


307r/^[l — cos (0 — 3 cos 6)1] 
cos 6)^ 


sin" 6, 
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When integrating # in order to obtain W, we introduce a new variable 
/ = (B — 0 cos 9)1; thus we obtain 

307r/„ 

fr = — P X 


If the phase velocity along the wire is equal to the phase velocity charac- 
teristic of the surrounding medium, then 3 = 3 and 

fP = 30/^^log 2g/ - Ci 2j3/+ C - 1 + ^^2^^ • (12-1) 

The direction of maximum radiation is found by equating to zero the de- 
rivative of $ with respect to 6; thus we obtain the following equation 

tan u _ A ^ ^ 

u \ fil) ^ X 7r(l — cos 6) ’ 

The greatest maximum corresponds to the smallest root of this equation. 
When the wire is long, this root is substantially independent of / and it 
occurs for a value of u about halfway between 1.16 and 1.17. The maxi- 
mum radiation intensity is unity if 


P = 


1.16X 


0.046 y . 


SO/sin^ 1.16 

Substituting this in (1) and calculating the gain, we obtain 

G = 10 logio ^ + 5.97 — 10 logio ^logio ^ + 0.915^ . (12-2) 


9.13. Arrays with Nonuniform Amplitude Distribution 

In all arrays with uniform amplitude distribution the shape of the axial 
cross-section (by a plane passing through the line of radiators) of the space 
factors is more or less the same, regardless of the number of elements, so 
long as this number is not too small. If, however, the amplitudes of the 
individual elements are varied, the shape of the major lobe may be altered. 
Consider, for example, an array in which the amplitudes are proportional 
to the coefficients in the binomial expansion 


jn - 1)(» - 2) 
1 • 2 


(» - l)(w — 2)(n — 3) 


1 , 


1 . 


1 , « - 1 , 


1 • 2-3 
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In the notation of section 9> we have 



Thus the space factor of an array of n elements with binomial amplitude 
distribution is the (ji — 1 )th power of the space factor of a pair of elements 
of equal amplitude. While in the case of uniform distribution the number 
of radiation lobes increases with the number of elements, in the binomial ” 
array the number of lobes remains the same as for a pair of elements. 

Similarly w^e can start with an array of three elements with uniform 
amplitude distribution so that the space tactor is 

^0 = ; 1 - ! , 

and design another array with the space factor equal to the square of 6*0 

S ^ Sl=\ I -f j . (13~1) 

This array will contain five elements with amplitudes proportional to the 
coefficients in equation ( 1 ). We have seen that in a uniform array the 
levels of the secondary radiation lobes are substantially independent of 
tfie number of elements if this number is fairly large. In an array of 
t>’pe (1) the secondary lobes are considerably reduced in size. On the 
other hand the wfidth of the major lobe is larger than in the case of a uniform 
array of the same number of elements. 

It is possible to assign the disposition of null directions at will , thus let 

s = ; I , 

where li, ^23 ‘ correspond to the chosen null directions. When S is 

expanded, it becomes a polynomial of (n — l)th degree in and it has n 
terms- The coefficients of this polynomial represent the relative ampli- 
tudes and phases of an array with the preassigned null directions. This 
method can be used to design highly directive arrays; but nonuniform 
amplitude distributions require larger currents in the individual elements 
so that ohmic losses are increased and may easily become prohibitive. 

9.14. The Solid J?jgle of the Major Radiation Lobe^ the Form Factor^ and 
the Gain 

The expressions for the gain of various long arrays show that the gain 
increases by 3 db when the length of the array is doubled. If we compute 
the solid angle occupied by the major lobe, we shall find that the solid 
angle is inversely proportional to the length of the array; and it is easy 
to see that g should be inversely proportional to the solid angle if the shape 
of the major lobe remains the same^ 
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For an idealizea radiator which sends all its energy uniformly within 
a given solid angle Q, the directivity is simply 

a = , G = 10 logic j; -h 10.99. (14-1 ) 

If the solid angle is formed by a cone of angle then 

Q = 2t f sin d dB ^ 2r(l — cos Q), 

Jo " 

When § is small, this becomes Q = In terms of this angle the gain is 

j- = |, G= 201ogioi + 6. (14-2) 

d d 

If the radiation intensity is 

i>(5) = (i - 1^"*, 0 < e < 

(14-3) 

= 0, ^ 5 < 5r, 

and if 6 is small, then JV = ttP (In + 1) — 9^;{2n +1). In this case 
the gain is 

G == 10 logio — + 10.99 + 10 logio (2;z + 1)> (14~4) 


where the last term represents the eflPect of the form of the major lobe. 
For a continuous end-fire array of length / we have from (10-5) 


P - 


/ ’ 




2tK 


and the gain (1(F4) of the array becomes 

^ ~ j G = 10 logio ~ + 14.00. (14-5) 


If « = 1 in equation (4), the gain becomes 

G = 10 logic ^ + 15.76. 

This differs from (5) by less than 2 db and the array whose radiation in- 
tensity is given by (3) with n — 1 approximates fairly well the end-fire 
array. In making estimates of the ground effect or in estimating the gain 
of arrays made of end-fire arrays calculations may be simplified if we re- 
place the original # by the simplified form (3). 
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Various alternative approximations for # might be used instead of (3). 
For instance, from the form of (10-2) for small values of B we might assume 

#(5) = (i - 

= O3 e^e 

Integrating, we find 

80 1 

, G = 10 logic - + 13.72. 

This value is very close to that found in (S), but the simplicity of the ap- 
proximation (3) may at times outweigh the advantage of greater accuracy 
obtained by using this particular form of <i>. 


9.15. Broadside Arrays of Highiy 'Directive Elements 

Consider a pair of highly directive radiators located at (—^/2,0,0) and 
{d Assume that the radiation intensity of each radiator is 

^0=1, 0<e <9, 0 < ^ < 27r, 

‘hr. 


The radiation intensity of the array is then (with the maximum reduced to 
unity) 


, , /Ird . \ 

^ f f ^0 cos I sm 6 cos <pj 


The second term represents the mutual radiation of the two sources. If d 
is small, the mutual radiation is almost equal to and there is little 
gain from the array over a single radiator; if d is sufficiently large, the gain 
is 3 db. If 5 is small, we have approximately 





y 







(¥)]^ 


As the directivity of the individual radiators increases, they must be set 
further apart in order to increase the gain. If ^ = X/25, then JV = 0.59Q 
and the gain of the array over a single radiator is 2.3 db. If a continuous 
end-fire array is arbitrarily approximated by a radiator of the type postu- 
lated in this section and if d is taken to be one-half of 9 corresponding to 
the end-fire array, then z/ = V Jx/. Thus two end-fire arrays, eight wave- 
lengths long, would have to be separated by about two wavelengths in 
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order to obtain an additional 2.3 db gain. These figures give a general 
indication of the relationship between the directivity of the individual 
radiators, the separation between them, and the directivity of the array. 
Better numerical estimates may be made if is chosen to conform more 
accurately to the actual radiation intensity of the elements of the array; 
bat the general trends whll remain the same. 

9 16. Ground Effect 

The effect of a perfectly conducting ground on the directivity of a given 
radiator is obtained if we consider the array consisting of the radiator and 
its image. If the image is positiv^e we have exactly the case analyzed in 
the preceding section, where d Ih and h is the height of the radiator 
above ground. If the image is negative, then the sign of the mutual radia- 
tion intensity becomes negative. In this case the maximum ^ is sin^ ph 
so long as h does not exceed a quarter wavelength; for larger values of h 
the maximum intensity is unity. When the image is negative, the radia- 
tion intensity in the original maximum direction (parallel to ground) is 
canceled. 

If the ground is not a perfect conductor, then its approximate effect 
may be obtained by assuming a reflection coefficient equal to that for 
uniform plane waves; thus 

$ = j 1 + ^ exp(2/j5A sin d cos <p) #05 

where ^ is a function of 6 and <p. This assumption is justified when A is 
not too small as will be shown in Chapter 10. 

Y 

9.17. Rectangular Arrays 

Consider now a broadside rectangular array 
of identical radiators wdth equal amplitudes. If 
a-i is the separation between the radiators in 
the x-direction and bx the separation in the 

j-direction (Fig. 9.12), the space factor of the 5 jj. Rectangular array 
array is of cquispaccd sources* 

m— 1 n— 1 

S = Yi exp(/pi8iSi sin 9 cos <p) Y sin 6 sin p) j . (17—1) 

i p=o a=o 

This space factor is the product of two space factors, one corresponding 
to a linear array parallel to the x-axis and the other to a linear array parallel 
to the jf-axis. From (1) we obtain 


sin 1 

\ ■ 1 

^ Sin d cos <p j sin | 

■ 0 - 'N 

— Sin 9 sm ^ 1 

< 2 

sin 

. \ 

1 sin 6 cos <p) sm 

• e • \ 

1 — sin 9 sin <p j 


(17-2) 
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Let ai and become infinitely small while m and « become infinitely 
large, in such a way that the dimensions a == (m l)ai and ^ = (?z — 
of the array remain constant; let the amplitude of the elementary radiator 
be ^ dS(= Aaibi) where dS is an element of area; then in the limit we 
have 


S = AS 


sm 


sin 6 cos sin sin 6 sin 


Ta . 

— sm d cos (p 
X 




sin 6 sin <p 


(17-3) 


where 5 is the area of the array. The space factor is maximum and equal 
to AS wEen ^ = 0. 


9.18. Radiation from Plane Electric and Magnetic Current Sheets 

Consider a plane electric current sheet of density Jx and a plane magnetic 
current sheet of density 3/^. The radiation vectors are 

Ax = J J = f J 

where p is the distance of a typical current element from the origin and 

cos ^ = sin 5 cos {o — <p), p cos rp = (x cos ^ + y sin <p) sin 6, 

If My(xJ^) = vjzi^^y) and if the two sheets are superimposed on each 
other, then the radiation intensity becomes 

^ (1 + cos ef I AT, |2. (18-1 ) 

For a combination of an electric current element whose moment is 
1 meter-ampere and a magnetic current element of moment equal to 
1 meter-volt, at right angles to each other, we have 

‘*’0 ^ (1 + cos e)^. 

The radiation pattern of this particular source, called the Huygens source, 
is similar to the radiation pattern of an end-fire couplet of nondirective 
sources, a quarter wavelength apart (Fig. 9.9). Both patterns are sym- 
metric about the axis of the source (the straight line connecting the ele- 
ments in one case and the perpendicular to the plane of the elements in 
the other) and there is no radiation in the direction opposite to that of 
maximum radiation. The two patterns are not exactly the same how- 
ever; for instance when B = 90°, the radiation intensity of the Huygens 
source is 6 db below the maximum while for the end-fire couplet it is only 
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3 db below the maximum. The directivity of the couplet is ^ = 2 and 
the directivity of the Huygens source is ^ == 3. 


9 . 19 . Transmission through a Rectangular Aperture in an Absorbmg Screen 
Assume that the .rj-plane is the plane of a screen and let the boundaries 
of the aperture be .v = 0, x = a^ y = 0, j == b. Let a uniform plane 
wave impinge on the screen normally and let its field in the :yy-plane be 

E, = Hy = Ho, Eo = vHo- 


The effect of the screen is expressed by an added field which, by the 
Induction Theorem of section 6.13, may be produced by electric and mag- 
netic current sheets of densities = — //qj = — -Eo* 

If the screen is a perfect absorber and if the aperture is large, we may 
assume that the waves emitted by elementary sources directly in front 
of the screen are completely absorbed and that the field of the sources over 
the aperture is substantially unaltered. In this case the radiation in- 
tensity of the field transmitted through the aperture is approximately 

^ (1 + cos 5)2^- = §§2 (1 + cos (19-1) 


where S is equal to S in equation (17-3) with A = \. 

The maximum <i> is in the direction normal to the aperture and 




'max 2 ^ 


X2 




2 3 


(19-2) 


where S is the area of the aperture. In the xs-plane, = 0 and (1) be- 
comes 




8X2 


(1 + cos 



o o 




sin^ d 


If B is small, we have approximately 

sin^ u roB 

^ = 2 ^maxj ^ ~T • 

U X 

Figures 9.13 and 9.14 represent and $ as functions of u. In the opti- 
cal frequency range the pattern observed on a remote screen parallel to the 
aperture would consist of alternate bands of high and low illumination. 
The distribution of ^ in the js-plane is similar to that in the Arz-plane. 
In optics the field transmitted through the aperture is called the diffracted 
field. 
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Fig. 9.13. ^ vs. u = xad/X for a rectangular aperture in an absorbing screen. 


i 



Fig. 9.14. ^ vs. u — xaB/X for a rectangular aperture in an absorbing screen. 


9.20. Transmission through a Circular Aperture and Reflection from a Circular Plate 
For a circular aperture of radius a equation (18-1) becomes 


2X= 


(1 + cos 0)* ' jT /o(/3jS sin BYp d‘p \ 


sin 

2X“ _ pa sin B J 


(1 + cos 


Hie radiation intensity vanishes when 


( 20 - 1 ) 


sin ^ = kn. 


sin B 


2^4 


Mkr ,) » 0 , 
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the zero root being excluded. In the case of light waves we should sec on a distant 
screen alternate light and dark rings. 

It will be remembered that equation (1) has been obtained on the assumption that 
the screen does not affect the Held of the secondary sources over the aperture; to 
obtain an idea of how large the aperture should be to make this approximation satis- 
factory, we shall compute the ratio of the power /^radiated by the electric and mag- 
netic current sheets in free space to the power delivered to the aperture 
by the incident w-ave. For this purpose we integrate # over the unit sphere. In the 
form of a power series we have 


^0 ro(2« + 3)[(«^ i)!F; 


(20-2) 


but when is large, the following asymptotic expansion is more convenient for nu- 
merical computations 


^ ^ 1 + /i(26a) , Jo(2l3a) , V3M2pa) 

Wa l^a {2^a)^ ^ 


(20-3) 


In order to obtain this expansion we multiply (2) by differentiate the result with 
respect to 0a, compare the series with the power series for /o(^)> and then int^ate 
with respect to 0a; thus we have 


d { JF\ W 

dm\w^ ~ ^ ~ ^ 



dt. 


Integrating by parts, we obtain (3). 

Figure 9.15 shows how W/W^ varies 
with the size of the aperture. When 
the diameter equals one wavelength, 

0a T and the power ratio is about 
0.9. It may be expected that for this 
and larger apertures, the radiation pat- 
tern will not differ very much from the 
actual radiation pattern, particularly in 
directions in which the radiation is 
large. The radiation pattern near the 
null directions is likely to be affected to 
a much greater extent by the approxi- 
mations. 

Huygens was the first to suggest 
that any wavefront could be regarded 
as an array of s^nd^ s(^ and ^ ^ ^ ^ 2xVX; /F, is 

he postulated that the field of the power incident on a circular aperture and 

secondary sources should be entirely fFis the p>ower scattered by the aperture if the 
m the direction of the advancing edge effect is ignored, 
wavefront. He c^ered no explanation 

of this property and no suggestion of the physical nature of these secondary sources. 
The Induction Theorem states that each secondary source is a combination of electric 
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and magnetic current elements whose moments are respectively proportional to the 
magnetic and electric intensities tangential to the wavefront. The Induction Theorem 
is, of course, not restricted to the wavetront; but its practical usefulness is largely 
limited either to situations in which we have reason to believe that the field of the 
secondary sources is not appreciably affected by the surroundings or to situations in 
which the surroundings are such that the exact field of a typical secondary source may 
be determined. 

The approximate solution of the problem of reflection from a large conducting 
plate is quite similar to the above. Thus on reflection from an infinite plate the 
tangential component Ht of the incident field is substantially doubled and the linear 
current density in the plate wnll be In the case of a large plate the current density 

is assumed to be 2//^ in the first approximation. The component of the current 
density normal to the edge of the plate must vanish, of course, and our assumption 
is at its worst in the vicirxity of the edge; but this “ edge effect ” depends on the cir- 
cumference of the plate while the main eifect (for large plates) depends on the area. 
If a plane w*ave of the type considered in the preceding section is incident normally 
on a circular plate, the radiation intensity of the field reflected from the plate is given 
by (1) provided we replace the factor (1 -f- cos B)" by 4 (cos* B cos^ <p + sin^ ^). 


9,21. Transmission through a Rectangular Aperture: Oblique Incidence 


Let us now consider the case in which 
Let the angle between the wave 



Fig. 9.16. Rectangular aperture in an 
infinite screen. 


the incident w^ave strikes the screen obliquely, 
normal and the normal to the screen be 
small (Fig. 9.16) and assume that the wave 
normal is parallel to the Ars-plane. The 
components of E and H parallel to the 
screen are nearly equal to the total E and H 
and the principal difference between this 
case and the case of normal incidence is in 
the progressive lag of secondary sources 
in the positive A:-direction. Hence the radi- 
ation intensity is 


^ ^ (1 + cos 


n a 

(sin 8 cos ^ dy 


8X- 


(1 + cos B)- 



f irb , . \ 

(sin B cos (p — "ip) sin* ( — sin ^ sin <p j 


(sin B cos (f — ipy 




sin* 6 sin ^ 9 


. ( 21 - 1 ) 


In the plane of incidence ^ = 0, cos ^ — 1 ; hence, for small angles, 4> is the same 
function of 6 ip for all values of ip. Figures 9.13 and 9.14 represent the variation 
in V ^ and # if we take « = Ta(d — ip)/\. The radiation pattern in theyz-plane 
is independent of ip. 
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9.22. Radiation from a?i Open End of a Rectangular TVave Guide 

For the dcm:nar.t wave in a rectangular wave guide open in the plane 
c = 0 we have 

E.J = £o sin — , H^ = -^-Ey, k = \n - v\ 
a 7} 


if we assume that in the first approximation the field is not altered by 
the sudden discontinuity. On this basis we calculate the radiation 
vectors and the radiation intensity 


ix = £o r r sin — ® dy, Ny 

Q U Q d 

sin sin B sin cos sin B cos ^ 

~ ^ * / 2 32 2 * 2 ^ 

Sin 6 sin <p {tt — S a sin B cos 
sin^ sin 6 sin cos^ sin B cos 

-> 2 /5 * * '2 32 2 /5 2 2 ^ 

Ztj sin 6 sin <p{T — 3 a sin 0 cos <p, ^ 

FiB^k) = (it -f cos B)^ + sin^ 6 sin" 



Ordinarily there exists backward radiation since FiitJC) = (1 — It)^, 
At the cut-ofF, = 0, and the radiation intensities in the forward and back- 
ward directions are equal. What happens is that the electric current sheet 
over the aperture vanishes and the magnetic current sheet by itself has a 
radiation pattern ’which is symmetric with respect to the plane of the aper- 
ture. In this case, however, our assumption that the field over the aper- 
ture of the wave guide is unaltered by the discontinuity is least justifiable. 
This assumption implies that no energy is transferred along the guide 
which would be the case in an infinitely long guide but cannot be true when 
power is radiated. If we compute the power radiated by the magnetic 
current sheet alone, we can determine the magnetic intensity which must 
exist over the aperture in order to deliver the radiated power. Then we 
can obtain a second approximation to the radiation intensity by including 
the radiation from the electric current sheet defined by this magnetic 
intensity. This inclusion will increase the radiation intensity in the for- 
ward direction and decrease it in the backward direction. 

When the operating frequency is high above the cut-oflF, v is small and 
k is nearly unity; then F{B^k) ^ (1 + cos 6)^ and the backward radiation 
intensity is approximately zero. The radiation intensity in the forward 
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direction is 


2 ^^ 


If we also assume that there is no reflection of power in the wave guide 
at the aperture, then we have the radiated power W bom (8.21-18); thus 
IF — ahE^ 4:7]. If the electric intensity is adjusted for unit power output, 
then and the directivity of the wave guide as a radiator 


G = 10 logio ^ “ri 10.08. 


( 22 - 1 ) 


If the field ’were uniform over the aperture of the wave guide, then we 
should have 

ab 

(i> = — 

.os 


for unit power output and the gain would be 
47rab db 

10 logio ^+10.99. 


( 22 - 2 ) 


Hence the effective area of the aperture is S/tt^ times the actual area or 
about four-fifths of the actual area. 

9.23. Electric Homs 

Ordinarily the cross-section of a wave guide supporting a dominant 
wave is comparatively small; the larger dimension will be, perhaps, greater 

than X/2 and less than X; the smaller dimen- 
sion may be about one-half the larger dimension. 

/c i If an open end of such a wave guide is used to 

radiate energy, the radiation pattern will be 
\ comparatively broad. In order to increase the 

directivity the wave guide is flared out into an 

— b horn’' (Fig. 9.17); it may be flared 

out either in the direction of electric lines of 

— force or in the direction of magnetic lines of 

a force or in both directions. 

''“■’■'i. °Sr2r*"'" i" Ks- 9-17 defined es the 

length of the horn and let 2^ be the angle of 
the horn. We shall assume that ^ is so small that the ratio of the area of the 
aperture to the area of the wavefront at the aperture is nearly unity. Since 

sin ^ „ 

~ J — 1^2 ^ j 
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the ratio :s nearly unity even for a fairly large angle We shall assume 
that the field distribution over the wavefront is that w'hich would exist if 
the horn were continued. The approximate gain can then be obtained by 
the method used in the preceding section. 

First let us consider a sectorial horn flared out in the magnetic plane 
(the .v 2 -plane). The radiation intensity in the forward direction (the 
positive s-axis) is 



w'here (xyy^i) is a typical point in the w^avefront 
and hence z is the distance of a point in the 
wavefront from the plane of the aperture (Fig. 

9.18). This distance is approximately 

\ 2 A 5 

X a\ a 

J - “S - 57 - a ■ (’-2-2) 

If the horn flares out in the electric plane we _ _ , _ 

, . . . . 1 r ^38. Distances connected 

may express the radiation intensity m the for- jjj pjg^ 9 

ward direction in the following form 

1x2 ' ^b/2 ^a/2 A j2 

Ik ] J _ 5/2 ^ -a/2 ^ 1 

where z has the value defined by (2). In both cases the radiated power is 
approximately 

^ ^ (23-4) 

4ij 

which is equal to unity when 

riabHl = 4. (23-5) 



Expression (3) is simpler to evaluate than (1). Substituting from (2) 
in (3), we obtain 


nl{i\ xy,p!^a/2 / ,V^ 


The second factor may be expressed in terms of Fresnel integrals as de- 
fined by equations (3.7-32). Thus we find 
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Substituting for from (5) and using (4-3), we have 
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The plot of S (x) against C(x] is called Cornu’s spiral (Fig. 9.19). The dis- 
tance of a point on the spiral .^rom the origin is V'C^ -f- S'^ and the distance 
between any two points is (C 2 — -f- {S-i — Si '/. Since C{x) and 

S{x) are odd functions, the sums C(xi) -!- Cix^) and S(xi) + S{x 2 ) can 
always be regarded as differences C(xi) — Ci~X 2 ) and 3'(;ri) — Si—X 2 ). 
The length s of the spiral between the origin and a point corresponding to 
^ = X is 


fWldCix)/ ^ ldS{x)f ^ r^x X. 
*/□ Jq 



Fig. 9.20. Directive gain of a hom flared out in the electric plane. 

Thus we have a simple geometric interpretation for the independent vari- 
able. 

Cornu’s spiral helps to interpret formulae involving Fresnel integrals. 
Thus it is evident at once that if ^ is kept constant and a is increased, a 
point is reached at which g of (7) is maximum; for larger values oi a the 
gain in the forward direction will never be as great- What happens is 
that as the area of the aperture increases, some of the secondary sources 
on the wavefront at the aperture are out of phase with others and interfere 
destructively in the forward direction. 
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Figure 9.20 shows how g varies w’ith the size of the aperture and the 
length of the horn when ^ = X. 

We now turn our attention to the case in which the horn flares out in 
the magnetic plane. Integrating (1) with respect to jf and expressing the 
cosine in terms of exponentials we have 






Introducing new variables we reduce this to Fresnel integrals and obtain 

4>(0) - 2^' ilC(«) - C(0f + 1^(«) - iW]' ), 

\'2\ ^ NX// V2\ a Vw 


Substituting from (5) and using (4-3), we obtain 

{[C(a) - C(v)r + [^(«) - }. (23-8) 

Figure 9.21 shows how’ g varies whth a and / when ^ — X. 

If the horn flares out in both planes, then 

^ 8 / 2 / ■ 


Substituting in (1) and integrating, we have 

{[C(u) - Civ)f + [S(u) - 5(£;)f ], (23-9) 


The directivity of such a horn can be obtained from Figs. 9.20 and 9.21 if 
we multiply the corresponding to the two sides of the aperture and 
chvide the result by 32/t ~ 10.02. For example let / = 100, then if the 
side normal to E is 5X, from Fig. 9.21 we find^i = 51; if the side parallel to 
E is 4X, then from Fig. 9.20, we find ^2 = 41. The directivity of the horn 
is then g = 0.1^i^2 = 209. Of course, when / is large and a and b small, it 
does not make much difference whether the horn flares out one way or the 
other; the curves in Figs. 9.20 and 9.21 begin to differ as they approach the 
maximum points. 
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The directivitv can be expressed in the following form 


g == 



( 23 - 10 ) 


where S^ff is the effective area of the aperture. When / is large and a 
and b are small, w’e have S^i = (8 where *5 is the actual area. For 



optimum horns the effective area is about 65 per cent or 63 per cent, de- 
pending on whether the horn flares out only in the electric plane or only in 
the magnetic plane. 

9.24. Fresnel Diffraction 

In sections 19 and 20 we have studied the field transmitted through an aperture 
in an absorbing screen at distances so great that all the waves “ emitted by the sec- 
ondary sources over the aperture arrive in phase at a point on the normal to the screen. 
In optics this is the case of Fraunhofer diffraction. In the case of Fresnel diffraction 
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we are concerned with transmitted fields at distances large compared with the wave- 
length and the dimensions of the aperture and yet small enough to require considera- 
tion of the effect of the phase differences between secondary wavelets even along the 
normal to the screen.* 

First let us consider the distant field of an elementary Huygens source. Let this 
source correspond to an element of area dS (in the .vy-plane) of a plane wave traveling 
in the positive ^-direction 

Hy = Hoe-^^\ E<i = tjHo; 

then we have electric and magnetic current elements of moment 

Pe,x ~ M^dS^ ~ E^dSm 


From (l-IO) and (3~2), we find 

sEq dS 


Ei 




IXr 
iEo d S 


2Xr 


e (1 -r cos B) cos <p, 

(1 + cos 6) sin <py 


where r is the distance from the Huygens source. For small angles 6 we have approxi- 
mately 




sEq dS 


cos <p, E^ = 


iEo dS 




sin (py 


and consequently 


£x = 


~ Xr 




Ey=0. 


For a distribution of Huygens sources over an aperture in a screen, we have therefore 



Eoe-^^ 


dS. 


r 


(24-1) 


In a plane parallel to the screen at distance :: from it, we have 
r = (y :-J)= + z2, 

where (^,^^,0) is a typical point in the plane of the aperture. When 2 is large compared 
vrith the dimensions of the aperture this is approximately 

^ = 2 • 


If we now a^ume that z is in the range in which the amplitude factor 1/r is substan- 
tially constant but the phase factor is not, then equation (1 ) becomes 


Ex = 


r r r 

— J J £oexpL-;^ 


(X^x)^+(y ^y) 


r 


dS. 


(24-2) 


Assuming that the incident wave is normal to the screen. 
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At normal incidence is constant over the aperture; hence for a rectangular 
aperture bounced by x = 2^ x — a 2^ y ^ 2, j 2, we have 



On the s-axis the square of the amplitude is 




As the size of the aperture increases the electric intensity increases until it reacher 
the first maximum (see Cornu *s spiral). 

It is easier to follow the variation in the intensity w'hen the aperture is circular. 
In this case we have, when a; = v = 0, 

Er = 2iEo sin ^ exp (= + |)] . 

The maximum amplitude of Ex is 2Eq and it occurs when 

a = \ /zXa, n = 1, 3, 5, • • % 


The minimum value of Ex is zero and it occurs when n is an even integer. The above 
points correspond to the radii for which the difference 


V f' *» ! ** 


between the distances from the point (0,0,s) to the edge of the aperture and to its 
center equals an integral number of half wavelengths. The plane of the aperture 
is divided into Fresnel zones. The neighboring zones produce equal and opposite 
intensities at (0,0,3). The first zone produces an intensity which is twice the intensity 
which would have existed at the point if the screen were removed. The aperture has 
a focusing effect on the field at distances of the order a“, 'X, provided a is laige compared 
with X. The intensity at (0,0,2:) is increased still more if alternate zones are blocked 
out; but the successive increments will eventually become smaller as the distance 
between (0,0,s) and the zones increases. 

The case of a rectangular aperture can be discussed qualitatively by the use of 
Cornu’s spiral. Consider, for example, the variation in the electric intensity along a 
line parallel to the A:-axis. In this connection we need to fix our attention only on the 
factor 


\/[^(^) ^(^)]' 


On the Cornu spiral this factor Is represented by the chord joining two points separated 
by distance 2^/V 2 X 3 measured along the curve; the midpoint of the arc is at distance 
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from the origin (along the curve). First let the position of the receiver be 
fixed; then the midpoint of the arc is fixed. As a increases, the ends of the arc move 
outward and, up to a certain width of the aperture, the amplitude of the field at the 
receiver increases. Beyond this point the arc begins to wind itself on the coil of the 
spiral and the amplitude starts to decrease and finally reaches a minimum. From 
there on the intensity passes through successive maxima and minima but the fluc- 
tuations gradually diminish. On the other hand, if the size of the aperture and the 
distance between the receiver and the screen are fixed, then the arc is of fixed length 
while its midpoint will move as the receiver is moved parallel to the ^-axis. The 
spiral is least curved at the origin; hence when the receiver is on the z-axis, the length 
of the chord is maximum. As the receiver is moved away from the z-axis, the length 
of the chord decreases and therefore also the received voltage. If the arc is very 
short (narrow aperture) t^e diminution is gradual; but if the arc is long enough 
(a wide aperture), it will wind itself around one of the coils of the spiral and the re- 

I ceived field will fluctuate. 

Consider now a source at some finite distance 
z from the screen (Fig. 9.22). If the source and 
the transmitter are on the z-axis, then 


Fig. 9.22. Fresnel diffraction 
through an aperture. 


r— V z' -r -t- y- — z -h 


, 4- 

r = V22 + ;eS+j»2= 2+ Z 


If the source is an electric current element of moment //parallel to the screen, then 
at the aperture we have approximately 






Substituting in (2) and int^ating we obtain the intensity E(JS) at the receiver. 
Thus for a rectangular aperture 

E{B) = [C(«) - *5(«)][C(c) - 




and if the aperture is circular, then 


La (.i + L' ^ Vi + :)J ■ 


These expressions differ from the corresponding expressions for a source at an infinite 
distance quantitatively but not qualitatively. 
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9.25. Tke Field of Sinusoidally Distributed Cwrents 
As a rule the calculation of the complete field produced by a given current 
distribution involves difficult integrations. One important exception is 
the case of a sinusoidal distribution on a thin straight wire. In section 6.7 
it has been shown that such distribution is obtained on an infinitely thin 
perfectly conducting wire and therefore may be taken as the first approxi- 
mation to the distribution on a thin wire. 

Let the current filament be along the 2-axis between 2 = 2i and 2 = 22 
and let the current I{z) satisfy the following differential equation 

^ = -^ 2 /( 2 ); ( 25 - 1 ; 

let the current and its derivative be continuous in the interval 21 < z < 22 . 
The vector potential of a typical element of the filament is 



dA , = 11/(2) dz , n = ^ = V^p 2 + (2 - z) 2 . ( 25 - 2 ) 


By (6.1-10) the correspo.nding electric intensity parallel to the filament is 

- -(0 

/oje \ dzT 


+ ,3-n^ 7(2) dz. 


1 r** d^u 

= — / 7(2) ^ ^2 + / 117(2) dt. 

02" 

From (2), we have 


dz 


62 ’ ^ 


^ d^TL 

di 


(25-3) 


ari" ■ 

Substituting in (3), we have 

1 a^n bF 

£z = A/ m-^di + ^ iii(£)dz. 

Integrating the first term by parts twice, we obtain 

In view of (1) the int^ral vanishes and the integration is completed; thus 

1 r an a/ , ,1^ i . al T* 

E, = — 7(2) — - - n(2) = - — U(^) 1“ + t; n • (25-4) 

L dz dz .1^ L az dz Jij 
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Let ri and ra be the distances from the end of the filament to a typical 
point P{p^,z) 

n = Vp® + (z - 2i)^ ra = + (2 - 22 )^; (25-5) 

then (4) becomes 


— r{zi) - - r fe) — + Jti) - ^ - /(22) 


47ri6J€ L 


?]■ 


(25-6) 


r\ rt dz Ti " ^2: To 

Thus the electric intensity parallel to the filament is expressed in terms 
of the current and its derivatives at the ends of the fila- 
ment. 

By (4.12-9) the magnetic intensity is expressed in 
terms of Eg as follows 



dp 


(pHtp) — i<j 2 €pEzy pH^ = m€ pEz/^p+F(z)y (25-7) 


where ^( 2 ) may be determined from the condition 
2 rpH^ = I{z)y Zi < z < Z 2 y as p — ^ 0, 


Fig. 9.23. Distances 
involved in the 
cxpresaons for the 
fiddof a sinusoidal 
current in a wire 


= 0, 2 < 2 i or 2 > 22 - 

From (5) we have 

p = n dr\y p dp = r2 dr2> 


(25-8) 


(25-9) 


Substituting from (6) and (9) in (7) and integrating, we 


of fim te lengthy have 

-iici&pH^ 

= r ~ I' (22)^-^^* + /(2i) ^ - /(Z2) ^ (25-10) 

dz dz 


except, perhaps, for a function of 2 alone. In order to evaluate the deriva- 
tives we note that 

— ^ ^ cos 

dz dri dz ri 

where is defined in Fig. 9.23. A similar expression is obtained for the 
derivative in the last term. Thus (10) becomes 

4^pH^ = -l/'(z2)^-^'» - 

tP 0 

+ I{zi)e^^^ cos Bi — /( 22 )<?“^^^* cos 62 - (25-11) 

^Assuming a general solution of (1), substituting in the above equation, and 
evaluating for p == 0, we can verify that conditions (8) are satisfied and 
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that F(z) in (7) vanishes as we have already anticipated in the subsequent 
equations. 

The radial component of the electric intensity is obtained from (4.12-9); 
thus 

iviaifpEp = cos $2 - cos di 

+l(zi) ^/jS cos2 di - (25-12) 

—I(z2)(^P cos^ 62 — — e~^’'K 


When an infinitely thin wire, extending from z = — /to £ = /, is energized 
at the center, then 

I(z) == 7 sin 0(1 — 5), 0 < ^ < /, 

= / sin 0(1 + i), -I <z< 0, (25-13) 

where I is the maximum amplitude. In this case 

/(-/)=/(/)= 0, 7(0) = 7 sin i6/, 7'(^/)-i37, 

/'(-O) = 01 cos 0!, 7'(+0) = -01 cos 01, I'(l) = -i57. 


Since the current vanishes at the ends of the wire and is continuous at the 
center, the only contributions to Ex come from the first two terms in (6). 
The derivative 7^(2) is discontinuous at 2 = 0, so it is necessary to apply 
(6) to each half of the wire separately; thus in free space we have 


Ex 


- 30/7 




g—i^r 

r 


cos (3/ — 


g-^Ti 


n 



cos /3/), (25-14) 

4 tp 

• r 

Ep = — cos di + cos 02-2 cos cos d). 

P 


In the case of a perfectly conducting wire Ez should vanish on the surface 
except in the vicinity of the center where it should be equal and opposite 
to the applied electric intensity. Hence on a wire of finite radius, no 
matter how small, the current will deviate from the sinusoidal distribution 
although the deviation diminishes as the radius of the wire approaches 
zero. In Chapter 11 we shall obtain a quantitative idea of the magnitude 
of this deviation. 
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9.26. The Mutual Power Radiated by Two Parallel Wires 

Consider two parallel wires (Fig. 9.24) of equal length 2 /. Let each 
wire be energized at the center so that 

Ji( 2 ) = Ji sin ^(/ - s), 72 ( 2 ) = I 2 sin ^(/ - 2 ), 0 < 2 < /, 

(26-1) 

= Ji sin ^(/ 4* 2)3 = 72 sin ^(/ + 2)5 —/ ^2^0, 

3 j [ 4 ’where I\ and are the maximum am- 

plitudes. Without loss of generality, 
we may assume I\ and I 2 to be in phase. 
The complex power contributed to the 

j I ^ field in virtue of the electromotive 

o force in one wire sustaining the cur- 

Fig. 9.24. ParaUel wires, each energized the field of the Other 

at the center. wire is 


'^12= El.. It (z) = - I jT^ E2.Z It (z) dz. 

Substituting from (25-14), we have 

^12 = ZQilihJ^ (- 




- 

9 — 


t/Sro 


^0 


7^ si 


cos j5/ ) sin /?(/ — 2 ) dzy (26-3) 


where ro is the distance from the center of one wire to a typical point on 
the second wdre. 

Defining the mutual impedance Z 12 with reference to current antinodes 

2'^io 

^12 = Ri2 + = — — , (26--4) 

and integrating* (3), we obtain 

Ri2 — 60[2 Ci pp — Ci 4" 0 — i^(^04 — 0] 

+ 30[2 Ci — 2 Ci j8(ro4 + /) — 2 Ci /S(ro4 — 0 
+Ci /5(ri4 + 2/) + Ci i6(ri4 — 2/)] cos 2)3/ 

+30[2 Si )3(ro4 - /) - 2 Si j3(ro4 + /) 

+Si i3(ri4 + 11) - Si /3(ri4 - 2/)] sin 2)3/, (26-5) 

X ^2 = 60[Si)3(ro4 + /) + Sii3(ro4 - /) - 2Si^p] 

+30[2Si/3(ro4 + /) + 2Sij3(ro4 - /) - 2Si^p 
—Si ^(ri 4 + 2/) — Si )3(ri4 “ 2/)] cos 2)3/ 

+30[2Ci^(ro4 - /) - 2Ci^(ro4 + /) 

+Ci i3(ri4 + 2/) — Ci )3(ri4 — 2/)] sin 2)3/. 

* See equations (3.7-39) to (3.7-42). 


(26-6) 
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The principal advantage of the present method of calculating the radiated 
power over the method based on the power flow across an infinite sphere 
is that it enables us to obtain the reactive power. However, in Chapter 1 1 
we shall show that, in practical situations in which the radii of the wires 
are small but not infinitely small, the reactance as given by (6) can be 
used only for a pair of parallel wires so energized that they carry equal 
and opposite currents, and that in the case of an isolated wire certain 
modifications are needed. It should also be noted that in the above ex- 
pressions Zi 2 refers to maximum current amplitudes and not to input 
currents; just how these expressions can be used to obtain the input 
impedance will be explained in Chapter 11. 

9.27. Power Radiated by a Straight Antenna Energized at the Center 
The self-impedance (referred to the maximum current amplitude) of 
an isolated wire of radius a is obtained from the mutual impedance formula 
of the preceding section if we assume that the distance p betw^een the axes 
of the filaments is equal to the radius of the wire. When the radius is very 
small we have approximately 

2 ^ 

+ = 1+-,, ^^4/2 + = 2/ + - . (27-1) 

jLI 


Substituting in (26-5) and (26-6) and evaluating, we have 

60(C + log 2^/ - Ci 2d/) + 30 (Si 4/3/ - 2 Si IfiT) sin W 
+30 (C + log iS/ - 2 Ci 2d/ + Ci 4/8/) cos 2/3/, (27-2) 

X = 60 Si 2(3/ + 30(2 Si 23/ - Si 43/) cos 23/ 

-30 (log ^ - C - log 2*- - Ci 43/ + 2 Ci 23/) sin 23/- (27-3) 


If I is the maximum current amplitude, the radiated power is 
When expressed in this form the radiated power is independent of the radius 
of the wire. If 7(0) is the input current, then as the radius of the wire 
approaches zero we have 7(0) = 7 sin ^/; hence the asymptotic expression 
for the input resistance is 


Ri = 


R 

sin^ * 


(27-4) 


If we plot this 22 as a function of j8/, we obtain a curve which is approached 
by the input resistance curves for finite radii as the latter approach zero. 

9.28. Power Radiated by a Pair oj Parallel Wires 

Consider now two parallel wires of length 2/ (Fig. 9.24) carrying equal 
and opposite currents. The complex power ^ is 

= (Z - 


(28-1) 
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where Z is the self-impedance of either wire. 

Evaluating Zi 2 > we find that when the interaxial separation d is small, 
then 



240^^ d^/ 

Zi2 = Z-iZ. Z^R + iJt, 

3 sin 231 1 

7 cos 2/3/^ 

(28-2) 

R = 

X' V 

+ 5COs2p;- +2^,2 + 

16^2/2 ^ 

), (28-3) 


A 

, d 

§ cos 201) — 120 log - sin 2/3/, 
a 


(28-4) 


and the power radiated by the two wires W It should be 

noted that as the length of the wires increases, the radiated power fluctuates 
between two small limits. 



CHAPTER X 

Waves, Wave Guides, and Resonators — 2 


10 . 1 . Transverse Magnetic Plane Waves (TM-waves) 

Assuming that transverse magnetic waves are traveling in the z-direc- 
tion, we have by definition — 0. Since there is no longitudinal mag- 
netic current, the transverse electric intensity can be expressed as the gra- 
dient of a scalar potential 


Ei = —grad V, 

(1-1) 

The divergence equation for H becomes 


dHx « 

(1-2) 

^ ^ = 0, 
dx By 


and the magnetic intensity can be derived from a stream function n 




m 

dy^ 


Hy 


m 

dx * 


Hence we may write 

H — curl Ax = Ay = 0, At ^ n. 


where n satisfies the wave equation 


— ^ 
dx^ dy^ 


= <r^n. 


(1-3) 

(1-4) 

(1-5) 


For the electric intensity we have 

^ curl H grad div A — AA grad div A — tPA 

g + iii>€ g + >«« g + 

Since A has only a z-component the transverse electric intensity is 




grad div A 

g + /&>€ 


1 ^an 

— grad — 

g + /«€ OZ 


3 


and in equation (1) we may assume 

1 an 


- 


g + ^ 

375 


( 1 - 6 ) 
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The longitudinal electric intensity is then 


E. 


1__ 
g + 



1 a^n\ 

^ + iwe \ / * 


(1-7) 


Thus the entire field has been expressed in terms of one scalar wave func- 
tion n. 

The foregoing expressions are general for any field in which Hz = 0. 
For waves in which the field pattern in planes parallel to the .yj-plane is 
the same, we have 

n = T{x^)T{z). (1>8) 

In general T(xj) may be complex 

Tixj) = T^(x,y) + iT2ix,y); (1-9) 


but for plane waves there should be no phase change in any direction 
parallel to the Arj-plane (except for a complete reversal) and T(Xyy) must 
be real except for a possibly complex constant factor. This factor can 
always be included in T{z)^ and hence for plane waves T(xj) may be taken 
as real. 

Substituting from (8) in (5) and dividing by II, we have 


d^T\ 2 

T\d^^ dyy^ 


( 1 - 10 ) 


The first term is independent of z and the second is independent of x and 
while the sum is a constant; hence each term is a constant and 


B^T d^T 


-x^T. 


( 1 - 11 ) 


For plane waves is real and x itself is either real or a pure imaginary. 
Substituting from (11) in (10), we have 


d:? 


= V^T, T = + x^ f{z) = 




( 1 - 12 ) 


Substituting from (8) and (11) in (7), we find that the longitudinal 
electric intensity and the electric current density diflFer from the stream 
function n by constant factors 




g + ic-je 


n, ig + i(j)i)Ez = x^n. 


( 1 - 13 ) 
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In cartesian coordinates the transverse field intensities are 




F= I— ^ 
dx * g + ibit dz ’ 


Z~H^ Ey= -Zi H,, ZT = 


1 


dt 


(1-14) 


pd<p 


{g + /co«) T dz 
T, E, = ZtH^ = -Zt fifp. (1-15) 


In cylindrical coordinates we have 

£I 

dp 

For progressive waves traveling in the positive z-direction, we obtain 

r 


T = Pe-^\ ZX = K^= , . 

g -h /oje 

Then in cartesian and cylindrical coordinates we have 

ST 


(1-16) 






H = — P — 

^dx ’ 


= K^Hy, Ey = -KMx 


(1-17) 


H — P — 

pd<p 


dT 


dp 




£p = 


= -K,Hp. 


In nondissipative media the propagation constant F and the ware im- 
pedance Kx for progressive waves become 


tp 


(1-18) 


When the frequency is such that 


03 2t 

iS = - = — = X> 
V X 


then r == 0, The frequency so defined is the cut-off frequency, since for 
lower frequencies F is real and on the average no energy is transmitted in 
the s-direction. The cut-off frequency and the corresponding wavelength 
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In terms of the frequency ratio 






X 


equations (18) become, above the cut-ofF, 

r = = Wi- 


( 1 - 20 ) 


( 1 - 21 ) 


Below the cut-off T is positive real and the wave impedance is a negative 
reactance. Sufficiently below’ the cut-off, we have approximately 


r = x, = 

t(j>e 


( 1 - 22 ) 


and the w^ave impedance is substantially a capacitance e/x- 

Equations (6) and (12) imply that Fand II satisfy the following trans- 
mission equations 

bV / ^ \ dll 

— = -(w + -y^)n, _ = + (1-23) 

bz \ g T ^W€/ dz 

he equations of a transmission line with series distributed con- 
stants per unit length equivalent to an inductance m plus a capacitance 
e/x^' in parallel with a conductance g/x^^ and with shunt distributed con- 
stants per unit length consisting of a conductance g and a capacitance €. 

Equipotential lines in transverse planes are defined by the following 
family of curves 

T(x,y) = const, or T{p^<p) = const. (1-24) 


Differentiating along each curve, we have 

, ar , 

— dx dy = 0, 

dx ay 


Since the partial derivatives are proportional to — Hy and Hx (see eq. 14), 
we obtain dyjdx == Hy'Hx\ thus the magnetic lines coincide with the 
equipotential lines. On the other hand we have KxHx + ^yiiy — 0; 
hence the transverse electric intensity is perpendicular to the magnetic 
intensity. 

The magnetic intensity 'is linearly polarized at each point. For pro- 
gressive waves in nondissipative media the transverse electric intensity 
is in phase with the magnetic intensity while the longitudinal electric 
intensity is in quadrature. Thus in the case of progressive waves the 
electric intensity is ellipticaUy polarized and the plane of the ellipse is 
perpendicular to 77. 

Consider a cylindrical strip of unit lengtii in the direction of its gen- 
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erators (the s-axisj and suppose it intersects the a;;. - plane in a corvee PQ 
/Fig. 10.1). Then the magnetic flux ^ crossing the strip in the counter- 
clockwise direction depends only on the end points of the curve; thus 



^ = /i[n(P) - 11 ( 0)1 


In an unlimited homogeneous medium plane waves can be generated 
only by current sheets of infinite extent. Consider such a sheet in the 
;>t:j-plane. The lines of flow should be perpendicular to the magnetic inten- 
sity, The electric intensity should be continuous across the sheet w^hile 
the magnetic intensity should be discontinuous and the discontinuity 
should equal the current density. This sheet will generate two progres- 
sive waves of equal amplitudes, traveling in opposite directions; hence 
from (17) we find the current density in the 
sheet 1 ^ 


j _ 2P — 
^ dx' 


Jy^lP 


dy • 


The current density J is subject to two restric- 
tions. The less stringent one is obtained by 
differentiating the above equations 

^ Jx ^ Jy 

By dx 


0 X 

Fig. 10.1. Cross-secrion PQ 
of a cylindrical strip whose 
generators are parallel to 
the s-axis. 



The more stringent restriction demands that T be a solution of (11). 
us suppose that the current density is 






Let 


where Ti is a solution of (11) with x = Xi and To is a solution with x = X 2 - 
In this case two waves will be produced on each side of the current sheet. 
These waves will travel with different propagation constants. At the 
current sheet the field pattern will conform to the impressed pattern 
Ti + T 2 ; but this pattern will not be maintained as the waves travel away 
from the sheet. Complicated fields can be constructed by superposing 
transverse magnetic waves with finite amplitudes or with infiinitely small 
amplitudes as for instance 

/x = J* ^ T(xj>;x) dx, Jv = J ■^T{x,y;x) dx- 
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10.2. Transverse Electric Plane Waves (TE-waves) 

Transverse electric waves represent a counterpart of transverse mag- 
netic waves; the theories of these two types of plane waves are closely 
analogous. Thus by definition we have Ez == 0. Since there is no longi- 
tudinal electric current, the transverse magnetic intensity can be expressed 
as the gradient of a scalar potential 

Ht = -grad £/. (2-1) 

The divergence equation for E becomes 

dEz: BEy ^ 

17 + 

and the electric intensity can be derived from a stream function 


Hence 

£ = — curl Fy where — Fy — 0, Fz = (2-4) 

and ^ satisfies the wave equation. As in the preceding section we find 

rr 1 

(2-5) 

The longitudinal magnetic intensity is then 

Thus the entire field has been expressed in terms of one scalar wave func- 
tion 

The foregoing expressions are general for any field in which Ez = 0. 
For waves in which the field pattern in planes parallel to the A’y-plane is 
the same we have ^ = T{Xyy)T{z), In general T(xj) may be complex 
as in (1“9); but for plane waves it is real. The functions T and T satisfy 
the same equations as in the case of transverse magnetic waves. Substi- 
tuting in (6), we find that the longitudinal magnetic intensity and magnetic 
current density are constant multiples of ^ 

(2-7^ 

In cartesian coordinates the transverse field intensities are 
By Bx t<aii dz 

1 1 aT* 


^ dT ^ 
_ r, Ey 
dy dx 


U = - 


H,= -YtEy 


YtE^ 


(2-8) 
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In cylindrical coordinates we have 
BT BT 

^ //p = -n H^=Yt £p. (2-9) 

For progressive waves traveling in the positive s-direction, we obtain 


T-Pr^\ 

Then in cartesian and cylindrical coordinates we have 
dT 


( 2 - 10 ) 


— £ - p 

dy 
dT 

E, = -P—e 

pd(f> 


BT 

y - Hx = -M^Ey, Hy = MzEx, 




Bx 

BT 


( 2 - 11 ) 


df> 


In nondissipative media the propagation constant T and the wave im- 
pedance Kz for progressive waves are 

r-V?^. (2-12) 

The cut-oflF frequency is expressed in terms of x by the same formula (1-19) 
as in the case of transverse magnetic waves. In terms of the frequency 
ratio defined by (1-20), T and Kz may be written 

r = //sVi - Kx = 

Below the cut-off T is positive real and the wave impedance is a positive 
reactance. Sufficiently below the cut-off, we have approximately 

r = x, = — , (2-14) 

X 

and the wave impedance is substantially an inductance fi/x> 

As in the case of TM-waves U and ^ satisfy the following transmission 
equations 

+ (2-15) 

dz az \ tmp/ 

These equations are the equations of a transmission line with series dis- 
tributed inductance ju, shunt conductance g, shunt capacitance e, and shunt 
inductance p/x^t all per unit length. 



382 


ELECTROMAGNETIC WAVES 


Chap. 10 


Equation (1-24) now represents the family of magnetic equipotential 
lines. Electric lines coincide with these equipotential lines and the trans- 
verse component of H is perpendicular to E. The electric intensity is 
linearly polarized, although the direction of polarization varies, in general, 
from point to point. For progressive waves in nondissipative media, the 
transverse magnetic intensity is in phase wdth the electric intensity, while 
the longitudinal intensity is in quadrature. Thus in the case of progressive 
waves the magnetic intensity is elliptically polarized and the plane of the 
ellipse is perpendicular to E. 

The electric displacement crossing counterclockwise the cylindrical 
strip of Fig. 10.1 depends only on the end points of the curve; thus 

E ( {Eydx - E^dy) = e[^(Q) - ^(P)], 
dlPQ) 

In an unlimited medium progressive waves can be generated by an 
infinite plane current sheet. If the generating current sheet is in the 
Arj’-plane, then the current density is 

J, = -2H^ix,y,+0) = — , /„ = 2H:.{x,y,+0) 

dx dy 

Let us now suppose that we have an arbitrary current sheet. If we 
can find tw'o functions Ti and Tz satisfying the following equations 

^ r 

dx dy dy dx 

wc shall be able to separate that part of the total field for which Hz ^ 0 
from the other part for which Ez = 0. Eliminating either T 2 or Ti from 
the above equations, we have 

4. ^ ^ 4. _ 3 A 

dx^ dy^ dx dy ^ dx^ dy^ dy dx 

Thus we have a pair of partial differential equations for the unknown 
functions Ti and T 2 

10.3. General Expressions for Electromagnetic Fields in Terms of Two Scalar 
Wave Functions 

The most general electromagnetic field in a source-free region can be 
expressed in terms of two scalar wave functions n and Suppose we 


= -2PMz~^ 
dx 
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start with a given general field and determine a particular II from 

6^11 

— (T^n = Cg- + /a)€)£a.. 

If we calculate the field defined by n and subtract it from the total field, 
the remainder will be a field in which Eg = 0. From I/g we can find an- 
other scalar function satisfying 

— - = icajiffg. 

If the sum of the fields obtained from IE and ^ is subtracted from the 
original field, the remainder is a transverse electromagnetic field. It 
has been shown in section 8 9 that such fields may be expressed in terms 
of w^ave functions satisfying the two-dimensional form of Laplace's equa- 
tion; these functions may be included in IE and Hence the two scalar 
wave functions are sufficient for the complete expression of any electro- 
magnetic field in a source-free region. 


10.4. Natural Waves in Cylindrical Wave Guides 
For practical purposes the best procedure is to start with the theory 
of wave transmission in regions bounded by perfectly conducting cylinders. 
Later the first order correction due to finite conductivity which manifests 
itself primarily in the attenuation will be considered- On the boundary 
of any perfectly conducting wave guide the tangential electric intensity 
should vanish. For transverse magnetic plane waves Eg is proportional 
to the amplitude distribution function T{xyy) and therefore, on the bound- 
ary, 

Tix^) = 0 . (^ 1 ) 


Then the electric potential V, and hence the tangential component of the 
transverse electric intensity will also vanish on the boundary and the above 
equation will represent the only added restriction on T. 

The vanishing of the tangential electric intensity is equivalent to the 
vanishing of the normal component of the magnetic intensity. In the case 
of transverse electric waves the latter is the normal derivative of the mag- 
netic potential Z7; since U is proportional to T, we have as the boundary 
condition 



(4-2) 


The above boundary conditions impose restrictions on the constant x* 
We have already shown that for plane waves x^ is real. For waves in 
homogeneous r^ons bounded by perfectly conducting cylinders x itself 
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Is real. Thus if U and F are any two wave functions then by the two- 
dimensional Green’s theorem we have 


u 


rs)\dx dx dj> dy) 




where the double integration is extended over an area S and the simple 
integration over its periphery. Let U = F = then 



(4-4) 


For waves in a guide either T or bT/ bn vanishes on the periphery; hence 


If 

i grad T]^dS 

c. 

fj 

f T^dS 


(4-5) 


The right side is positive and x must be real; there is no loss of generality 
if we assume it positive. 

If the wave is not plane T may be complex. By substituting U ^ T 
and V = T* in (3), we can show that x is still real. Hence if T is of the 
form (1-9), Ti and T 2 satisfy (1~11) and any wave in the wave guide may 
be resolved into plane waves. 

At the cut-off X = w/t?. Since equation (1~11) is satisfied also by the 
displacement of a vibrating membrane, the cut-off frequencies in a cylin- 
drical wave guide are proportional to the natural frequencies of membranes 
equal in shape and area to the cross-section of the wave guide. The bound- 
ary condition for transverse magnetic waves corresponds to a fixed edge 
of the membrane. 

The following transformation 


u = 




t; == 


TP 


(^) 


preserves the shape of the cross-section of the wave guide and changes the 
area making it equal to the area of a circle of unit radius. Applying 
this transformation to (5), we obtain 



(4-7) 
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vvhere the modular constant k depends only on the shape of the cross-section 
and the particular transmission mode. 

In a progressive transverse magnetic wave at frequencies above the 
cut-off, the average magnetic energy per unit length of the guide, the 
average energy W\ associated with the transverse electric field and the 
average enei^ associated with the longitudinal electric field may be 
expressed in terms of T as foilow^s 

/P* = JmJ* J HH*dS = hj J \ grad 

= hf f EiEf dS = iM(l I grad T^^dS, 

f EX ds = f ds. 

Using (5) the first two expressions may be written 

= T^ds, fn = rds. 

Hence the average magnetic energy in a progressive transverse magnetic 
wave is equal to the average electric energy. At the cut-off the electric 
energy is associated exclusively with the longitudinal field and sufficiently 
above the cut-oflF most of it is associated with the transverse field. 

For transverse electric waves we have 

pr = iex^f J T^dS, wit = jexV J J rdS, 
w^ = 

In this case the average electric and magnetic energies are also equal. 
At the cut-off the magnetic energy is associated exclusively with the longi- 
tudinal field and sufficiently above the cut-off it is associated largely with 
the transverse field. 

Above the cut-off the average power carried by progressive J!M-waves 
in the direction of the guide is 

W=^iffiEJl*-EyHl)dS = h^K.fJrdS, (4-8) 

while for TE-waves we have 


(4-9) 
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Since T is proportional to the longitudinal current density, electric or 
magnetic as the case may be, the power transfer is proportional to the 
mean-square longitudinal current. 

The conduction current density- in the cydinder is equal to the tangential 
component of the magnetic intensity-. Hence for transverse magnetic 
waves the conduction current is strictly longitudinal and its density is 




dn dn 




( 4 - 10 ) 


where n is the outward normal to the cylinder. 

In the case of transverse electric waves the longitudinal density is the 
tangential derivative 


ds iiapL dsdz iccpL ds dz 


( 4 - 11 ) 


of the magnetic potential, taken in the counterclockwise direction as seen 
from the positive side of the ^ry-plane; the counterclockwise transverse 
conduction current density is 


^ ^ Tf. 

For progressive TjE-w'aves traveling in the s-direction, we have 


J z . ’ 

ioiii ds Kz ds 


fOiJJL 


( 4 - 12 ) 


( 4 - 13 ) 


Below the cut-off Jz and Jt are in phase; above the cut-off they are in 
quadrature. If Jz is kept constant as the frequency increases, Jt ap- 
proaches zero. The total longitudinal current is proportional to the total 
change in T around the periphery^; hence this total current equals zero. 

In the case of progressive transverse magnetic waves the power absorbed 
by an imperfectly- conducting cylinder is obtained as usual by integrating 
the square of the tangential magnetic intensity or the square of the conduc- 
tion current density; thus 

^ J jj* ds = f(^y 


where s is the length of the periphery and I is the root mean square con- 
duction current. The attenuation constant (due to the losses in the con- 
ductor) is therefore 


a 



(1 


( 4 - 15 ) 
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On the other hand, for progressive transverse electric waves we have 
the following expressions for the dissipated power (if the dielectric is non- 
dissipative) 


^2 = JiJUs = ^ J T^ds. 


1 - J/2 



ds. 


(4-16) 


Hence the general expression for the attenuation constant is 
fdT'^ 

- ^ 


ds 


Uff 


Jt-Js 

fjT-JS- 


(4-17) 


10.5. Natural Waves in Rectangular Wave Guides 
Let a rectangular wave guide be bounded by the following planes 

;f = 0, A? = j = 0, y ^ b. 

For transverse magnetic waves the boundary conditions are then 

T{0j) = na,y) = T(^,0) = nx,b) = 0. 

Particular solutions satisfying these conditions and the corresponding 
values of x are 

nx,y)=sm — sm — , x = (— ) +\j)> 


where m,n = 1,2,3, • • •. To each pair of nonvanishing integers there 
corresponds a definite field pattern and a definite propagation constant. 
The cut-ofF wavelength of the “ TM^.n-wave ” is 


^tn.n 


2')r 

Xi»,« 


2ai 


U 


+ 


»2 y/m^b^ + 


(5-1) 


The longest wavelength corresponds to m = n 


^1,1 = 


lab 


1 


(5-2) 


Thus the cut-off wavelength for the dominant transverse magnetic wave 
is twice the distance from a vertex of the cross-section to the opposite 
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diagonal (Fig. 10.2). A typical higher mode is the dominant mode in a 
guide with dimensions a/m and b/n. The cut-off frequencies are inversely 
proportional to the corresponding wavelengths; hence these frequencies 
are proportional to the radii from the origin to 
points \na^mh). The attenuation constant is ob- 
tained from the general formula of the preceding 
section; thus 

+ r?a^) 



7fab(m^b^ + n^a^) 


(1 - 


(5-3) 


Fig. 10.2. Relation of 
the cutolr wavelength 
for the dominant trans- For wave guides of square cross-section this becomes 
verse magnetic wave ^ 

(TMi.i-wslvg) to the 


dimensions of the guide. 


i]a 


(1 


_ 


(5-4) 


The field of a TM«,n-wave is then obtained in the form 

TIT . : 

Hx = — sin ■ 

bap 

r«.n(2). 


COS ^ 'Tfa.ni^')} 


H, 


mT mTX 

— cos sin , 

a a b 


E.^Zt.Jiyy Ey 
E, = 


, . Sin 

g + a 




• /t, , - 

Sin T]B,n(z)} 


1 




ig+io}e)Tm,n dz 


r„,„ = 

In the case of transverse electric waves dT/dx must vanish at = 0 
and X ^ a and dT/dy must vanish at^ = 0 andy = b\ therefore 

= cos cos —r , 

a b 

where m and n are integers, not equal to zero simultaneously. Hence the 
cut-off frequencies are given by (1), but since either m or n may be zero, 
there exist more transverse electric modes than transverse magnetic. The 
cut-off wavelengths of the additional modes are 


^*»,o — 




m 


\),n “ 




(5-5) 


For these modes the electric lines are parallel to one of the faces of the 
wave guide. From the general formula the attenuation constant of trans- 




WAVES, WAVE GUIDES, AND RESONATORS — 2 389 


verse electric waves is found to be 

91/1 2 \ 

a = — (j + - 4.0 j (1 - 4.o^^'^ =1= 0, n = 0, (5-6) 

a = ~ ^ •'O.n^ (1 — m = 0, » 4= 0, 

where p = h/ a. In square tubes this reduces to 

IJ^VI - 1 - 

For the field of a TEm.'nr^^'^^ we obtain 

_ mr mTTX . mry ^ . 

£x = T cos sm — Tm.niVy 

D a D 


rmr . mry ^ 

Ey — Sin cos —r 

a a a 


= -Tj.»£v, Hy = y+.„£„ = 

rmrx mry 


1 


/Ct)yU 


^m,n 


2 

rr fyajr ^ ^ ^ 

Hz = -: COS COS — Tm,n(2). 

/COJH G 


10.6. Natural Waves in Circular Wave Guides 
In a circular wave guide solutions of (1-11) in cylindrical coordinates 
are 

T{p,<p) = Jnbip) COS nip, Jnixp) sin nip. (6-1) 

The Bessel function Nn (xp) becomes infinite when p = 0 and is therefore 
not an admissible solution when the wave guide is hollow. The boundary- 
condition for transverse magnetic waves is now Jn(x^) = 0, where a is the 
radius of the tube. If = ^n.m is the OTth nonvanishing root of this 
equation, then the values of k^.m for small values of n and m are 

yto.i = 2.40, ko,2 = 5.52, ko.z = 8.65, ito.4 = 11.79, ■ • • 

ki,i = 3.83, iti,3 = 7.02, ili.3 = 10.17, ki,i = 13.32, ■ • • 

^2,1 ~ 5.14, ^2,2 ~ 8.42, 1^2.3 ~ 11.62, lt2,4 ~ 14.80, . • • 

*3,1 = 6.38, *3,2 = 9.76, *3.3 = 13.02, * 3.4 = 16.22, • • • . 


( 6 - 2 ) 
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The boundary condition for transverse electric waves is Jn{x^) = 0- 
In this case if = ^n,m is the 7;2th nonvanishing root of this equation 
then the first few k values are 


Ao.i = 3.83, 

^0.2 ~ 7*02, 

-^0.3 = 10.17, • • • 

^1.1 = 1.84, 

^1,2 = 5.33, 

ki,z = 8.54, • • • 

^2.1 = 3.05, 

^2,2 “ 6./1, 

^2.3 = 9.97, • • • 

kz,i = 4.20, 

>^3.2 = 8.02, 

^3,3 = 11.35, • • • . 


The cut-ofF wavelength is 

2Ta 



(6-3) 


(6-4) 


Inspecting (2) and (3) we find that there is one transverse electric wave, 
the TEi.i-wave, which has a low^er cut-ofF frequency than any transverse 
magnetic 'wave; this T£i,i-wave is the dominant wave in a circular wave 
guide. 

Substituting from (1) into the general formula for the attenuation 
constant, we obtain for transverse magnetic waves 

« = -(!- (6-5) 

ija 

Similarly the attenuation constant for transverse electric waves Is 

a = 2 + (1 ^ ( 6 "^) 

7ja \k “• w / 

For circular electric waves « — 0 and a becomes 

« = - >'o.«Cl - (6-7) 

Tja 

As the frequency increases the attenuation constant of circular electric 
waves approaches zero. 


10.7. Natural JVaues between Coaxial Cylinders 
When we consider waves between two coaxial cylinders we have no 
reason for excluding the second Bessel function and the value of T to be 
considered is 

T{p^) = [PJnixp) + QNnixp)] cos (7M) 

For transverse magnetic waves the boundary condition is 

T{a,^) - T{b,^) = 0 , 


(7-2) 
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where a is the radius of the inner conductor and i the radius of the outer. 
Hence 


P Nnixa) Nnixi) 


For transverse electric waves the boundary condition is 

dTM ^ ^0 _Q^ Jnixa) ^ Jn(x^) 

da ’ P NUxa) NUx^)' 


The smallest roots of these equations can be determined graphically. For 
the larger roots there exist asymptotic formulae. 

When the radii are nearly equal, the curvature effect on the field dis- 
tribution is small and we have approximately 


TM 




P cos 


nnr(p 


1- g* sm — - 

a b 


j — a) ns 

cos — , 

— ^ J c 


where c is the mean radius and s is the distance measured along the circle 
of this radius. For transverse magnetic waves T should vanish at p = 
and P must be zero. For transverse electric waves dT/dp should vanish 
a,tp = a and hence Q must be zero. The constant x becomes approximately 

2 


In the case of transverse magnetic waves m ^ 0 does not lead to a non- 
vanishing solution but for transverse electric waves we may have 


The cut-off wavelength for these waves is 

'hrc 




n = 1,2, ■ 


The longest cut-off wavelength is equal to the average circumference of 
the coaxial pair == 27rc. This simple approximation is fairly good even 
when a = Oy when the approximate expression reduces to X^ — 

, , . . 2x^ 

wlule the exact expression is Xc = • 

Figure 8.51 shows the exact value of the ratio of the mean circum- 
ference to the wavelength as a function of the ratio of the radii. 
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10.8. J^ave Guides of Miscellaneous Cross-Sections 

Exact solutions for the fields and the cut-oiF frequencies can be found for all wave 
guides formed by two coaxial cylinders and two axial planes 

p ^ ay p — h\ 9 :? = 0 , ip 4^* 

For transverse magnetic waves T{py^) should vanish at ^ = 0; hence T is propor- 
tional to sin pify and we write 

= [PJpixp) + !2Ap(XP)] sin 


Since T vanishes for <p have 

tt'K 

= nTy P ~ ^ * ‘ *• (8"i) 

In order to satisfy the boundary conditions at the cylindrical surfaces, x must be a 
root of (7-3) with in place of n. If a = 0, then Jp(x^) == 0. 

Similarly for transverse electric waves we have 

T(py^) = [PJpixp) + Ql^p(XP)] cospipy 


where p is defined by (1) and x is a root of (7-4) with^ in place of n. If ^ = 0, then 
/i(x^) = o. 

If ^ = 0 and ^ = 25r, the wave guide becomes a hollow metal tube with a metal 
baffle along an axial half-plane; the cross-section of this guide is shown in Fig, 10.3. 
In this case p == n/2. When p = |, the 
boundary equation becomes sin 
where a is now the radius of the metal tube; 
hence 



Xa = mTy 


2a 

m 


For transverse electric waves the equation 
Fig. 10.3. Cross- for x becomes 
section of a metal 



tube with a radial 
balBe. 


sin 


^(xa) 


= 0 , 


tan 


= 2, 


Fig. 10.4. Coaxial 
cylinders with a 
radial baffle. 


The smallest root of this equation is x^ ” l*lfi ^d the larger roots are given approxi- 
mately by 


= (wi + \)r 


1 

+ 1)t 


Thus the baffle has increased the cut-off frequency of the dominant transverse mag- 
netic wave and decreased the cut-off for the dominant transverse electric mode. 

If ^ =1= 0, but ^ = 2'Ky then the waveguide becomes a coaxial pair with a connecting 
baffle. When a and ^ are nearly equal, this wave guide is approximately a rectan- 
gular wave guide bent into the shape whose cross-section is shown in Fig. 10.4. In 
this case the equation for x is approximately 

^ (.i - a)*'^ ic^' 
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where c is the mean radius. For the dominant wave the value of x is X * 

Xc = 4w. 

Another case for which an exact solution is possible is the case of a wave guide 
whose cross-section is an equilateral triangle. We shall summarize the results without 
going into the details of their derivation. Let a be the length of the side of the equi- 
lateral triangle and h the radius of the inscribed circle, a = a/T^ 3. Let 

Ay B and C be the vertices of the triangle and O its center (Fig. 10,5) and let a, fiy y 
be respectively the angles made by AOy BO and CO with the x-axis of a cartesian sys- 
tem whose origin is at 0 . We introduce the following homogeneous trilinear coordi- 
nates c 

u == X cos a + sin a, 

xcos^+y smfiy ^ ^ -j- -y ^ 

w ^ X cos 7 + J sin 7 , y p + — . 

The line u = constant is perpendicular to AO and hence 
parallel to BC; similarly v = constant and w = con- 
stant are parallel to the remaining sides. If we draw 
lines parallel to the sides of the triangle through some ^lo. lO.S. Equilateral trian- 
point (x,y), then «, v and w are respectively the dis- glc representing the normal 

tances from O to these lines. The equations of the cross-section of a metal 

sides of the triangle are then u by v ^ by w ^ b, tahc. 

If now ly niy n are three integers whose sum is equal to zero, I + m + n = Oy then 
for transverse magnetic waves the T-function is 

N - 2wl/u \ irim ~~ n){p w) 

r(.: 0 -) = 3^(2 + 

. 2x»» /a A ir{n — l){v — to) 

+ + 9b 

. litn(u ^ v{l—m){o—tD) 

~9b • 

For transverse electric waves the T-function is 

V lirlfu \ — w)(p — tp) 

nx^) = u (2 + 7 9 b 

lictn (u \ ir(« — /)(»— to) 

+““irV2+7'“ « 

Ivnfu A tcQ — m)(v — w) 

+““ir(,5+7' u • 

Substituting either of these values of T in (4-5), we find 

2t y — 4x / — 

^ V 4 - mn + —^m^ + mn + n\ 
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For transverse electric waves the dominant modes are obtained from one of the sets 
of values 


then 


m = n 

II 

p 

/ = 

m = 0, n 

= 1, 

/ = 

m == ly n 

= -1, /= 

X 

II 

X. = 1.5a. 


“ 1 ; 

- 1 ; 

0 ; 


In each of these modes the electric lines are curves roughly perpendicular to one of the 
three sides of the triangle. 

In the case of transverse magnetic waves a zero value for any int^er results in a 
trivial solution T = 0; hence the dominant mode corresponds to m = n 1 and the 
value of X Is 


4t 


Xe = 3^ = A, 


where A is the height of the triangle. 

Complete sets of transmission modes can also be found for elliptical wave guides 
and for wave guides whose cross-sections are isosceles right-angled triangles. In 
the latter case the T-functions are found among T-functions appropriate to square 
wave guides; in the former case they are solutions of the Mathieu equation. But in 
general no convenient exact method exists of solving the problem for wave guides of 
other than the above-mentioned cross-sections. Some solutions can be found when 
the cross-section is a regular hexagon and it is always possible to construct isolated 
solutions by taking some function T which satisfies (1-11 ) and then determining 
boundaries which are consistent with this function; thus (4-1) represents the equa- 
tion of the boundary for transverse magnetic waves and (4-2) the corresponding 
equation for transverse electric waves. For example we might start with the follow- 
ing function 

T = yo(2.40p) + 0.63 M2Mp) cos 2(p 


and plot its contour lines which are also magnetic lines of force. The line T = 0 
can be taken as the boundary of the wave guide supporting the transverse magnetic 
wave whose field is determined by T. For transverse electric waves the same contour 
lines are electric lines of force; in this case the boundary should intersect the contour 
lines at right angles. 


Figures 10,6 and 10.7 show £-iines for transverse electric waves and 
i?4ines for transverse magnetic waves for guides with different cross- 
sections. The arrows along the boundaries indicate the directions of the 
transverse conduction currents in relation to the directions of the trans- 
verse displacement currents; dots and crosses indicate longitudinal cur- 
rents flowing respectively toward the reader and away from him. The 




K. L M 


Fig. 10.6. The jE-lines for transverse electric waves. The density of the lines indicates the 
amplitudes of the transverse held components. The transverse component of H is per- 
pendicular to the £-lines; if the ^.vector is turned through 90 degrees in the counter- 
clockwise direction so as to coincide with the transverse if-component, then a right-handed 
screw turned in the same way will advance in the direction of the wave motion. The 
numbers above the figures refer to the relative cut-off frequencies on the assumption that 
the largest linear dimensions are the same for all figures. The cut-ofF wavelength of the 
transmission mode shown in (A) is twice the longer side. The following transmission 
modes are shown: 


(A) rjJi^mode, T 

(B) rjSifcpO-mode, T 
(C> r^i.i-modc. T 
(Dl r£2.i.mod«, T = 
(EV TjEa^mode, T 
(F^ T = J(coi» irx — 


* cos TTX, 

« COS 2rx^ 

s ODS xx CO* 2ary, 
s COS 2xx cos 2iry, 
■ cos 2irjf COS 4xry, 
cos s-y). 


(G) T = cos rx cos *-y, 

(H) r£b,l-mode, T = the boandaryitp- 1, 

a) r£=^mode.r. 


O) r^Li-mode, T - CO. 

(K) rfiM-mode, r - CO. u. 

(L) m..-mode, T = 4%^' “» 

’ jja-i® “*2' 







Fig. 10.7. The ^-lines for transverse magnetic waves. The density of the lines indicates 
the amplitudes of the transverse field components. The transverse component of E is 
pcrpcndicuiar to the i7-lines. The numbers above the figures represent the cut-ofF fre- 
quencies in terms of the cut-ofF for the transmis^on mode shown in Fig. 10.6A. The follow- 
ing transmission modes are shown: 


CA) T-i/iji-nKKic, T = lia -rx *in Ixy, 

(B) Ti/aa-naode, T =» sin 2xx sin 2xy, 

(O T 2.60 da XX tiary cos ^ cm 

»* 0.65 (sia 2sr;r sin «*y + sin arx sin 2»ry), 

(D) T ** /oC2.40p)» the boondary is 
P 

(E) TM^t-taodc, T ■« JaiS.Slp), 

(F) m Ji-oode, r - c« 


(G) r-Ww-mode, T - 4V' 

72(3.04) 

(H) rMc-modc, r - CO. 

(I) 7Wo,i-raode, 7] =* Jq(2.40p) -f- 1.35 7i(2.40p) cos 
the equation of the boundary is y = (), 

CD TMoti-xaodc, T *« Jo(2.40p) + 0.63 72(2.40p) cos 2 
the equation of the boundary is T »= 0, 
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relative directions as shown in the figures correspond to waves moving 
toward the reader; for waves moving away from the reader the directions 
of the longitudinal currents are reversed. 

10,9. Slightly Noncircular Wave Guides 

The effect on wave propagation of a small change in the shape of the cross-section 
of a wave guide can be obtained very simply by “ perturbing ** the field distribution 
function T, For example, in considering the effect of a slight compression of a circular 
wave guide on the propagation of waves with circular lines of force we might assume 
the following solution of (1-11) 

T(p,(p) = /oOcp) + ujzbcp) cos 2^, (9-1) 

where u is small and x is either a zero of Jq{x) (circular magnetic waves) or a zero of 
Ji{x) (circular electric waves). 

Inasmuch as magnetic lines do not penetrate a perfect conductor we expect that 
for circular magnetic waves the magnetic lines will simply be compressed to conform 
to the compression of the guide itself; no more radical change is likely to occur. In 




Fig. 10.8. Electric lines of force. Fig. 10.9. Electric lines associated with a 

circular electric wave ” in a slightly 
flattened tube. 

the case of circular electric waves, however, the compressed conductor will touch 
electric lines of nonzero intensity; these lines will break and turn toward the con- 
ductor. Thus the appearance of the electric lines in the neighborhood of the con- 
ductor may be radically changed even though the quantitative effect of the compres- 
sion may be small. For example, assuming x = 3.83 and u = 0.1, we obtain Fig, 10.8 
for the electric lines of force; inserting a perfect conductor at right angles to these 
lines we have Fig. 10.9. 

Since dT vanishes along a contour line the equation of these lines is 

^ ^ x[~7i(xp) + ujL(xp) cos Ixp] ^ 
dp luj^iocp) sin 7xp 

When « = 0, dxp! dp is infinite, the length of the radius drawn from the origin to a 
point on a particular contour line is independent of and the contour lines are circles 
coaxial with the origin. When u is small compared with unity dp/ dp is usually large 
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and the contour lines are approximately circular; but in the vicinity of the circle 
p = 1 , the numerator is small and may even vanish. The vanishing of dip/ dp marks 
the points at which the level lines are tangential to the radii and the locus of these 
points is 

— 7i(XP) + «/2(Xp) cos 2^ = 0. (9~3) 

Let p = I + d; then 


/i(xp) = /i(x + x5) = xJibc)^ = x/o(x)5, 
A(XP) = /2(X) = -“0.5/3(x). 


(9^) 


Substituting in (3), we have 

5 = — cos 2(p = 0.136tt cos 2(p. 

2xJo(x) 


(9-5) 


The numerical constant corresponds to the special case x = 3.83. The curve (3) 
crosses the unit circle when (p = ±45^, ±135® and it represents an oval which can 
be described as a circle slightly flattened in the neighborhood of ^ = ±90°. The 
boundary of the metal tube will approximately coincide with the curve (3). The 
largest radius corresponds to ^ = 0 and is I -r 0.l3Gu; the smallest radius co re- 
sponds to ^ = 90° and is 1 — 0.\36u, The ratio of the largest diameter of the 
tube to the smallest exceeds unity by an amount A = 0.272//. This quantity may 
be chosen to represent the degree of departure from perfect circularity. 

We have seen that the attenuation constant of circular electric waves diminishes 
with increasing frequency. This happens because dT/dj vanishes along the boundary 
of the tube and in the general attenuation formula (4-17) only the second term re- 
mains. For a deformed wave guide, however, we have approximately 


dT 


dip 


—2uJ^(x) sin 2^, 


dp 


0 . 


(9-6) 


Thus at the surface of the metal tube dT/ds is proportional to u and the first term in 
(4-17) is nearly proportional to u^. For small departures from perfect drculari^'v 
the attenuation constant is dominated by the second term of (4-17) in the neighbor- 
hood of the cut-off frequency, and as the tube becomes more nearly circular the second 
term remains dominant within an increasingly large frequency range. In this range 
the attenuation constant diminishes with increasing frequency. 

Substituting from (6) in (4-17), we obtain the following approximate formula 
for the attenuation constant in a deformed circular wave guide* 


a = 


— [p-a - 

V 


2[/2(3 83)]^A^ 
[73(3.83)]^ 


L835A2. 


Minimizing a with respect to the frequenc y, we find that, to the same order of approxi- 
mation, the minimum occurs when v = V^/3 0.782A. If for example the largest 

* The coefficient of the first term in the brackets is also affected by the departure 
from perfect circularity and a term proportional to should be added to unity. 
However, this term is of less importance than the correction term involving p. 
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diameter exceeds the smallest by one per cent, the minimum occurs at a frequency 
which is 128 times as great as the cut-off. 


10.10. Transverse Magnetic Spherical Waves 
The theory of spherical waves is in all respects similar to the theory of 
plane waves. Thus there exist transverse magnetic waves for which 
Hr = ^ and transverse electric waves for which Er = 0. In the former 
case the divergence equation for H becomes 

^ (sin 9 ^ = 0; (10-1) 

ad d<p 

consequently the magnetic intensity may be expressed in terms of a stream 
function II 

__ dll dll ... 

— ( 10 - 2 ) 

Hence we have 

H = curl A, Ar = n, Ae-= A^ = 0. (10-3) 


Since the radial m^netic current vanishes, the transverse electric inten- 
sity may be expressed as the gradient of a potential fui:ction; thus 

dV dF 

rEa = — — , r sin d = - — ■ (10-4) 


In addition to (1) we have the following field equations 

1 d(rHg) 



1 

d(rH^) 


g + i<j>e dr 

d(sin 6 

dHe 


dd 

dip 

dEr 

— cm fl 

d{rEtp) 

dip 

olll U 

dr ~ 


d(rEe) 

dEr _ 


dr 

dd ~ 


rEa = 


g + iue dr 


(10-5) 

( 10 - 6 ) 

(10-7) 

( 10 - 8 ) 


Substituting from (2) and (4) in (5), we obtain 




(10-9) 
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The radial electric intensity may be obtained from ( 6 ) on the one hand 
and from (7) or ( 8 ) on the other; thus 


Er = 


1 


{g + /toe)r^ Lsin 

dV 1 


' 1 3 / . £n\ 1 

■ _sin 6 66 \ ^ 68 ) sin^ 6 d<p^j ^ 




/e^n 

dr g + iue \ dr^ 




Comparing, we have 
d^U 


6ir sm 


1 a/. an\ , 1 

m a aa \ aa / sm^ 


a^n 
a 6<^ 


= (rVn. 


(10-10) 


( 10 - 11 ) 


The complete field has been expressed in terms of a single scalar function 
n. In the narrow sense of the term equation (11) for II is not a wave 
equation; that is, it is not equation (1-5) in spherical coordinates. 

We shall now consider fields for which 

n(r,V) = T(Mt(r); (10-12) 


that is, the field pattern is the same on all spheres concentric with the 
origin. Substituting from (12) in (11), we obtain the following equations 

sin +^= — h(w + 1) sin®S r, (10-13) 

where « is a constant. For spherical waves T and therefore n must be 
real; in general, however, n may be complex. 

Substituting from (12) and (13) in (10), we have 

-Er = ^ + Mi)r^Er = «(w + l)n; (10-15) 


thus the radial electric current per unit solid angle is a constant multiple 
of the wave function n. 

From (9) and (14) we have 


dr 




n{n -hi) -] 

(g -h /co«)r^J 


n. 


an 

dr 


-{g + i(oi)F. (10-16) 


Hence V and n vary with r as the voltage and current in a transmission 
line whose distributed series constants per unit length are an inductance 

H, a capacitance — — 7 — rr in parallel with a conductance — - — 


«(« + 1 ) 


«(» + 1 ) 


and 
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whose distributed shunt constants per unit length are a capacitance € and 
a conductance g. Sufficiently far from the origin the series capacitance 
and conductance are very large. 

When n is of the form (12), the transverse field intensities are 


• .rr rr 

r Sin e He = — T, rH^ = 

d<p 


ar, 

de 


(10-17) 


(10-18) 


Ee = Z^H^, = ~Z+He, 

where the radial impedance is defined by 

z+. - — i— 

{g + tue)T dr 

In terms of the functions defined in section 3.5, we have 

f = Air. (or) + BK W). (10-19) 

For progressive waves traveling outward we must have A — 0 since 1 
becomes infinite at r = oo . For stationary waves having no singularity 
at the origin we must have B = 0, Thus the radial impedances for pro- 
gressive waves and for stationary waves become respectively 


= -V 




K- = V 


lU<n-) 
ln(.<^) * 


(10-20) 


( 10 - 21 ) 


In nondissipative media the latter becomes 

X- = -irrl^ 

^ hm 

The T-fiinction is a spherical harmonic and is briefly discussed in sec- 
tion 3.6; in general T is either a series of terms of the following typt 

T{6y<p) = [Ci^(cos 6) + cos 6)]{P cos m<p + Q sin (10-22) 


or an 


int^ral J* 


dfiy where C, D, P, Q are functions of m and n. 


In free space, however, m must be an integer, since T should return to its 
original value when tp changes by 2x. Furthermore the Legendre functions 
become infinite either at ^ = 0 or ^ = x unless n is an integer; hence for 
free space n must be an integer. Thus in free space (22) assumes the 
following form 


= P^(cos ^)(Ccos m<p + D sin m<p)y (10-23) 


where m and n are positive integers. When m> vanishes; hence we 

may assume m < n. 
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The following are the Legendre functions of low order 
Po(cos B) = 1, Pi (cos 6) — cos 6, Pi (cos 6) = — sin 6^ 

P 2 (cos B) == f (3 cos^ B — 1), Pl(cos 6) = —3 sin B cos 

i^(cos ^) = 3 sin^ B^ 

Pzicos = 3 (5 cos^ ^ — 3 cos 6)y 
P|(cos ^) = 15 sin^ 6 cos B^ 

P 4 (cos B) = 1(35 cos^ d - 30 cos^ 6 + 3), 

Pl(cos B) = sin 6(7 cos^ 5 — 3 cos 5), 

i^(cos 5) = ^ sin^ 5(7 cos^ 5 — 1), Plicos 5) = —105 sin® 5 cos 5, 

P|(cos 5) = 105 sin^ 5. 


Pi (cos 5) == — sin 5(5 cos^ 5—1), 
i1(cos 5) = -IS sin® 5, (10-24) 


In a region bounded by a perfectly conducting cone 5 = (22) becomes 

(for 5 < t/') 

7(5,^) = i^(cos 5)(P cos m<p + Q sin mcp) (10-25) 


since the second Legendre ifiinction is infinite on the radius 5 = 0. In this 
case m is still an integer, but n is not necessarily integral. Since Er is 
proportional to T and must vanish when B ~ n must be a root of the 
following equation 

P;r(cos ^) = 0. (10-26) 


In a region bounded by two perfectly conducting cones Er and hence T 
must vanish on the boundaries 5 = 5ij 5 = 53 ; therefore n must be a root of 


P;r(cos5i) ^ Pr(cos52) 
/^(-cos5i) P;r(-cos52) 


(10-27) 


If the region is bounded also by two perfectly conducting axial half- 
planes ^ = 0 and <p = then P must vanish in (22) and 


3V 

m = — , s 
*Po 




(10-28) 


If the region is bounded by two perfectly conducting spheres r — a and 
T = then 2^ and hence df /dr must vanish at these spheres; thus we 
have 


B _ Z{<ra) _ Zifia) _ 

A R'M KM’ iV'083)’ 


( 10 - 29 ) 


The first equation applies to dissipative media and the second to non- 
dissipative media. 
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The averse flow of power across a portion (S) of an equiphase surface is 
^ = V f { {EeH* - E^Hf) dQ 

«/fS) 





^ * 2 , 



(10-30) 


dQ. 


sin"^ 6 \d(p y 

Multiplying (13) by T dd d<p/sin $ and integrating over (S)y we obtain the 
following identity for a wave in free space, or for a wave bounded by per- 
fectly conducting conical surfaces including planes emerging from the 
center of the wave 

/L + sh (f)l " IL ^ 

Hence (30) becomes 

^ = ^n(n + l)Z;ff* f f dQ. (10-32) 

d J (S) 

Let I be the root mean square radial electric current 




then (32) becomes 


^ = 




ztr- 


(10-34) 


2n{n -r l)S 2m(« + 1)2 

10.11. Transverse Electric Spherical Waves 
Using the same method as in the preceding section, we obtain the follow- 
ing expressions for transverse electric spherical waves 

E = — curl F, Fr = Fe = F^ — 0, 

1 


Ht= — gradt U, 


U= - 


ico/jL dr ^ 


rsmdEe = — — , 
d(p 


d'^ 


rHe = - 


dU 
dd ’ 


rE. 

r sin 6 Ha — — 


dd ’ 
dU 


( 11 - 1 ) 


d,p ’ 


.. 1 r 1 3 , 1 

“ io,^ Lsin d dd r” dd)^ -"2 « ^..2 


$ d(p* 


] 


djj 


1 f d^^^^ 

- - (f + ^ ^ 1 ■ 

The stream function ^ satisfies equation (10-11). 


0 
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When ^ = Ti6,(p)t{r), the field pattern in spherical surfaces concentric 
with the origin is independent of r. In this case the expressions for the 
field become 


• - -r- VjE a „ ^ ^ 

rsm8Ee--~f, rE, = - T, 

He = -nE^, = nEe, 5^ = ^ = - (11-2) 

Hr = io^iO^Hr = »(» + 1)^. 


T and T satisfy equations (10-13) and (10-14), The magnetic potential U 
and the electric stream function satisfy 


dr 


■‘iClSflUy 


dr 


(„-3, 


Thus ^ and U vary with r as the voltage and current in a transmission line 
with series inductance ju, shunt conductance gy shunt capacitance e, and 


shunt inductance 


all per unit length. Sufficiently far from the 


n{n + 1) 

origin, the shunt inductance becomes very large. 

The radial impedances for progressive waves and for stationary waves 
vrithout singularities at the origin are respectively 




l^njcr) 
Jt'(ar) ’ 


K7 = 


^ r „{< Tr ) 


In nondissipative media the second impedance becomes 

. In ( pr ) 

^ ’‘"Tum- 


(11-4) 


(11-5) 


Comparing with (10-20) and (10-21), we find that the product of the corre- 
sponding impedances for transverse electric and transverse magnetic waves 
is equal to the square of the intrinsic impedance. 

The T-function is, in general, a series of terms of the form (10-22) or 
it may be expressed in the form of an integral. In free space m and n are 
integers and m < n. In a region 0 < ^ ^ bounded by a perfectly con- 

ducting cone 0 = E(p and therefore dT/ 60 must vanish on the boundary; 
thus n must be a root of the following equation 

4 p;r(cos f) = 0. 


( 11 - 6 ) 
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For a region between two perfectly conducting cones 6 = 6i and d = 62, 
n must satisfy 

j- i^(cOS 0l) i^CcOS 02) 

--i _2 (11_7) 

— i^(- cos 0i) — i^C- cos 02 ) 

If perfectly conducting half-planes 9 s = 0 and = 950 are added to the 
cones, m need not be an integer. In this case Ee and hence dT/d<p must 
vanish at the planes; therefore Q in (10-22) should vanish and m is given 
by 

m = —, r = 0,1,2,3, • • •. (11-8) 

90 


Finally, if perfectly conducting spheres r = a and r ^ b are added, 
then ’T should vanish on the spheres and 

_ R ^ ^ tnjah') Jni^a) ^ JniPb) -_Q. 

A Kni<ra) Km' ^ ^ 


The complex power flow across an equiphase sphere in free space, or 
across a portion of such a sphere bounded by perfectly conducting cones, 
can be found as in the*preceding section; thus we have 

n(n + l)Tty J 




2Z* 




(11-10) 


(S) 


In terms of the root mean square radial magnetic current K defined by 


the expression for is 

^ ~ 2m(w + 1)S2? ~ 2n(n + l)Q2* ' 


( 11 - 11 ) 

( 11 - 12 ) 


10.12. fFave Guides of Variable Cross-Section 
Approximate equations for wave guides in which the cross-section varies 
in size but not in shape can be obtained as follows. In the case of trans- 
verse magnetic waves V and II satisfy equations (1-23) and x is given by 
(4-7) where the modular constant k depends upon the particular trans- 
mission mode and on the shape of the cross-section but not on its size. 
Thus we can write (1-23) in the following form 


Qs 






ds 


-(^4-/«*)F, (12-1) 
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where S is the area of the cross-section and j* is the distance measure i 
along wave normals. We now assume that these equations are approxi- 
mately true when is a slowly varying function of s. Similarly the equa- 
tions for transverse electric waves are 


a7 


• n 

-lufiU, — 

ds 


(■ 


g + me + 


ioifiS/ 




(12-2) 


When the cross-section of the w^ave guide is circular, then S = 
where a(s) is the variable radius. Furthermore if the wave guide is a 
cone, then a{s) = w^here 4^ is the angle between the axis of the cone 
and its generators. In this case (1) becomes (after s is replaced by r) 


dr 


r. 


p 


.1 


(g- 4- 


dr 


-(g+/co£)r, (12-3) 


where i is a 2 ero of The exact equations are (10-16) in which n 

is a root of (10-26). Let m = 0; then according to Hobson the roots 
of (10-26), when ^ is small, are given approximately hy n = k/ (2 sin ^/2), 
where it is a zero of /o(^)- Hence we have 


n{n 4 - 1 ) ~ 


2(1 — cos ^) 


Thus we again obtain equations (3). It is also apparent that the approxi- 
mation (3) will be improved if w’e write 2(1 — cos ^) in place of 4/^. This 
value is obtained from (1) if 6* is taken to be the area of the equiphase 
surface intercepted by the guide. This would have been a reasonable 
initial assumption. Equations (1) and (2) can then be solved approxi- 
mately by the method of section 7.11. 


10.13. Cylindrical Waves 

By definirion a cylindrical wave is a wave whose equiphase surfaces form a family 
of coaxial circular cylinders. The common axis of the cylinders is the axis of the wave. 
In general, cylindrical waves are hybrid waves in the sense that they are associated 
with non vanishing E and H in the direction of wave propagation. If we start with 
an assumption = 0, we shall find that E^ must also vanish and that the field must 
be independent of the s-coordinate. Further investigation would show that the only 
transverse electric cylindrical waves are the waves in which the E-vector is parallel 
to the axis of the wave or the waves having circular symmetry. Similarly the only 
transverse magnetic cylindrical waves are the waves in which the /f-vector is parallel 
to the axis of the wave or the waves having circular symmetry. 

In section 3 we have shown that the most general electromagnetic field may be 
represented in terms of two scalar functions 11 and ^ satisfying the wave equation. 
In the case of cylindrical waves these functions should be of the following form 

n(p,^,2) = (13-1) 
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where Tiipfi) is real. Substituting this in the wave equation, we have 
pfdpy dp)^ dz-\ ~ 


(13-2) 


The sum in the brackets must be a function of p alone; but one of the terms of 
this sum contains p and the other does not; therefore, {l/T){d‘^T/dz^) and 
{l/T){d^T/d(p^) must be constants and consequently 

= T{<p)T{z\ n = n^)f{z)t{p). (13^3) 


Thus the general form of 11 appropriate to cylindrical waves is 

n = [Jlg(Tp) + BKg{Tp)]iC cos Js + D sin ^z)(P cos g<p + Q sin (13-4) 


where the radial propagation constant T is 

r = Va- + f®. (13-5) 

The field intensities are derived from 11 by using equations (1-1), (1-4), and (1-6); 
thus 

ifp = i f (p)r(z) = -Ti<p)T(z) ^ = 0, 

(13-6) 

T dfdf f dTdf rT[ 

g+ fwe dp dz ^ (^ 4 - /ci 3 €)p d(pdz ^ * g+ io3 € ' 

In general E and H are elliptically polarized. The plane of the i7-ellipse is always 
perpendicular to the axis of the wave but the plane of orientation of the ^-ellipse 
varies from point to point; thus the wave may be called a “ magnetically oriented 
wave.” In nondissipative media T is either real or imaginary and consequently 
and Eg are in phase. In this case the plane of the ^-ellipse passes through the wave 
normal. 

In free space g must be an integer; but inside a wedge formed by two perfectly 
conducting half planes ^ ~ 0 and 95 = issuing from the axis of the wave, we must 
have P — 0 and 

^ = — = 1,2,3, .. .. (13-7) 

The values of g are restricted as above because Ep and Eg and hence T(<p) must vanish 
on the boundaries. In free space ^ may assume any real or imaginary value; but 
in a r^on bounded by two perfectly conducting planes 2=0 and 2 = we must 
liave D = 0 and 

f = m = 0 , 1 , 2 , (13-8) 

This restriction follows because Ep and hence BT/dz must vanish at the above bound- 
aries. 

The field of electrically oriented cylindrical waves is obtained from a function ^ 
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of the same general form as 11 with the aid of the equations of section 2. Thu; we 
have 

= - ^ fCp)T(=) ^ - T(^)T(z) £. = 0, 

(13-9) 

T f dTdT 

"H. g ' . y T i ip ““ • j j y di z . 

p — dtp dz icafi 


tcojii dp dz 


In free space q is an integer; but in a region bounded by perfectly conducting half- 
planes ^ == 0 and 9 = ^, issuing from the axis of the wave, dTjdp should vanish at 
these boundaries and consequently 


nr 


<2=0, ' 


(13-10) 


In free space f may assume any real or imaginary value; but in a region bounded by 
perfectly conducting planes s = 0 and 2 = ^, T must vanish on the boundaries and 
therefore 


mr 


C=0, ^ = — 1,2,3, ' 
h 


(13-11) 


In the case of circular symmetry T{ip) = 1 and the field becomes considerably 
simpler. Thus from (6) we obtain the following expressions for transverse magnetic 
waves 




dp 


g + /<<>« 


g + * «e dp dz ’ 


f{p) = ^7o(rp) + BKi,iVp\ T(z) = C cos + D sin ^z. 


(lS-12) 


The radial impedances for outward bound progressive waves and for stationary waves 
having no singularity on the axis are 

rji:o(rp) _ r/o(rp) 


(^+««€)A:i(rp)’ (g+i(oe)h{Tp)- 

The field of transverse electric waves is obtained from (9); thus 

fj 1 dfdT 

" tap, dp dz 


(13-13) 




«■- 


dp 

itapKiiXp) 
TKt^iTp) ’ ' 


If T is in the form 


tup 

iupIiiVp') 

r/o(rp) • 

T = CV-***, 


(13-14) 


(13-15) 


we obtain waves whose wave normals, at sufficiently great distances from the axis 
of the waves, form a cone. A typical equiphase surface will be a cone with its apex 
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on the axis of the waves, except in the neighborhood of the axis itself where the cone 
is “ blunted/' Thus, if the medium is nondissipative, and if Tp is large we have 

ff L ^-rp_i£r ^ _L (13-16) 

Vp Vp 

When f > /S, this function determines a wave traveling parallel to the z-axis; but 
when f we write (16) as 


Vp 

(1^17) 

The cone of constant phase is 


pV/3^ — + fz = constant; 

(13-18) 

the wave normals make an angle 


Vgs - 

V — tan ^ ^ 

(13-19) 

with the z-axis, and 


J = jS cos t?, V /52 _ ~ gin 

(13-20) 


Near p = 0 , the phase of J^o(rp) is nearly independent of p and the equiphase 
surfaces are normal to the z-axis. One exception is the case in which ^ = 0 ; then 
90®, the waves are traveling radially and the equiphase surfaces are cylinders 
coaxial with the z-axis. 

10.14. Circulating ^aves 

A wave is circulating if its equiphase surfaces are half-planes issuing from an axis 
called the axis of circulation. Such waves are possible only in nondissipative media. 
The field of magnetically oriented circulating waves may be obtained from the follow- 
ing stream function 

IL=yj,(xp) + BNMKCcos^z + Dsm^z)i^^-^, x' + (14~1) 

This function is of the same general form as that given by (13-4); but T(p) must be 
real and it must satisfy certain boundary conditions. The form (1) is more suitable 
for the latter purpose than (13-4:). Similarly the field of electrically oriented circu- 
lating waves is obtained from a potential which is of the same form as ( 1 ). 

Except when ^ is an integer, circulating waves can exist only within some ^interval 
(<P(h<Po + ^) where ^ is not greater than 2t. Of course, waves in a wave guide wound 
into a helical coil are approximately circulating waves in the above defined sense and 
then <p is unrestricted. The restrictions on the range of (p are physical and not mathe- 
matical. Mathematically we may consider fields in a RAemann Space^ wound on it- 
self; such a space is an idealization of the wave guide wound into a helix. 

Some circulating waves have already been studied in section 8.23 in connection 
with wave propagation in bent wave guides. While the field in such wave guides 
can be expressai exactly in terms of Bessel functions regarded as functions of their 
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order there are no tables available to enable us to apply the formal results to prac- 
tical problems and we must resort to approximate methods. 

10.15. Relations between Plane^ Cylindrical^ and Spherical Waves 

From the mathematical point of view the difference between plane, 
cylindrical, and spherical waves is merely the difterence in the coordinates 
used in the expressions for the wave functions. By transforming coordi- 
nates it should be possible to express a spherical wave function in terms 
of cylindrical wave functions or in terms of plane w^ave functions. The 
choice of the particular coordinate system and the particular type of wave 
function is dictated by the nature of the source and of the boundaries di- 
viding the medium into homogeneous regions. Each current element in a 
homogeneous medium emits a spherical wave; hence if we know the com- 
plete current distribution it is natural to regard the field as the resultant 
of spherical weaves emitted by the current elements. On the other hand, 
if an element is in a medium consisting of two homogeneous semi-infinite 
media, separated by a plane interface, we express the spherical wave emitted 
by the element in terms of plane waves moving toward the plane bound- 
ary and use the relatively simple formulae for the reflection and trans- 
mission coefficients of such waves in order to obtain the field of the element 
as modified by the change in the environment. Similarly if a plane wave 
is striking a spherical obstacle, we express it as a resultant of spherical 
waves incident on the obstacle and use the formulae for the reflection and 
transmission coefficients of spherical weaves at a spherical boundary. In 
either case the reflection and transmission coefficients depend on the im- 
pedance ratio for a typical elementary wave. 

At times a mathematical transformation of a wave function throws 
a new light on a physical phenomenon. In section 8.21 we have considered 
dominant waves in a rectangular wave guide. Above the cut-off these 
waves travel along the guide with a velocity greater than that of light. 
This high phase velocity and the filterlike characteristics of the guide are 
the properties of all transmission lines having a shunt inductance in parallel 
with the shunt capacitance. On the other hand if we express the sines 
and the cosines in (8.21-15) in terms of exponential functions we obtain 

Ey = ^ _ ^/32 - ^ , 

and corresponding expressions for the iT-components. The amplitudes 
of the individual terms are independent of the coordinates; hence these 
terms represent uniform plane waves. The sum of the squares of the 
coefficients of ^ and 2 : in the exponents equals 0^ and a real angle C can be 
found to satisfy cos C, ir/a — p sin C. Comparing with the equa- 

tions of section 4.10, we find that our equations represent two uniform 
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plane waves moving in directions making the following angles with the 
coordinate axes 


^ = |+C, 5 = C=C; and ^ = ^ = \. C. 


For each wave the corresponding total magnetic vector is perpendicular to 
the electric vector and the ratio of the intensities is 17 . Either wave is 
obtained from the other by reflection at one of the faces of the wave guide 
(Fig. 10.10). This picture also helps to explain why the velocity in the 
direction of the guide is higher than the 
velocity of uniform plane waves in free 
space. The directions in which the uni- 
form components are moving depend on 
the frequency. When the frequency is 
sufficiently high /§ is nearly equal to Fig. 10.10. Directions of uniform plane 

and C is nearly zero; then the waves are guided waves in 

1 ^ j* r rectangular tubes may be resolved, 

moving almost in the direction or the 

guide. At the cut-ofF = 0 and C — 90®; in this case the waves cease to 
advance in the direction of the guide. Below the cut-oJEF this picture fails 
altogether. 

If instead of dominant waves we consider waves whose electric intensity 
varies as sin mrx/a^ we obtain the following expression for the angle C 



. rnr 

sin C = — 


n\ 

2a 


If X is small compared with 2a, there will be several real values of C satis- 
fying this equation, and these will be the “ permissible ” angles for uniform 
z plane waves between two 

parallel perfectly conducting 
planes. Each permissible angle 
corresponds to a particular 
transmission mode. 

Even inside circular wave 
guides it is possible to express 
guided waves above the cut- 
off as bundles of plane waves 
repeatedly reflected from the 
cylindrical boundary. Con- 
sider for instance a bundle of 



Fig. 10.11. 


Cone of directions of elementary uni- 
form plane waves. 


uniform plane waves with H parallel to the ;c:jy-plane and let the wave 
normals of elementary components form a cone coaxial with the z-axis 
(Fig. 10 . 11 ). If, at the origin, the amplitude of the electric intensity of a 
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typical elementary wave is A (^) d^-, then 

p2T 

E, = sin C exp ( — i^z cos C) f exp [ — j/3 (.Jf cos ^ + jy sin sin C] d^. 

J 0 

(15-1) 

Since x cos ^ y sin ip = p cos (ip — ^), the above equation becomes 

Ez == sin C exp(“i ^2 cos C) I A (^) exp [—ifip sin C cos {<p — ^)] 

Jo 

Letting A(<p) = £05 using equation (3,7-6) y and integrating we have 
E, = 2tEo sin C/oi^p sin 

More generally, if A (<p) = Eq cos where w is an integer, then 

Ez = (-i)^ 27 rEo sin CM^p sin C) cos n<p (15-2) 

Thus we have transverse magnetic waves in which 
X — jS sin C, — jS cos C. 

For waves inside a perfectly conducting cylinder of radius Eg must vanish 
on the boundary; thus 

k 

Pa sin C — ky sin C = — , 

Pa 

where ^ is a zero of 

Similarly it is possible to express the field component Hz of transverse 
electric waves as an integral of the type ( 1 ). Hence transverse electric 
waves above the cut-off may also be regarded as bundles of uniform plane 
waves. The difference between transverse magnetic and transverse elec- 
tric waves becomes merely the difference in the state of polarization of the 
elementary components. Below the cut-off in nondissipative media, and 
at all frequencies in dissipative media, it is possible to resolve transverse 
electric and transverse magnetic waves into plane wave components of 
‘‘ exponential type but not into uniform plane waves. These compo- 
nents, however, are of little practical value since the exponential waves are 
no simpler than the original transverse electric or transverse magnetic 
waves from which they are derived. 

We shall now turn our attention to the representation of spherical waves 
in terms of cylindrical, conical, and plane waves. We may confine our 
attention to an electric current element of moment IL Such an element 
may be regarded as an infinitely long current filament in which the current 
is zero everywhere except in a short interval. If the element is situated 
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at the origin and directed along the 2-axis, the current I{z) in the filament 
is the impulse function (Fig. 10.12); the moment II is represented hy the 
area of the impulse. In section 2.9 this function has been expressed as 
the following contour integral 


Hz)- 


tT j (c) y 


•e^^dy, (15-3) 



where the contour (C) is the imaginary ^ ^ 

axis indented at the origin (see Fig. Fig. 10.12. Electric current element re- 
2.19). Thus the current is now repre- ^ 

sented as the resultant or an infinite 

number of elementary progressive waves traveling along the z-axis. 
Each elementary current wave produces a field of type (13-12) in which 

n = f f = A{y)Ko{Vp)e'‘^ dy, T = 

Thus for each elementary wave we have 


H, = VA{y)Ki{Tp)e->^dy, E, = - A{y)Ko(Xp)e‘>* dy, 

J-+ 


£o = - 


f + i«e 


-A{y)Ki{Vp)e^^dy, 


TKo(Tp) 

{g + fa)e)K’i(rp) 


x^ssuming that a is the radius of the filament and using = /(z). 

we obtain 


I sinh ■ 


liv^yTaKiiTa) 

and the field produced by /(z) is 


12 (ff «-) - 2 


y^ 

T sinh y 


/sinh I' 


Ki(Tp)ey^dy,ll- 


as ^ » 0, 


r ™ 

J (O 


liir J {o y 


■K,(Xp)e-*^dy, 


I r* sinh 

2<V^(g- + Jwe) J(o y 


■Kp{Vp):-*Uy, 


(15-4) 




f r sinh ^ KiiTp)e-*^ dy. 
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in is infinitely small, the above expressions become 
II 


n 


= 


:-2 f Ko{Tp)ey^dy, F = 

fT O (Cl 

J T^Ko{Vp)e->^ d-^. 


4/x^(g' + iae) J ;c ■ 


II 


2/1 ■ ^ f yTK,{Vp)e->^ dj, 

ig + ^“e) d (C) 


= rA\(rp)p^^dy. 

^ (C) 


(15-5) 


On the other hand, using spherical coordinates, the field of the current 
elem.^nt may be derived from 11 = ^ 1 /, in (6.2-7). Comparing with (5), we 
have 


— =2r A"o(p^<^- P + O. (15-6) 

r ^TT J (C) 


This identity could have been established mathematically and equations 
(4) would then follow. 

The integrand of ( 6 ) has tw^o branch points 7 = <r, 7 = — (r. If ^ = 0 , 
these branch points are on the imaginary axis and t he contou r (C) should 
be indented as showm in Fig. 10.13. Since F = v <x^ — 7 ^ is a double- 
valued function it should be remembered that the proper value, corre- 
sponding to the principal branch of the i^o'^ii^ction, is in the first quadrant 
or on its boundaries. When 7 is at infinity on the negative imaginary 
axis, r must be positive real so that the initial phases of cr — y and <t + y 
should be 


TT TT 

ph(£r - 7) = - , ph(cr + 7) = - - , 7 = -foo. 

The Ciiange in ph F along the contour may easily be followed if the above 
differences are represented graphically as in Fig. 10.14. Thus at infirxity 
on the positive imaginary axis we have 

ph (<7 — t) = ph((r + t) = “ , 7 = 


and F is again positive real. 

In the case of nondissipative media F is either real or imaginary on (C) 
except on the tw^o infinitely small indentations;* it is real outside the 
interval 7 == — //d, 7 = f/S and imaginary inside it. When F is real, the 

* There is no singuiariry at the origin and therefore (C) need not be indented there. 
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equiphase surfaces of the elementary waves are normal to the z-axis and 
the weaves are plane; when F is imaginary, the equiphase surfaces are 
inclined to the s-axis (and curved near it) and the waves are conical. 




Fig. 10 . 13 . Fig. 10 . 14 . 

Separating the integral into two parts, one taken along the positive 
and the other along the negative imaginary axis, and reversing the sign 
of the variable of integration in the second part, we obtain 

= -r I Ko (p^' — yzdy-- I Kq 

r stJo 

(15~7) 

The second integral is taken along the positive real axis indented above 
{ = d- The equiphase surfaces of elementary waves are cylinders coaxial 
with the z-axis. 

The above expressions are valid either for positive or negative values 
of z. If z > 0, the exponential function in the integrand vanishes on the 
circle of infinite radius in the second quadrant and (C) can be deformed 
into the contour (Ci) shown in Fig. 10.15; on the negative real axis 
ph r = w/2. The exponential function vanishes also in the third quadrant 
and (Cl) can be deformed into (C 2 ) of Fig. 10.16. On the lower side of 
the negative real axis ph F = — x/2. Between y = 0 and y = — 
ph F = Tr/2 on the right side of the contour and ph F = — Tr/2 on the left 
side. By (3.4r-ll) we have 

- Ko (pV — (32 — y^) = _7s?o(pV^2 _j_ _ //o(pVj82 ^ ^ ph T = ^ » 

= + + , phr=—^f 

( 15 - 8 ) 

where the arguments of the Jo and No functions are real on (C^) excepting 
the infinitely small circle round y = — ifi. The integral round this circle 
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is zero because the iYo-^^^ction becomes infinite as log j 7 + | while the 

length of the circumference vanishes as i 7 + !• On the two halves of 

(C*2)>^7 is in opposite directions; thus substituting from (8) in (6), we find 




Fig. 10.15. 


Fig. 10.16. 


that the terms involving iVo cancel out. Reversing the sign of the variable 
of integratioHj we finally obtain 

— = Jo + dy ^ Jo + 

Introducing a new variable x ~ + 7^ combining the two integrals 

in one, we have 

— = / z>0, (15-9) 

r J(C 3 ) 


I 


where (C3) is the positive real axis indented above x = 10.17). 

Unlike (6) this integral converges when p == 0; it converges also when 
; 2 = 0 as long as p =F 0. In this representation all 

(C3) elementary waves are plane waves traveling in the 
— positive 2-direction. When x > the propagation 
constant in the z-direction has all real values be- 
tween zero and infinity; when x < the propaga- 
Fig, 10.17. constant is imaginary and the phase velocity 

assumes all values in the interval where v is the characteristic 

velocity. This second group of waves can be expressed as a group of 
waves traveling with constant velocity v but in diflferent directions; we 
need only express /o(xp) as an integral of type (1). 

When 2 < 0, vee have 

/• . x^x 


f Mxp)e^^ 

^ {Cl) 


Vx^~^ 


(15-10) 
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where the contour of integration {C4) is shown in Fig. 10.18. On the real 
axis the elementary waves are plane and their propagation constants are 
real; on the imaginary axis above 7 = T is 
real and the weaves are plane, traveling in the nega- 
tive z-direction with velocities smaller than the 
characteristic velocity; in the region between 7 = 0 
and 7 = is, F and 7 are imaginary, with the sum 
of their squares equal to and the waves are 

conical, traveling with velocity v in directions making 
acute angles with the negative z-axis. Fig. 10 . 18 . 

10.16. Waves on an Infinitely Long Wire 

Consider an infinitely long cylindrical wire of radius a and assume that 
an electromotive force V is applied uniformly over a section of length r; 
then, assuming that the wire is along the s-axis. 



outside the interval the applied intensity is zero. Representing this im- 
pulse function as a contour integral we have 




y f 

ties J jc) 7 




( 16 - 2 ) 


Consequently the magnetic intensity at the surface of the wire is 




sinh ^ e'^^ 


iTsJ,a)ylKtia) + Klia)] 


(1^3) 


In order to obtain the magnetic intensity at any distance p from the axis 
of the wire we multiply each element of the integrand in the above expres- 
sion by the i/-tran$fer ratio; thus 


-zf 

f^(p,z) . I 

iTSJfC' 


smh^ Ki{Tp)e^^ 
y[K+ia) + A:r(«)]A:i(r^) 


(1^) 


The corresponding Ez is obtained if we multiply the integrand by —K'^(p); 
hence 
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In the special case when the w’ire is a perfect conductor and the medium 
is nondissipative these equations reduce to 




j' smh^Ko(rp)e^ 

iTsJ:c) yKoiTa) 


d-,, r - 




■r - r, 

(16-6) 


The current I(z) in the wire is then 


/(s) 


2ci:ea V I 


sinh^ Ki(ra)e-^‘ 


yrKo(ra) 


dy. 


(1^7) 


If the input admittance Yi is defined as the ratio of the current I{s/T) 
through the upper terminal of the generator ” to the applied voltage, then 


Yi = 


I 


sinh ^ Ki(Ta) 
yTKoiTa) 


■ dy. 


(16-8) 


If $ is small, the real part of the input admittance is nearly independent 
of j; but the reactive part of the admittance is positive and approaches 
infinity as s approaches zero. This is natural since the capacitance be- 
tween two infinitely close cylindrical wires must be infinite. For thin 
wires the above integrals yield the results of section 8.13. 


10.17. Waves on Coaxial Conductors 

Consider now two perfectly conducting coaxial cylinders and assume 
that an electromotive force T'o, defined by equation (16-“1), is applied to 
the inner cylinder. The longitudinal electric intensity is then the negative 
of the impressed intensity (16-2) and 




I'KS 


j sinh 

^ ic) y 


ys 


dy. 


Between the coaxial cylinders we have 


Ez(p,z) = - ^ / XE,(a,p)e‘'^ dy, 

nsJiC'i T 


r 


sinh 


ys 


(17-1) 


(17-2) 



^\AYES, WAVE GUIDES, AND RESONATORS — 2 419 


H^{p,z) 


sinh ^ X£,(^,p) 


Z2 ______ 

iirsJ^c) ■y-Zj(p) 


dy. 


(17-2) 


“/ 

iiTi f/ f^c) 


EM = -- / /T+ 


sinh — xb.C'^jp) 




For each eiementarw wave w^e mav assume 


E. = [AJoixp) + BNob(p)]e-^\ x" - y" = 

= — [^/i(xp) + BN^{■xp)]e■^^, 

X 

£, = - - [AMxp) + BNi(xpW\ 

X 


(17-3) 


The longitudinal iin^pedance of a typical wave is then Kf = ■- y/icce. 
Since Ei(i) — 0, we have A = PWoCx^), B = —PJo(x^)i hence 


^ = iVc (x^)7o(xp) - Mx^Woixp) 

XeA‘^>P) iVo(^3)/o(x«) - JM^^o{xd) ’ 

7+. s _ x[A^o(x^)/o(xp) - /o(x^)N :(xp)] 

' MNMJiixp) - J<^{xb)^ .(XP)] ' 

Hence equations (2) assume the following form 


(17-4) 




li f ! 

ITS J (C) 


sinh Y S(xp,X^) 


iirsJ(c) yS{xa,x^) 


e^‘dy, 


H ( f !! 

A ,f (pj^) / 

U (C\ 


sinh^ U{xP,xl>) 


(fii yxS{xa,xl>) 


(?■>'* dy. 


(17-5) 


EM) 


iws J /o 


sinh^ [/(xp,x^) 


e'^^dy. 


^c) x>S’(x'z,X‘^) 

‘S’CxPjX^) = /o(xp)7Vb(x'^) ~ Ao(xp)7o(x^)j 
U{xp,xE) = 7Vi(xp)/o(x^l — /i(xp)A'o(x^)- 

The transverse voltage V{z) is obtained by i*. tegrating E^ along a radius 
and. the longitudinal current /(z) in the inner cylinder by multiplying 



420 


ELECTROx\L^GNETIC Wx4.VES 


Chap. 10 


H^{a) by 2x^; thus we have 


V{z) 


--f ' 

inrs (oy 


sink ^ o ry 

2 t a2 ^ y 


r sinh^C7(x«,x^) 


(c)7"+r 


«/ (C 


(C) 


7X>S'(x«5X^) 


(17-6) 


The first of these integrals can be calculated at once by the method of 
residues. Thus if s > s. 2, (C) can be closed in the left half of the plane. 
The point y = — f/3 is the only pole enclosed and the value of the integral is 


nz) = in 


sin 









(17-7) 


Thus the transverse voltage is given by the principal wave alone. 

To evaluate I{z) w’e note that the integrand is a single-valued function 
of 7 and consequently we may again use the method of residues. The 
poles of the integrand are the roots of 

Sixa,xi) = 0 or Z+(fl) = 0, (17-8) 

and thus represent the natural propagation constants. The contrast be- 
tw’een this case and the case of an isolated wire is worth noting. In the 
latter case the radial impedance function is multiple-valued and has no 
poles- If Xn is the nth root of (8), then jn = iFn, r,i = 

When the frequency is such that P < xu all these poles are on the real 
axis. As the frequency increases, some poles move to the imaginary axis. 
In addition there are two p>oles 70 = ztiff which are always on the imagi- 
nary axis. E’^^aluating I(z) for z > s/% we have 


/(2) = Z In(z) = 

n«0 


^iceaFo sinh^ U{xna,xni) 




jrnXn 


dS 

dXn 


(17-9) 


r r X ^(2) ^ I ^ 

7o( 2) = , JC = — log - . 

A Itt a 


When jS < xij all current waves except the dominant wave I^iz) are attenu- 
ated- The impedance to the dominant wave is a pure resistance; the 
additional current waves add a reactance in parallel with this resistance. 
If we define the input admittance as the ratio of I{s/1) to the applied 
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voltage Vq, then we have 

Yi = E y„, n 

n =0 


1 


Sin ' 




IK 3s 




Fn - 



(17--10) 


When s is vanishingly small, the resistive component of the input admit- 
tance is 1/27^”. In this case, however, the reactance in parallel with 2K is 
infinitely large; an infinitely small gap provides an infinitely large capaci- 
tance and efFectiv^ely short-circuits the gap. Nevertheless the capacitance 
approaches infinity so slowly that for the small gap ’* encountered in 
practice the capacitance is usually small. 

If the applied electromotive force w'ere not distributed uniformly round 
the circumference of the inner conductor, all possible natural waves might 
be generated in the region between the tw'o coaxial conductors. xA study 
of the roots of the equations in section 10.7 indicates that if the wavelength 
is greater than the circumference of the outer conductor, all natural waves, 
except the principal, are attenuated. 


10.18. Waves on Parallel Wires 

Consider now two thin perfectly conducting parallel v^ires, with their axes separated 
by distance /, and let the impressed voltage be distributed along wire 1 in accord- 
ance with equations (16-1) and (16-2). The longitudinal electric intensities due to 
the currents in each wire are respectively 

^.(Pi^)= r A{ci)K^{Yp{)e^^^, f Biy)KQiTp.)e-r^ dy, (18-1) 

JiC) ^(C) 


where pi and p 2 axe the distances from the axes of the wires. At the surface of each 
wire the boundary conditions are 


Vq sinh ” 

Aiy)Ko(Ta) + B{y)KoiT/) = ~ ^ 

tTsy 

^(y)Xo(PO + BMKoiFa) = 0. 


(18-2) 


Taking one half of the sum and of the difference of these equations, we have 


Fq sinh ~ 

U^iy) + 5 ( y )] = - 2iTrsj[Ka(.Ta) + Ko(.Tl)] “ 

(18-3) 


Fo sinh “ 

U^(y) - B{y)] = 2fTiylKo{TI) - KoiTa)] ” 
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Adding and subtracting we obtain 


A-,': = C'v) - D'a), B'rn = CM - D{y). 


(18-4) 


Hence the total longitudinal intensity 


may be expressed as Ez= Ez-\- Ez^ where 



Dici^^Tp^ - iCo(rp2)k^^^. 


(18-5) 


Thus the total held consists of two parts, the one a symmetric function of pi and p2 
and the other an anti-symmetric. The first part alone w'ould be produced if a voltage 
equal to \l'\ w^re applied in phase to each wire; at distances large compared with 
the interaxial separation between the wires the wave is similar to the wave on a single 
wire and approximately spherical. The secortd part alone would be produced if the 
voltages were applied in push-pull, that is, applied to one wire and — to 
the other. In wthat follow's we shall consider only the second part. 

The remaining field intensities are obtained from equations (13-12), that is, from 


/a'€ bEz 1 b“Ez 


\/-72 , 




The transverse voltage V(z\ from the first wire to the second is found to be the same 
as in the case of a coaxial pair. The electric current in the first wire is 


liz) — 


f - 

Jc T 


D(y)Ki(Ta)e'^^ dy. 


We have seen that the integrand in the expression for the current in the inner wire 
of a coaxial pair is a single-valued function having an infinite number of poles. The 
present integrand is multiple-valued and thus resembles the integrand for the current 
in a single wire. On the other hand, it differs from the latter in that its contribution 
to the current from the part of the contour in the vicinity of one or other of the branch 
points is finite. This contribution is found to be equiv^alent to a pair of plane waves 
guided by the wdres and moving in opposite directions from the source. Thus if 
z > j, 2, we deform (C) into (Co) of Fig. 10.16. The contribution from the infinitely 
small circle (Co) round 7 = —iS is then 


/o(=) 


^ 0 £ 


-i&z 


A'=-log-. 

TT a 


The quantity K is seen to be the characteristic impedance of two parallel wires to a 
transverse electromagnetic plane wave moving parallel to the wires. As the length 
of the section over which the impressed voltage is distributed approaches zero, the 
second factor in the current formula approaches unity. 
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The integral over the straight portions of the contour (C 2 ) may be transformed 
v. ith the aid of (15-8) and (3.4—11) to obtain the foOowing expressions 


/l(2) = 


AiueV a 


i: 


P{~f)e'<^ d-f, 12 ( 2 ) 


4:iiC€FQ P " 
TTS J Q 


P{y)e^^dy, 


sinh 


ys 


P{y) = 


1 -f 

T(5= + 'r) [A'o(«) - Ac.:/)]--r [/c(^) - /o(/)]-’ 


a''?-Ay\ 


1 = /V 32 . 


y-. 






iB, 


■V 


G2 


/i( 2 ) is in quadrature vnth. Fq for all values of and hence represents a stationary 
wave; /i(j/2) is positive imaginary and the corresponding part of the input admit- 
tance is positive and tends to inhnity as j“ approaches zero. / 2 (-) represents a group 
of progressive current waves moving with velocities greater than the characteristic 
velocity; l 2 (z) approaches a limit as j approaches zero and 
/oCO) is in phase with the applied voltage Fq; consequently 
the corresponding admittance is a conductance. Thus 
the total input admittance of a parallel pair enei^ized 
symmetrically in push-pull consists of three admittances in 
parallel as shov^m in Fig. 10.19. The first admittance is the 
admittance to the dominant transmission mode of the two 
halves of the parallel wire transmission line connected in 
series and it accounts for the power guided by the line. 

The second term is the capacitance representing the 
stationary field in the vicinity of the generator; in this 
iocal field the electric lines connect the tw^o halves of each 
wire on the opposite sides of the generators. The third 
term is the radiation conductance; it accounts for pow’er 
radiated in directions other than the direction parallel to 

the wires. In order to prove the last statement we should show that I 2 ( 2 ) approaches 
zero as 2 increases. 


Fig. 10.19. Admittance 
seen by a generator in 
series with a parallel pair; 
K is the characteristic 
impedance to the prim 
cipal wave, Gj is the 
radiation conductance, 
and Bi is the capacitive 
susceptance representing 
the local reactive field. 


10.19. Forced Waves in Metal Tubes 

Consider a perfectly conducting cylinder of radius < 2 , coaxial with the 2-axis. Let 
the source be an infinitely thin line source of finite length, parallel to the axis of the 
tube and passing through the point (3,0) in the equatorial plane (Fig. 10.20). If the 
source consists of electric current elements, the longitudinal electric intensity will be 
of the following form 

f J{y)Ko(rxp)f^‘ X^ = 7 ® + )S*, ( 19 - 1 ) 

^ (C) 

where p is the distance from the axis of the source and x is the radial phase constant. 
Thus in the case of an infinitely short current element in nondissipative dielectric, we 
have ddiy) — ^Ilx^ /4cae7r-- In the case of an infinitely thin antenna energized at 
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the center we obtain from (9.25-14) and (15-6) (assuming the center at z = 0) 

30/ 

A{y) = — (2 cos i5/ - 

TT 

An antenna of finite radius may be regarded as consisting of infinitely thin filaments 
and the corresponding expressions for ^ ( 7 ) can easily be calculated. 



Fig. 10.20. Cross-sccdon of a metal tube and a line source inside it. 


In the r^ion p > ^ the i^o-function in ( 1 ) can be expressed in terms of the coordi- 
nates p and ^ as in (8.17-2); thus we have 




w 

/”€n cos n<p 

n =»0 


f ^(y)JnmKn(ixp)ey^dy, 

J (JO) 


(19-2) 


where €« is the Neumann number defined by e© = 1, €„ = 2 if « =}= 0 . This field is 
impressed on the cylinder and gives rise to a reflected field Ei\ since the total field 
should vanish at p = we have 


— 23 cos n(p 


/ 

t/ (C) 


^jy) Jn(X^)Kn{ixa)Jn(Xp) 
Jn(xa) 


ey^dy. 


TTie total longitudinal intensity is El + El; from this, using (1-13), we may obtain 
the stream function 11 and thence the remaining field intensities. From (3.4-6) we 
have 


Kn(ze^) - i-rKr^iz) - iwlniz). 


K.ize-^n - i-rKr^iz) + iTTlniz). 


With the aid of these identities it can be shown that the total Et is a single-valued 
function of 7 ; hence it can be evaluated in terms of the residues at the poles of the 
integrand. If z is greater than the z-coordinate of any current element producing the 
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wave, we can close (C) in the left half of the plane and thus obtain 


Et — —liriY.Y, 


.‘hca 


cos n<p 


Jniknni) 


dy 




EE 




r n^rnfl J nij^n^rr^ 


L 




COS 


where Jtn,m is a typical zero of /n(x^) and rn.m is the corresponding natural 
propagation constant in the direction of the tube. From (3.7-13) we have 
“ “7/7rv^n,m^n(^ji,m)3 and 


£. = ;^EE 

^ n.m 


i^vT^T 


n \ ^n.in I 

V / 


Jn ^ t 


cos «?>. 


Thus we have an expression for the amplitudes of various natural waves generated 
in the tube by a given distribution of current elements parallel to the axis of the tube. 
Analogous expressions can be obtained for a similar distribution of magnetic current 
elements and also for distributions of current elements perpendicular to the axis of the 
tube. 


10.20. Waves in Dielectric Wires 

First we shall consider natural waves in a nondissipative dielectric wire of radius a 
imbedded in a nondissipative medium. Except in the case of circular symmetry these 
waves are hybrid. The comp)onents of E and H parallel to the wire are given by the 
following expressions 


E, = Ajnbcp) cos Hz = BJn(xp) sin n<p. 
Ex = CKn(kp) cos n<py Hx = DKnikp) sin mp^ 


(20-1) 


where the first pair refers to the wire and the second to the medium surrounding it. 
The exponential factor jg implied. The transverse phase constant x in the 

wire, the transverse propagation constant k outside the wire, the longitudinal propa- 
gation constant F, the intrinsic phase constant ft of the wire, and the intrinsic phase 
constant of the external medium are connected by the following equations 

X* = r* + /?!, = -r^ - /3i = a>v^ iSj = 6)V^. (20-2) 

If the waves are to be plane, x k must be real. 
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From (1) we obtain the ip components of the held 

22 r , 

£^= /™(Xp) + 5 — /n(XP) 

L x'p X J 


sm n(p. 


"* * w r *1 

Hf—— A /n(xp) + -8 — Jnh(j>) I COS n<p. 

Lx X'P J 

[ nV , 1 

C — K^ih) + B Kn (^p) J sin ntp, 

= C-^Y ^n(^p) + ^ ^n(>^p)J COS npy 


cos npy 


where again the first pair refers to the wire and the second to the external medium. 
At p == a the tangential intensities should be continuous and therefore 

= CKJka), BJr.(x^) = DKrJMy 

iicai , ?7r , 

A— JnixA) A 5 — J'„(xa) = -C-pr KM - (20^) 

X-a X « 

icaei . 7 iT icjej , nV 

A — -J’M + B—JM = -C-rK'M -D — KM). 

X X'a « 

To solve these equations we write 

A = SKM, c = SJM, B = TKM, D = TJM, ( 20 - 5 ) 

and substitute in (4) to obtain 


nV (\ l\ 


fi2j.K , PiAv: 


. AsAX; , ilKnJ, 




(20-6) 


Eliminating and T, and letting = pj ka = we have 

, (€iA2 + Jn{p)Kn{q) P2€2Kn"(q) 
p-nip)'^ P?Jn(p)K^{q) q^-KUg) 




eipi €2P2^ 


P^J'M = -pV-i(p)/^i(?) + «V?(p), 

= ?^A:^i( 9 )A„+i(?) + n^Kliq), 


equation (7) becomes 


Pltl/n-l(j>)/ii-j-l(p) (piCa + P^l)Jn(.p)Kn(g) P2S2An-l(g)An+l(?) 

7>Vn(p) PqJn{p)Kn{q) 

, P1«1 + Pete (20 
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From this equation we obtain graphically or numerically pairs of values q in terms 
of which cs; and T are given by 


02 ■■ 






— fX2€2 


T = + 


r . f . 


'Ml€l 


(20-9^ 


Equation (8) has only real roots. When ^ = 0, we have 


po 


— ja2€2 


r = /jSa. 


( 20 - 10 ) 


The wave is traveling with the velocity characteristic of the medium external to the 
wire. The frequency given by the above expression is the lowest frequency for which 
there exist plane waves (with a particular field configuration) traveling in the direction 
of the whre; for this reason it may be called the cut-off frequency. When q becomes 
infinite, the frequency is also infinite and the wav^e is traveling with the velocity char- 
acteristic of the wire. For large values of q the field outside the wire varies expo- 
nentially with the distance from the surface; thus the field is confined to a relatively 
thin film of the external medium and is largely inside the wire. 

In order to obtain the cut-off frequencies for various transmission modes we let q 
approach zero; thus for w > 1 we obtain 


(mi€ 2 + M2€l) 


Jnip) 


n(€i “• € 2 )(M 2 — Ml) + 


g2M2 
n - 1 




In the special case mi = M 2 > this equation becomes 

Jn^lip) €2 

pjnip) {n - l)(ei 4- € 2 ) ’ 


If the dielectric constant of the guide is very much higher than that of the surround- 
ing medium, the first fev7 roots of the above equation are in the vicinities of the zeros 
of /n-iCp). As q increases indefinitely equation (8) becomes 


Jn^i{p)Jn-\-iip) 

Jnip) 


(20-11) 


Thus in the limit the roots of (8) are exactly equal to the zeros of Jn-i{p)^ In other 
words as q varies from 0 to 00 p does not change much in any assigned transmission 
mode. From (11) it might appear that the limiting values of p could be the zeros 
of Jn-hiip); but this is impossible because in the process of transition p would have to 
pass through the intermediate zero of Jnip) and no value of q is consistent with such 
zero. 

The case n = \ requires special examination; in this case equation (8) may be 
written 

Mi€i/o(p)/2(p) (mi€ 2 -f M2^i)/i(p) 1 Koiq) ! 

p-A(p) pJiU>) L?® 

At ?) L ?- 


^iC^) __ M l^I +• M2€2 

H J P T 
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Multiplying by ^ and letting q approach zero, we have 


0ui€2 4“ ip) _ “f" 

r— r = l^JL^^oKoiq) - ; . 

p/i(p) 

Hence as ^ approaches zero, p should approach a zero of Jiip). The smallest zero 
is p = 0; in this case the above equation gives approximately 

_ / (pi + Ms) (ei + €2) 

^ “ V 2^i€2Ko(g) 


for sufficiently small values of Thus in the case « = 1, the lowest cut-off frequency 
is theoretically zero. 

A study of forced waves in a dielectric wire could be made by assuming an electric 
current element or an antenna either in the wire itself or outside it. The resulting 
expressions for the held are analogous to the corresponding expressions for the interior 
of the metal tube, except that in the present case the integrands are multiple-valued 
functions. In consequence of this property the total field will consist of natural 
plane waves correspx^nding to the poles of the integrand and of a residual spherical 
field. 


10-21. Waves over a Dielectric Plate 

The principal reason for considering wav'e propagation over a dielectric 
plate is to contrast it with wave propagation at the interface of two semi- 
infinite media. The solution of the latter problem should give us informa- 
tion regarding wave propagation over the earth in any region so restricted 
that the curvature of the earth may be neglected. Thus let us assume 
an electric current element or an antenna perpendicular to the plate 
fPio- 10.21 V The field of an element at the origin is given by (15—5)', 

that of an element at height h above the 
plane is obtained if we multiply the integrands 
of (15-5) by and the field for any linear 

Fig- 10.21. Dielectric plate distribution of elements may then be calcu- 

and antenna above it. 1 i i • • 1 i ^ , 

lated by integrating the latter field with re- 
spect to A- Thus in general the field impressed on the upper surface of the 
plate, assumed to be the xy-plane, is 

f ^{y)Ko{ixp)e^^ X == + 0^, 

—i r - J(y)Ki(ixp)e'^'' dy, ( 21 - 1 ) 

(Cs) X 

HI, = -we f - Hiy)Ki(ixp)e'^^ dyy 

d CCfiJ X 
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where the contour (C5) is the one shown in Fig. 10.22 and is obtained from 
(C 4 ) of Fig. 10.18 in the same way as (C 2 ) of Fig. 10.16 was obtained 
from (Cl) of Fig. 10.15. This contour may be used only for values of z 
such that z A < 0, where h is the height of a t^’pi- 
cal current element of the source, and it can be 
transformed into (C3) of Fig. 10.17 which represents 
an elementary spherical wave function as a group 
of plane waves traveling downward with different 
propagation constants. 

The wave impedance in the z-direction of each 
elementary wave is = Y/fcoe. Hence if the im- 
pedance looking into the plate is the reflection coefficients for the various 
field intensities and the reflected field are 




JCs) 


Fic. 10.22. 


= q, qsp 


-q> 


K-Z 
^ K + Z 


y — ioieZ 
y + io)eZ 


( 21 ~ 2 ) 

= r q^{y)KQ{ixp)e^^ dy, Ep - t f q- J{y)Ki(ixp)e^'' dy, 

r — A{y)Ki{ixp)e~^^ dy, 

diPd X 


In the dielectric plate the propagation constant 7 and the wave impedance 
in the z-direction are given by 


(21~3) 


Hence the impedance Z normal to the plate is 

^ cosh 7/ + -^ sinh yl 

K cosh yl K sinh yl ^ 


(21-4) 


where 1 is the thickness of the plate. 

The natural waves in the dielectric plate and the poles of the integrands 
in (2) are the roots of 

^= 00 , K + Z^O. ( 21 - 5 ) 

Substituting from (4), we have 

K cosh 7/ + ^ sinh yl K ^ , IKK 

It cosh yl+K sinh yl " ^ ‘ 


In order to solve these equations we make the following substitutions 
yl = ilV ^ = ipy t/ = I'^y^ — = p. 
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Substituting in (6) and solving we have 


2pp 



Pl = lptan^, p2=~7>cot|. (21-7) 

Both p and p are positive, and for each such pair of values satisfying (7), 
we have the following values of the frequency and the radial phase constant 



Natural weaves in dielectric plates are cylindrical and in nondissipative 
plates the amplitudes of their field intensities vary inversely as the square 
root of the distance. On the other hand, in free space, waves generated 
by sources in a finite region are spherical and the amplitudes of these waves 
vary inversely as the distance. Some energy is abstracted from the sources 
and guided in directions parallel to the plate. The plate acts analogously 
to parallel wires or dielectric wires which tend to guide waves by converting 
portions of spherical waves into plane weaves. There is this difference 
between plane waves in free space and those in presence of wave guides; 
the former carry finite power per unit area (of an equiphase plane) and 
infinite total power, while the latter carry finite total power. Similarly, 
cylindrical weaves in free space carry finite power per unit length (along 
the axis of the waves) and infinite total power, while in the presence of 
dielectric plates there may exist cylindrical waves carrying finite total 
power. Hence in free space no system of sources in a finite region can 
possibly generate either plane or cylindrical waves but they may do so in 
presence of w^ave guides.” Cylindrical guided waves conform to the 
physical idea of surface waves introduced by Zenneck, Sommerfeld, and 
other early writers on this subject. 

In the case of a single interface between two semi-infinite media we have 
Z ^ K and the condition (5) for the existence of natural waves becomes 

K+ (21^8) 

For transverse magnetic waves the characteristic wave impedance is either 
a resistance or a negative reactance; hence, this equation can have no 
roots, the integrands can have no poles, and there are no surface waves. 
This conclusion is contrary to that reached by early writers on the subject. 
Inadvertently the condition for matching impedances was substituted 
for the equation of natural waves. The impedance concept has only 
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recently been introduced into field theory and no intuitive check on formal 
manipulations was previously available. Equation (8) for the poles was 
usually written in its explicit form 


and then was rationalized and solved 


ee(fi€ — Ae) 


2 *2 y X ~ ^ \ j,2 2 ' 

However this value of x is a solution of K -- R = 0 and not of equation (8 ) 
10.22. Waves over a Plane Earth 

In the actual problem of wave propagation ov'er the earth the conduc- 
tivity of the earth plays an important role and the propagation constant 7 
in the direction normal to the ground surface is 7 = \ instead of 

(21-3). Assuming an electric current ^ 

element of moment // at height h ^ id- — 

above ground (Fig. 10.23) as our source, 
we find from (15-5) the following ex- 

pression for .^^( 7 ) in (21-1) h ^ 

^(7) = - ,2 


The impedance normal to the ground is ^ 

^ _j_ ^2 _j_ ^2 Fig. 10.23. Electric current element at 

A . X over a plane earth and image ele- 

g + /co€ g + ment at Pj. 

The intrinsic propagation constant cr of the ground is greater than that 
of the air above, especially in the frequency range in which the ground is 
a quasi conductor (see section 4.9). When $■ is large, then we have approxi- 
mately R = fj over a substantial part of the path of integration. In this 
case the ground behaves like an impedance sheet whose surface impedance 
is equal to the intrinsic impedance of the ground. 

The incident and reflected comp>onents of Eg in the present case are 

4 = - r?- f dy, 

4x"coe«/ iCA 




4^'“ct)e 


f q{y) ( 7 " + fi^)KoiWy~ + dy, 

^ (C 4 ) 


where ( 04 ) is shown in Fig. 10.18. 
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The contour (C5) was used in the case of the dielectric plate to ensure 
that the incident field would be convergent over the entire surface of the 
plate (including p = 0); but there is nothing to prevent us from deforming 
this contour back to (C4). In fact the following physical considerations 
show that it would have been permissible to use (C4) to begin with. Con^ 
sider along the real axis of (C4.); this part of the integral represents 
cylindrical waves traveling parallel to the ground surface with velocities 
less than the characteristic velocity (since the radial phase constant 
is greater than 0 ), Along the imaginary axis from 7 = 0 to 
7 = we may write 

7 = cos t?, V ^ sin t?, 

where lies in the interval (O^tt/I). The equation of the equiphase sur- 
faces is then* 

p cos t? + (z — h) sin ^ = constant. 

The corresponding wave normals make an angle ^ with the p-lines and an 
angle x/2 + d- with the 2-axis. Thus this part of the integral represents a 
group of conical waves traveling toward the ground with the characteristic 
velocity. Finally between 7 = iff and 7 = /oo the radial propagation 
constant is real and we have a group of plane waves traveling normally to 
the ground with velocities smaller than the characteristic velocity (since 
y/i > 0 ), Thus the integral represents the spherical wave as a group of 
waves traveling either toward the ground or parallel to it. The only ques- 
tion which could be raised against using this group of waves for the purpose 
of calculating weaves reflected from the ground would concern that wave 
group which is traveling parallel to the ground. It is reasonable to suppose, 
however, that the reflection coefficient which applies for waves at near 
grazing incidence would also apply in the limit to waves at grazing inci- 
dence. It was to remove the above mentioned objection that contour (C5) 
was chosen. The original contour (C) is not permissible in the present 
case since the corresponding integral includes a group of waves traveling 
from the ground as well as toward it. 

This care in the choice of the correct contour of integration for a par- 
ticular problem is essential. Thus for the reflected wave in the pres- 
ent prob lem the r eflection coefficient q(y) adds two branch points at 
y == _ A 2 integrand in addition to those at 7 = zbf/S al- 

ready present in the incident wave. The new branch points are in the 
second and fourth quadrants; and because of the branch point in the fourth 
quadrant contour (C) would give a diflFerent value for the reflected fields 

* Except in the vicinity of the 2-axis where the equiphase surfaces depart from the 
conical shape. 
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from the one given by (C4) or (C5). If the ground conductivity is per- 
mitted to approach zero one of the branch points of q(y) will approach 
the positive real axis from below and the contours (C4) and (C5) must be 
indented. 

Let u$ now consider the incident and reflected fields in greater detail. 
In order to simplify the discussion w^e shall introduce the corresponding 
stream functions. In accordance with (15-5) these functions are obtained 
if we multiply the integrands of and EJ by /oje + i^^); thus 


n* = -^ r A'o(/pvV + 

n" = -^ r 9 (t)Ao(xpvV + dy. 

4/7r J(C4) 


If the reflection coefficient were independent of y, the reflected field 
would be equal to the field of an image current element of moment qll 
(Fig. 10.23) 


qllf- 

47rr2 


where the reflection coefficient q then corresponds to plane waves whose 
wave normals make the angle with the ground plane. 

Consider next the field along some particular line P 2 Q whose equation is 
(2 + h) cos — p sin = 0. For the distance r 2 measured along this 
line from P 2 J we have r 2 = (2 + h) sin + p cos A pencil of elemen- 
tary waves traveling in directions making an angle z^ with the ground plane 
corresponds to the values of y in the vicinity of y = y = i/3 sin z^. Let 
us now expand the reflection coefficient in the following power series 

q{y) = ^Cr) + (t *“ t)/(t) + f (t — 7)V^(^) + • • * 
and substitute in IIL Then we have 

ir = ii5 + iri + ii2 + -‘-, 

q{ i^ sin 

f (y- y)Ko(ipVy^ + dy, 

Ur ^ f (y- yfKoiip^y^ + dy. 

Sir J (Ci) 


The first term IlS represents the reflected wave that would be obtained 
from the incident wave bv assuming that the latter is reflected as if it were 
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a uniform wave traveling in the direction making the angle t? with the 
ground plane. In order to compute the following terms we take 

fl = = I?2 f dy, 

and differentiate it with respect to 2 to obtain 

^ - 7?2 r yKoih^y^ + dy, 

dz AtiT J (ci) 

and 

IT. = - ?'C») + rfl) . 15 - is" (7) (£ + ’?)«, 

Next we evaluate 5fi/32 and substitute in II^ 

an dr 2 . dll ip sin /, . 1 \ 

dz dr 2 dz dr% 47rr2 \ tPr^/ 

^ q' {ip sin a) sin 

_ , 


The amplitude of this term of the reflected 11^ varies inversely as the square 
of the distance from the image source while the amplitude of the first term 
varies inversely as the first power of the distance. 

The reflection coeflicient is 

_ ^ ^ ^ d" + i^^)^ ^ /oJeV^Y^ + P^ + ar^ 

+ it d + icf)€^y^ ^ P^ + 

When a is sufiiciently large, then we have approximately 
y — ioiefj ^ 2i(j)€7j ^ ^ 2y 

^ 7 + ioeij y + io^erj y + icoerj ' 


When t? is small, ^(7) is nearly equal to — 1. 
n = have then 


n^ + ns 


2v sin ^ 

rj 4?rri 


Since q' (y) ^ 2ji<aerjy we have 


IK 


In the ground plane, where 

•n±Ij£^ 

ff iTirf 


In this instance the total field is approximately proportional to the height 
of the source above ground and inversely proportional to the square of 
the distance from it. Hov^ever, the total reflected field does not vanish 
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with h; Ul contains a term independent of h and varies as the cube of the 
distance from the source. 

The above expressions for the components of IX'" are asymptotic and, 
taking into consideration the physical picture to which they correspond, 
it may be expected that they are more suitable for numerical calculations 
when either the transmitter or the receiver or both are fairly high above 
ground than when they are both near the earth’s surface. A practical 
rule to follow is to use the above expressions in that range of the variables 
for which the first and second terms are much larger than the succeeding 
terms. 

10.23. Wave Propagation between Concentric Spheres 

The curvature effect on wave propagation has already been considered in section 
8.23 where several problems concerning waves in wave guides bent into toroids have 
been formulated exactly and then solved by approximate methods. We shall now 
consider another problem in which bending takes place in two perpendicular planes. 

A study of wave propagation between two concentric spheres of nearly equal radii 
(Fig. 10.24) should give us an indication of the magnitude of the curvature effect on 
the propagation of cylindrical waves between 
parallel planes. We have seen that in the 
latter case the principal wave is a uniform 
cylindrical wave for which the electric lines 
are straight lines normal to the planes and the 
magnetic lines circles coaxial with the axis of 
the wave. The field of the corresponding 
wave between two concentric spheres should 
then be independent of and the electric 
lines should be approximately radial. These 
lines cannot be exactly radial since the funda- 
mental electromagnetic equations are incon- 
sistent with the assumption of a field whose 
components other than Er and vanish. 

These equations show that E 9 cannot vanish 
identically. Nevertheless, on the grounds of 
continuity, we expect that for the trans- 
mission mode under consideration Eb should be small compared with Er. 

The appropriate solutions can be obtained from the general expressions in section 
10. Thus if n is independent of we have 

U{rfi) = T(^)f(r), 

where T{d) and !f(r) are solutions of 


(23-1) 

(23-2) 

(23-3) 



Fig. 10.24. Wave propagation be- 
tween concentric spheres. 
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Equation (2) is the L^endre equation and its general solution is 

Tie) = JPni- cos e) + BPnicos 6). (23-4) 

In general when n is not an int^er the first term becomes infinite at ^ == 0 and the 
second term is infinite at ^ = x. Hence if the source of the waves is along the axis, 
^ = 0, we must have B = 0 and (4) becomes 

Tid) - JPJ- cos 9). (23-5) 


The general solution of (3) in terms of the functions best suited to waves in nondissi- 
pative media bounded by conducting spheres is 

fir) = C7„0er) + (23-6) 


where Jn and iW are defined in section 3,5. From 11 we obtain the field as in sec- 
tion 10; thus 


Et = fir)P„i— cos6), rHf= — fir) — P„(— cos 6), 

/wer** du 


1 dT d 


(23-7) 


rE6==— — 'j Pn(— cos 6). 
to)e dr dd 


Since Eq should vanish on the spherical surfaces r — a and r = we have the follow- 
ing equation 


g ^ 7n(ig^) ^ Inm 
C ^iBa) mm 


(23-8) 


from which n can be determined. The solution depends on properties of /n and 
regarded as functions of n. 

Let us now return to the equations (4.12-11) for our field. Assuming that Ee is 
small, we find from the second equation that rH^p is approximately independent of r. 
The total radial current flowing toward the center, 1(0) = — 27rr sin 0 is then 
also approximately independent of r. Introducing 1(9) in the first equation of the 
set (4.12-11), we have 

1 dl 

— — = —Iwicje sin 9 Er- 
r** 0(7 


Int^rating along the radius and introducing the transverse voltage P"(9) we obtain 


dl 


z- 


"liziab sin 6 
b- a ’ 


ViB) 


-f 


Erdr^ 


(23-9) 


where 7 is the capacity per radian. If C is integrated from = 0 to ^ = x, the total 
capacity between the two spheres is found to agree with the exact value at zero frer. 
quency. The second transmission equation is obtainedTrom the third equation of the 
set (4.12-11); thus introducing 1(9) and int^rating from r = <2 to r = /&, we have 


00 




J ^ 

2x sin 6 


(23-10) 
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Replacing the angle B by the distance s = cB along the circumference of the circle 
of radius c = in the transmission equations, we have 


— = cr == 

os ds 


Ittc sin 0 ^ ^ b ^ a 


(23-11) 


If Eq is eliminated from the second and third equations of the set (4.12-11), we 
obtain 

dEr . 1 d- 


— = 

do tcoe or^ 


(23-12) 


For each transmission mode rH,p is proportional to T and therefore satisfies equation 
(3). Hence (12) becomes 

3Er _ ^ n(n -f 1) 

66 iooer 

Introducing I{B) into this equation and into the first equation of the set (4.12-11), 
we have 

^ (r^JEr) = —i 7 ^ = —Iviae sin fi(r*£r). 

da lirwe sin 6 da 

For any fixed value of r, Er and I and hence F and I satisfy nonuniform transmission 
line equations. For the principal transmission mode as r approaches infinity the 
series reactance tends to become an inductance independent of the frequency; for 
finite values of r this inductance is slightly modified by the longitudinal displacement 
currents proportional to Ee. 

10.24. Natural Oscillations in Cylindrical Cavity Resonators 
A cylindrical cavity resonator of arbitrary cross-section may be regarded 
as a wave guide. Assuming that the generators of the cylindrical boundary 
are parallel to the z-axis and that the flat faces are 2 = 0 and 2 = /, we 
may derive the fields of various natural oscillations from the following 
two wave functions 


n = T{Xyy) cos • 


p = 0 , 1 , 2 , 


(24-1) 


= T(xj) sin^ , 


Since 


P Ij^jSj ' 


(24-2) 


= = -2 = 


(24-3) 
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where x is the transverse phase constant, we have the following expressions 
for the natural frequencies and wavelengths 


ce 



X = 


2ir 





(24-4) 


For transverse magnetic waves in a ca\nty of rectangular cross-section, 
using T{x^y) as given in section 5, we have 


. 7mrx . nicy pTvz 

n = sin sin —f- cos — p . 

a b L 


(24-5) 


Hence the natural w'avelength of the T!34in,n,p-oscillation mode is 

2 





(24-6) 


Similarly the field of the r-Em.n.p-osciilation mode may be obtained from 


^ = cos 


yriTiX 

a 


nTry . pirz 
cos -~p- sin — . 
b L 


(24-7) 


The natural wavelength is again given by equation (6). In the present 
case the designations TM and TE are arbitrary since the same parallel- 
opipedal resonator can be regarded as a section of three different wave 
guides and the same oscillation mode may be obtained from transverse mag- 
netic weaves in one of these guides and from transverse electric waves in 
another. 

In the case of cylindrical resonators of circular cross-section the natural 
wavelength is given by (4), where x = and kn^m is the mth non- 

vanishing zero of /n (x) or /' (x) according as the oscillations correspond 
ro weaves of transverse magnetic or transverse electric type. 

For each oscillation mode the energy stored in the resonator may be 
obtained either by calculating the magnetic energy at the instant when 
the magnetic field is maximum and the electric field zero or by calculating 
the electric energy at the instant when the electric field is maximum and 
the magnetic field zero. For oscillations of TM-type we choose the former 
method and find 

f f T^dS, 

= fx W f r dS, if p = 0. 
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For oscillations of TE-type we choose the second method and obtain 

J J T^dS. 

For oscillations of TiW-type the conduction current in the cylindrical part 
of the resonator is parallel to the axis and its density is BT ’872) cos^tts /, 
where the derivative is taken in the direction of the outward normal. In 
the faces 2 = 0 and 2 = / the conduction current density is respectively 
grad T and ( — grad T, Hence the power absorbed by the walls of 
the resonator is 

where ^2 = f f dSy 

^ (S) 

In the case of oscillations of TE type the 2 component of the current 
density in the cylindrical wall is {ip7r/7]Pr){dT/ds) cos prrz/ly where the 
derivative is taken in the counterclockwise direction. The transverse 
current density in the counterclockwise direction is sin pTz 'I; 

and the current densities in the faces 2 = 0 and 2 = / are respectively 

g and grad r. 

Hence the power absorbed by the walls is 

^ = #1 + ^2, where f f 

^ P / d J iS) 



From the above expressions for the stored energy and the dissipated 
power we can express the Q of the resonator in a general form. Thus in 
the case of TM-oscillations we have 



if 4= O 3 
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Q 


CxJJjL f f dS 

d J(S) 


, if ^ = 0; 


and in the case of T£-oscillations 

f f T^dS 

^ ^ Vr2 J ^ a+4x 2^ Vr^ 

For a circular cylinder of radius a and length / the Q of the TWf-oscilla- 
tions becomes 

ana .. , ^ - a/^a 


Q = 


231 


('+t) 


, if ^ =j= 0, Q 


231 


(■+0 


, ifj!> = 0. 


For T£n.m.p-oscillations we have 

^ + pVg^) {kl^m — n^) 

^ 2£Rlp2„2^2^2 ^ ^4 ^ ^ 2pWr^ - «2)] • 

In the above calculations it has been assumed that there is no dielectric 
loss in the resonator. If there is such loss but no loss in the walls of the 
cavity, then instead of (3) we have 

+ -a^ = —uix(g + U6), 


where u is the oscillation constant. Solving for u, we obtain 



By (5.11-16) we have 



that is, the 0 of the resonator is equal to the 0 of the dielectric. 

The 0 of the resonator having both metal and dielectric losses may be 
obtained from the general formula 

i = — + — 

Q Qi Q2‘ 

This formula follows immediately from the definition of Q in terms of 
stored energy and absorbed power provided the losses are not so large as 
to affect appreciably the natural frequency. 



CHAPTER XI 
Antenna Theory 


11.1. Biconical Antenna 

The antenna theory developed in the following pages is based funda- 
mentally on the conception that the antenna and the space surrounding 
it are two wave guides. Thus in the case of an antenna consisting of two 
equal coaxial cones (Fig. 11.1) in free space the two wave guides are: 



Fig. 11.1. The cross-section of a conical antenna of length / and of the 
“ boundary sphere ” .S’. 


(1) the antenna region bounded by the conical surfaces and the boundary 
sphere (6*) concentric with the center of the antenna and passing through 
the outer ends of the cones, (2) the space external to (^S*). There are in- 
finitely many transmission modes appropriate to either wave guide. If 
the voltage is applied between the apices of the cones, then the waves 
possess circular symmetry; the magnetic lines are circles coaxial with the 
cones and the electric lines lie in axial planes; but the number of trans- 
mission modes is still infinite. 

Circular magnetic waves in free space are described by the equations 
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a small area, the series capacitance is small, and the input impedance is 
large. 

For the zonal wave of the second order we have 

PsCcos e) = ^(3 cos® d — 1 ), P|(cos 0) = -3 sin 0 cos 0, 




^ Rzii^r) * 


The radial electric intensity vanishes when cos 0 = ±l/v^, while the 
meridian intensity vanishes on the axis and in the equatorial plane; the 
electric lines are shown approximately in Fig. 11 . 3 (a). For large values 



(a) 



(b) 


Fig. 11.3. Electric lines for the second order transverse magnetic spherical waves: 
(a) lines in free space; (b) lines in the presence of two coaxial conical conductors. 


of r the radial impedance is nearly equal to 17 and for small values it is 
nearly 2 lio 2 €r, 

As the order of the zonal wave increases the number of different sets 
of closed loops in the field also increases. The radial admittance of the 
nt\i zonal wave may be expressed in the following form 

,, _ 1 + o„r?') 

{n — l)n{n + 1)(» + 2) (» -3){n — 2 ) (w + 4) 

2-4|3®r® 2 •4* 6 

»(n + 1) (» — 2)(n — 1) • • • (w + 3) 

2^r 2-4-6fr^ 

in - 4)(» - 3) •••(» + 5) 

2-4- • • 10(S®r® ‘‘‘ 


— 


( 1 - 2 ) 
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Figures 11.4 and 11.5 show respectively the products yjGn and rjBn of the 
intrinsic impedance with the radial conductance and the radial susceptance. 
For small values of r the ratio of conductance to susceptance diminishes 
very rapidly with the increasing order of the wave; hence a given average 


Fig. 1 1.4. The product of the intrinsic impedance rj and the radial conductance Gn 
as a function of the phase distance jdr from the wav^e origin for each of the first seven 
transmission modes. 


n 


Fig. 11,5, The product of the intrinsic impedance and the radial susceptance. 

radial power flow is associated with increasingly strong reactive fields in 
the vicinity of the center of the wave. 

In the antenna region we have corresponding transmission modes except 
that the electric lines in the vicinity of the conical conductors form smiil 
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half-loops terminating on the conductors as shown in Figs. lL2(b) and 
11.3(b). As the cone angle becomes vanishingly smalh these added half- 
loops become vanishingly small and the field configurations become nearly 
the same as in free space. In addition to these transmission modes there 
exists a mode in wEich the electric lines coincide with the meridians 
(Fig. 11.6); this is the principal mode in the antenna region and its theory 
has been developed in section 8.12. 




(a) (b) 

Fig. 11.6. Cross-secdons of infinitely long conical conductors and electric lines of force 

for principal waves. 

Let US now consider more closely the higher modes in the antenna region. 
Since the radii ^ = 0 and d = w are excluded from this region by the conical 
conductors we have 


T(d) = JPni- cos 6) + BPnicOS 6). 

This function is proportional to Er and must vanish on the conical con- 
ductors, assuming that they are perfect conductors. Thus if the cone 
angle is then 

^Pn{- cos ^) + 5Pn (cos = 0, 

^Pn (cos + BPn(— cos ^) = 0. 

These equations require A ^ ztB. Hence equations (3) are 

reduced to 

Pn(— cos = Pn(cos ^), J = —5; (1-4) 

P„(— cos ^) = ‘-Pn(cos ^), A = B. (1-5) 

In the case represented by equation (4) we have (setting 5 = f ) 

T(0) = i[P«(cos 6) — Pn(— cos 0)], 

rH. = - fm rEe= 
icc&^Er = «(« + l)f Wr)T(d)y f(/5r) = AjniM + 


( 1 - 6 ) 
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Replacing by *■ — 6 in the above expression for T, we see that 


T{r -e)= -T(d), 


- e) 

d{ir — S) 


dT{e) 
de ' 


Hence, along the radii making angles 6 and tt — ^ with the axis, the radial 
electric intensities are in opposite directions and the magnetic intensities 
are in the same direction. The current in the upper cone at distance r from 
the apex is 

dT(\l') 

= Ittt sin 4^ Ho ^ —2TT(l3r) - sin (1-8) 


similarly the current in the lower cone, if regarded as positive when flowing 
upward is /(r,x — Thus the currents at points equidistant 

from the center are equal in magnitude and flow in the same direction. 

If is small compared with unity, equation (4) becomes approxi- 
mately 

Pn(— cos = 1. (1-9) 

From (3.6-10) we have as a first approximation 


Pn(“ cos ^) = - sin mr 


4/ 

log 2 


hence (9) becomes 

"’T 2r 2 ,1 2,2 

tan — log - + ^(0) - i/-(k) !==: log - . 

2 a-L 1?' J T if- 


Thus the approximate values of » are 


M = 2ot + 1 4 ^ , wj = 0, 1, 2, • • 

logy 

V/ 

Since for small cone angles the characteristic impedance of the cone to the 
principal wave is K = 120 log 2/if', we may write 

n = 1^1 + 1+ — . (1-10) 


Thus as the characteristic impedance tends to infinity, the roots of (4) 
approach the odd integers. From equations (3.7-43) and (3.7-44) we 
find that 

-p 2 m-|-l(cOS fi) aS A — > 0. (HI) 

Thus all the transmission modes in the antenna region, except the principal, 
approach the corresponding modes in free space. 
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In the case represented by equation (5), we have 

= 5 [Pn(cOS d) + Pn{— cos 0)], 


r(x - 0) = T{d), 


dT{T - 0 ) 
d{^ - 0 ) 


dT{e) 
de ■ 


( 1 - 12 ) 


Along the radii making angles 0 and x — 0 with the axis the radial electric 
intensities are in the same direction and the magnetic intensities are in 
opposite directions. The currents in the cones at points equidistant from 
the center are equal and flow in opposite directions. For small cone angles 
the approximate solution of (5) is 

w = + -^ . (1-13) 

A 


In this case P 2 m (cos 6) as A -^0. The modes for values of 

m > 0 approach the corresponding free space transmission modes. The 
mode corresponding to m — 0 is the principal “ anti -symmetric mode ” 
in the antenna region; in free space there is no corresponding mode because 
Pq(cos 5) = 1 and the field vanishes identically. 

In particular for small values of A we have 

0 

Pa(^ cos 1 + 2A log sin ~ , 

-Pi+a(“” cos d) ^ ^ + 2A log sin ^ cos B. 

Figure 11.7 illustrates the behavior of these functions. The corresponding 
T-fiinctions are 

T^(B) = 1 + A log sin ~ = ^1 + A log sin 0‘ cos 6. 

The behavior of these functions is illustrated in Figs. 11.8 and 1L9. 

For n > 0 the function ^n(0^) becomes infinite as r”” at r = 0, and 
its derivative becomes infinite as hence B in (6) must be zero; then 

Tni^r) — A Jni^r). In the vicinity of r = 0 the function Jn(^r) is propor- 
tional to r”; thus the current associated with the higher order waves van- 
ishes at the apices of the conical conductors /n(0) = 0. The voltage W 
along a typical meridian vanishes at all distances 

^«(r) = r ^Eede = - Tm = 0- 

Hence the input voltage and current depend only on the principal wave. Con- 
sequently the input impedance depends only on the principal wave. 
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e IN DECREES 

Fig. 1 1 .7. L^endre functions of fractional order. 



Fig. 11.8. Legendre functions of fractional order. 
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The total transverse voltage Vir) and the total longitudinal current /(?■) 
in the upper cone may thus be written in the following form 

nr) = n(r), I{r) = 7o(r) + l{r), 7(0) 0, (1-14) 

where the principal voltage and current are 

nO") — mj) cos j3(/ — r) + iKIo(l) sin 0(1 — r), 

iFn(D (1-15) 

^o(r) = — — — sin — r) + 7o(/) cos — r), 

and / is the length of the cone. The total “ complementary ” current 
wave I(y) consists of an infinite number of current waves associated with 
higher order transmission modes 

I{r) = h(r) + hif) + h{r) + ■ • •• (1-16) 

As implied by this equation only the odd order waves, for which T{B) is 
given by equation (11), appear when the cones are equal and when they are 



e IN DEGREES 

Fig. 11.9. L^endre functions of fractional order. 


energized at the center. The currents associated with waves of even order 
flow in opposite directions and can only be produced by impressed voltages 
acting in opposite directions. 

11.2. General Considerations Concerning the Input Impedance and Admit- 
tance of a Conical Antenna 
The input impedance of a conical antenna is 

„ r(0) _ 7"o(0) V^{1) co s P/ + iKhiJ) sin 

7(0) 7o(0) 7C7o(/)cos^/+fn(Osin,3/’ 


(2-1) 
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Thus in so far as the input impedance, the total voltage distribution, and 
the principal current distribution are concerned the effect of the comple^ 
mentary current waves is equivalent to a terminal impedance given by 



7 = ^(0 

* loU) /(/) - /(/) • 
Taking the reciprocal, we have 

^ ^ /(/) /(/) 

^ m m 


( 2 - 2 ) 


(2-3) 


Fig. 11.10. The terminal or Thus the terminal admittance consists of two 
radiation admittance of an admittances in parallel and the conditions at 
antenna. r = I may be represented diagrammatically as 

in Fig. 1 LIO. Since /(/) is the current flowing into one spherical cap of the 
conical antenna and out of the other we may interpret I{l)/V(J) as the 
admittance between the two caps. When the caps are small we have 
approximately /(/) — 0 and consequently 


/o(/) _ hr) ^ ^ m _ m 
m m’ ' /o(/) /(/)■ 


(2-4) 


The admittance between small caps is given at the end of section 11.6. 

Thus we shall represent the input impedance and admittance of conical 
antennas in the following form 

K cos + iZt sin " M cos pi + iYt sin /3/" ^ ^ 


where the characteristic impedance and admittance are 


K = 120 log cot t 120 log - , 
2 xp 



11.3. Current Distribution in the Antenna and the Terminal Impedance 
In section 1 we have seen that the radial electric intensity in the antenna 
region can be expressed as follows 

2x/coer2£, = E (5), (3-1 ) 

w'here Tn(^) is defined by (1-6) and the summation is extended over the 
set (1-10). The complementary current in the antenna is then 


Kr) = - E 




(3-2) 
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When ^ is small, we have approximately 

/(rt_ ,3_3) 

di Kt' X t »(» + 1) y„(i30 • 

In free space the radial electric intensity may be written in the form 

(3-4) 

At r I, Er should be continuous, hence 


2rio,0^Er Pkicos S). 

A;=l Kk{ipl) 


Z ^nTn(6) = Z hPkiCQS 6). 

n Jfe«l 


As K increases indefinitely and \p-^Oyn approaches 2m + 1 and Tn (6) 
approaches P 2 m 4 -i(cos 6); thus the limiting value of an is 


lim an = lim a 2 m^i^A = hm^i as A 0. 

Hence for high impedance antennas we have approximately 

m = ~ — f hm+xj2m^im 

K ^o2{m + l)i2m + 


(3-5) 


We have seen that for infinitely thin wires the current distribution is 
sinusoidal, with current nodes at the ends. In the present case the con- 
clusion follows also from (5). Hence rs K the current distribution 

in the antenna approaches the following value 

/o{r) = 7osin^(/-r), 7o = . (3-6) 


The field of this distribution has been obtained in section 9.25 and the 
values of the coefficients hm^i will be determined if we expand r^Er as a 
series of zonal harmonics. For this purpose we start with the following 
expression 

C = 2Tr sin eH^ = cos ^/), (3-7) 

obtained from (9.25-14). At great distances from the antenna this be- 
comes 

C = //o[cos 03/ cos ^) — cos 

Then from (10.10-6) we have 

1 

Ixiu&^Er - -r—i— = iffllo sin (fil cos 
Sin u do 



452 


ELECTROMAGNETIC WAVES 


Chap, li 


The expansion of sin (jS/ cos 6) in terms of zonal harmonics is known to be 
sin (/3/ cos 5) = Z (— + 2)j2m+i(.^l)P2m^i(.cos 6). 

P‘m=0 

Thus we have expressed the distant field in terms of zonal harmonics. On 
the other hand at great distances from the antenna equation (4) becomes 

” (- (cos d)e-^^ 

* 

Comparing the alternative expressions for Er we have 

^2m+l = + 3)/27n-}-l(j5/)[/2m+-l(/3f) ~ (/3f)]> 

(3-8) 

60f/o ” 4 ot + 3 


'hcmer’Er 


l{r) = 


[/2nH-l('^0 “■ *-^2j7»+l(/3/)]/2nH-l(/3r) 


K + l)(2;w + 1) 

From (2-4), (6) and (8) we now obtain the terminal admittance 

Z,{L) 


Yt = 




xt* 

Ra{L) = 60 z’ 


Za{L) = Ra{L) + iXa{L), 
4:m + 2 


Xa{L) = -~60 Z 


=0 {m + l){2m + 1) 

‘^m + 3 


^0 4” 1 ) (2/w “hi) 


(3-9) 

J2in+1 2m+l (■^')> 


where L is the “ phase length of each cone defined by L = lirl/X. 

Thus for cones of small angles the terminal impedance and its inverse are 




(3-10) 


In computing the input impedance of the antenna we may replace the 
terminal impedance Zt by its inverse inserted in series with the transmission 
line representing the antenna, one quarter wavelength from its end. 


11.4. Calculation oj the Inverse of the Terminal Impedance 
The series (3-9) for the inverse terminal reactance converges slowly 
and is not practical for numerical calculations unless L is small. A simple 
expression for Za{L) can be obtained as follows. The input impedance is 


Zi = K 


Za sin L — iK cos L 
X" sin L — iZa cos L " 


(4-1) 
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As K increases indefinitely we have 

Z,- ■ - iK cot L. (4-2) 

sin^ L 

Since the input current approaches the value Iq sin jS/, the power input be- 
comes 

sin^ L - ^[Za - ^iK sin 2L]ll («) 

On the other hand the power flow for a sinusoidal distribution may be cal- 
culated by the method described in sections 9.26 and 9.27. The integral of 
the product of the current and the tangential electric intensity should be 
calculated on the surface of an infinitely thin cone. In the limit the real 
part of this integral is independent of the shape of the longitudinal cross- 
section of the antenna and == i? as given by equation (9.27-2); but the 
reactive part is still a function of the shape of the longitudinal cross-section 
and must be calculated for the cone. In the limit the tangential component 
of the electric intensity is the sum of Ez and £p sin where Eg and Ep 
are given by (9.25-14). 

In this way the following expressions are obtained 
R^(L) - 60(C+ log 2Z: - Ci 2i:) + 30(C+ log Z - 2 Ci 2L 

+ Ci 4Z) cos 2Z + 30(Si 4Z ~ 2 Si 2Z) sin 2Z, (4-4) 

Xa(L) == 60 Si 2Z + 30(Ci 4Z - log Z - C) sin 2Z - 30 Si 4Z cos 2Z. 
The inverse of the terminal impedance is shown in Fig. 11.11. 



Fig. 11.11. Curves for the rcastive and reactive components of the inverse terminal or 
radiation impedance of an antenna. 
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11.5. The Input Impedance and Adrnittance of a Conical Antenna 

Separating the real and imaginary parts of Zi and its reciprocal, we have 

^ + . 




i iKsi 


sin 2L + Xa cos 2L 


IK 


■ sin IL 


• 2 r . ^ 2 r 

sin^ L + — Sin 2L + rr 2 ~ L 
K K‘" 


(5-1) 


R<i + i 




i sin 


2L 4- Xa cos 2L 


jR^ + Xa . 


2K 


sin 2L 


Xa 


1 cos^ Z - ^ sin 2E + 
K 


Ki + Xl . 


1^2 


sin^ L 




] 


. (5-2) 



Fig. 11.12. The characteristic impedance of a conical antenna. 


The characteristic impedance is shown in Fig. 11.12, as a function of 
the reciprocal of the cone angle. For conical antennas of small angles the 
reciprocal of the cone angle is approximately equal to the ratio of the length 
of each cone to the maximum radius l/\f/ = Ija. Figure 11.13 shows the 
input impedance as a function of the phase length of each cone for different 
values of the characteristic impedance; the solid curves represent the real 
component and the dotted curves the imaginary. Figures 11.14 and 11.15 
show the input resistance as a function of the length of each cone in wave- 
lengths; similarly Fig. 11.16 shows the input reactance. 

The terminal impedance affects the resonant lengths of the antennas. 
.A.S the characteristic impedance approaches infinity the input reactance 
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vanishes for values of L approaching those given by 


k\ 

sin 2L = O3 2L = 2/ == — , k = 

the exact values of the resonant lengths are defined by the following equation 

2KXa 


tan 2L = — 




2 > 
a 



Fig. 11.14- The input resistance of hollow conical antennas (without spherical caps). 


which for large values of K becomes 

2Xa(^kT) 

, Z/ . = — 

A ’ K 

IXaCii-ir) _ 120 Si kw + 60(- Si 2kir 

k\ ‘ vkK M 


tan 2L = - 
"' = 1 - 


(S-3) 


Figure 11.17 shows the deviation of the resonant length of the antenna 
from kk/2. 

The input impedance of the antenna when the length of the cone is equal 
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to an odd multiple of X/4 is of course the inverse terminal impedance 
Zi == Za. When / = X /45 this impedance is 

Zi = 73.129 + /153.66. 



Fig. 11.15. The input resistance of «hoIlow conical antennas in the neighborhocxi of the 

second resonance. 

When / is a multiple of X/2, then the input impedance is equal to the 
terminal impedance. If Za were independent of /, the above two imped- 
ances would be represented by inverse points in the impedance plane. In 
fact the whole impedance diagram would be a circle inverse to itself with 
respect to a circle of radius K. As it is the impedance diagram is not quite 
a circle but surprisingly close to it considering the variation in Za. Figure 
11.18 shows such a diagram for K = 750. 
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11.6. The Input Impedance of Antennas of Arbitrary Shape and End Effects 
In the preceding sections we have shown that a biconical antenna may 
be regarded as a wave guide with infinitely many transmission modes. 
Only the principal mode is generated if two infinitely long cones are ener- 
gized at their common apex; but if the cones are of finite length there 
is a discontinuity at the boundary sphere which separates the antenna 
region from the surrounding space and reflection takes place. Then higher 
transmission modes are generated, and the eflFect of these modes on the 
amplitudes of the total voltage wave, the principal current wave, and the 
input impedance can be represented exactly by an appropriate terminal 
impedance. This property we represent diagrammatically as in Fig. 11.19. 
We have also determined an approximate value of the terminal impedance 
for cones of small angles. When a single cone is placed normally to a per- 
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fectly conducting plane sheet, the characteristic impedance of the antenna 
and the terminal impedance are halved. 

If the shape of the antenna is other tlian conical, then the characteristic 
impedance K is no longer constant. In the case of antennas whose trans- 
verse dimensions are small the waves are nearly spherical and we may treat 
such antennas as nonuniform transmission lines whose inductances and 
capacitances per unit length are given approximately by the equations 
developed in section 8.13. For the terminal impedance we may^ take the 
expression (3-10) where K is replaced by the average characteristic imped- 
ance. This treatment is based on analogy with conical antennas; the 
direct approach based on MaxwelFs equations is theoretically possible but 


(0 ( 2 ) ( 3 ) 


21 





J 

1 


( 5 ) ( 6 ) ( 7 ) 





Fig. 11.19. The input impedance of a conical antenna of any size is equal to the input 
impedance of a uniform transmission line with a certain “ output ” impedance Zt. The 
input impedance of a thin antenna of any shape is similarly represented, except that the 
characteristic impedance is variable. 


at present is not practicable because no convenient method is available 
for computing the appropriate wave functions. In order to obtain such 
functions exactly it is necessary to use coordinate systems appropriate to 
the boundaries to the physical phenomena. Spheroidal coordinates, 
for instance, fit the boundary of a spheroidal antenna but not the problem 
of the transmission of waves on it; and spheroidal wave functions are 
much more suitable for defining waves traveling away from the spheroid 
than waves traveling along it. 

From the theory of nonuniform transmission lines we obtain the follow- 
ing approximate expression for the input impedance 

Z -- K ^ ^ iV) sin Z — (Kg — M) cos L] 

* ““ " l(Ka + M)smL+ (Xa + N) cos L] - iRa cos L ’ ^ ^ 
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where M and N are the functions defined by 


M{U) — 13 f [Ka — iv(r,p)] sin l^rdr^ 

N{L) == ^ r [Ka — K{r^p)] cos l^r dr. 
^0 


{&-!) 


Separating the real and imaginary parts, we have 

KaRaiKa + K Sin 2L — M cos 2L) 

" Rl cos- L + [{Ka^ M) sin L+ {Xa + N) cos Lf ’ 

Ka[h{I^+Xl^W-N^--Kl)sm2L + {MN-KJC,) cos 2L+ {MXa-KoN)] 
Rl cos^ L + [{Ka + M) sin L + {Xa + X) cos L]- 


where Ka is the average impedance. 

For cylindrical antennas we find 

M{L) = 60(log 2£ -- Ci 2£ + C - 1 + cos 2i:), 

-)• 

In free space, for antennas whose lon^tudinal cross-section is rhombic, 
we have 

M{L) = 60(C -{- log 2L - Ci 2L)(1 + cos 2Z) - 60 Si 2Z. sin 2L, 
Nil) = 60 Si 21,(1 -cos 2L) - 60(C H- log 2L - Ci 2L) sin IL, 

21 

Ka = 120 log — , 


N{L) = 60(Si 2L - sin 2L), Ka = 120 




where a is the maximum radius. For vertical antennas of triangular shape 
with base of radius above a perfectly conducting ground, the above values 
are halved. 

For spheroidal antennas the corresponding formulas are 

M{L) = RciL) - 60(1 - cos 2L) log 2, 

N{L) = XaiL) - 60 log 2 sin 2L, Ka = 120 log - , 

u 

where a is the maximum radius. 

In the case of antennas of rhombic cross-section above a perfectly con- 
ducting ground (cross-section (5) in Fig. 11.19), the first half of the antenna 
is uniform and the second half nonuniform. The input impedance of the 



462 


ELECTROMAGNETIC WAVES 


Chap. 11 


second half is 

Ra sin ^ + i r (Xa — X) sin ~ {Ka XI) cos 

*- L. ■ ■ 

i — Aa p ^ 5 

{Ka + M) sin - + (Xo T- iV) cos -J - tRa cos - 

M{L) = 60 log 4 + 60(C + log - Ci 2L) cos Z, - 60 Si 2L sin Z, 
iV(Z) = 60 (Si 2Z - 2 Si £) cos Z - 60 (C + log f Z + Ci 2Z - 2 Ci Z) sin Z, 
4/ 

120 log - . 
a 

It should be noted that in the above equation for Zi the quantities Ra^ Xay 
My and iV are functions of L not of Z/2. Using this impedance as the 
terminal impedance of a uniform transmission line of phase length L/2 and 
characteristic impedance equal to that of the first half of the antenna, wc 
obtain the input impedance of the entire antenna. 



Fig. 11-20. The average characteristic impedance: (1) cylindrical antenna, (2) spheroi- 
dal antenna, (3) antenna of rhombic cross-section. 

In Fig. 11.20 the average characteristic impedances are shown for several 
antenna shapes: curve (1) is for a cylindrical antenna, curve (2) for a 
spheroidal antenna, and curve (3) for an antenna of rhombic cross-section. 
In Figs. 11.21 and 11.22, the input resistance and reactance of cylindrical 
antennas are shown as functions of //X for diflFerent values of Ka- For 



Fig. 11.22. The input reactance of hollow cylindrical antennas in free rpace. For vertical 
antennas over a perfectly conducting ground divid<“ the ordinates and Kahy 2. 
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antennas above a perfectly conducting ground the values of Ka and of the 
ordinates should be halved. Figures 11,23 and 11.24 show the resonant 
impedance of cylindrical antennas for the first and second resonances 
respectively.* 



500 600 700 800 900 1000 1100 1200 

CHARACTERISTIC IMPEDANCE IN OHMS 

Fig. 11.23, Tlie resonant impedance of hollow cylindrical antennas as a function of 

when I is in the vicinity of X/4. 

2 lOOOO j I"" -! > I T I -r ^ 



CHARACTERISTIC IMPEDANCE IN OHMS 


Fig. 11.24. The resonant impedance of hollow cylindrical antennas as a function of K, 

when I is in the vicinity of X/2. 

When / = X /45 the input impedance is 

rr Ka /ir\ . /xN .,,/xM 


Ka + M I “ 




\s Ka increases, this impedance approaches the following value 
* The points in Fig. 11.24 are experimental. 
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The limiting value of the input resistance is nearly 73.13 ohms. For any 
finite value of Ka, the input resistance depends also on M{t/2), that is, on 
the shape of the longitudinal cross-section as well as on the mean size of 
the transverse cross-section. For example, for cylindrical and spheroidal 
antennas M{ir/2) is equal respectively to —21 and —10; hence the in- 
put resistances are somewhat higher than 73.13. Even when Ka is infinite, 
the input reactance depends on the shape of the longitudinal cross- 
section. Thus for cylindrical antennas the reactance is 30 Si 2ir = 42.5 
ohms and for spheroidal antennas it is zero as compared with 154 ohms 
for conical antennas. 

The effect of capacitance between spherical caps at the ends of the an- 
tennas may be included as follows. ‘ For two caps of small radius a the 
admittance between them is substantially equal to iuC where C is the elec- 
trostatic capacitance. Thus the value of this admittance is za, 30X and 
it should be included, when necessary, in parallel with the terminal ad- 
mittance Yt of (2—4). Introducing this correction in (3-9) we find 


Yt = 


Ra{L) 

K? 


,SXa{L) -j 

+ * r asC , 


so that the effect of the cap capacitance is obtained if we replace Xa by 

Xa + 

Consider for instance formula (5-3) for the resonant lengths of anten- 
nas. The cap capacitance causes a shortening of the resonant length 
which may be expressed as aCKjL. For conical antennas this may be 
written Kj'Yhc exp ( — .K^/120), while for cylindrical antennas its value 
is K/30ir exp (— .^/120 — 1). This effect will be negligible when K is 
sufficiently large, but for K = 600 we find that the cap capacitance de- 
creases the resonant length by 4.3 per cent for conical antennas and by 
1.6 per cent for cylindrical antennas. If K is increased to 1200 these per- 
centages are reduced to 0.058 and 0.021 respectively. 

The explicit expressions for the M and N functions given in this section 
have been calculated from (6-2) on the assumption that the distance 
between terminals is negligibly small. Under practical conditions one 
may assume that M and N are independent of this distance so long as / is 
measured from the end of the antenna to its nearest input terminal. In 
more accurate work the effect of finite separation can be obtained by recom- 
puting M and N from equations (6-2). The distance r should be taken 
from the input terminals. As the distance between the input terminals 
becomes larger and larger the field distortion in their vicinity becomes 
substantial and will effectively introduce an impedance across these ter- 
minals in parallel w'ith that c f the rest of the antenna. 
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11.7. Current Distribution in Antennas 
The current distribution in a conical antenna is given by equations 
(1-14), (I-IS), (1-16) and (3-8). In an antenna with nonuniform char- 
acteristic impedance equations (1-15) should be modified in accordance 
with the theory of nonuniform transmission lines. Thus the current distri- 
bution depends on the distribution of inductance and capacitance in the 
antenna as well as on the complementary current waves due to reflection 
at the boundary sphere. 

A typical complementary current w^ave is given by 
{m -t i) {Im -r 1 j 



DISTANCE IN WAVELENGTHS (r/\) 

Fig. 11,25. The amplitudes of the first, third, and fifth {m = 0,1,2) secondary waves as 
functions of the distance from the center of the antenna. 

Figure 11.25 shows the variation of the amplitudes of the first, third and 
fifth {m — 0,1,2) secondary waves as functions of the distance from the 
center of the antenna. In the vicinity of r = 0 the amplitude of the 
{2m + 1 )th current wave varies nearly as ; thus the secondary current 
waves affect the current distribution mainly near the ends of the antenna. 
The maximum amplitudes of the secondary current waves depend on the 
characteristic impedance and on the length of the antenna. Figure 11.26 
shows the secondary current waves when K = 1000 and 1 = X/2. The 
solid curves show the components in phase with the principal current 
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Fig. 11.26. Secondary current waves for K = 1000 and I = X/2. The solid curves show 
the components in phase with the dominant current /o sin ^(J — r), and the dotted curves 
show the quadrature components. 


Fig. 11.27. The total current in the antenna of length 2/ = X; K ^ 1000. The solid 
curve represents the amplitude of the total current; the dash curve represents the 
amplitude of the comp>onent in phase with Iq and the dash-dot curve is the amplitude 
of the quadrature component. 
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component Iq sin /3(/ — r); only the first ol these is important, except 
in the immediate vicinity of r = /. The dotted curves show the quadrature 
components of which only the first two need be considered. In Fig. 11.27 
the solid curve, the dash curve, and the dash-dot curve represent respec- 
tively the amplitude of the total current, the component in phase with lo, 
and the quadrature component,'*' In Fig. 11.28 the total current is com- 
pared with the principal current. The difference between the real parts is 
quite small but the difference between the imaginary parts is relatively 
large except at the center. 

The current distribution determines the shape of the radiation pattern. 
The quadrature components radiate independently. Since the radiation 
intensity is proportional to the square of the moment, the radiation pattern 
is affected but little by the current in quadrature with Iq except in those 
directions in which the radiation is small, where a small absolute difference 
may contribute a large percentage deviation. Rewriting the expressions 
(1-15) for the voltage and the principal current in terms of the amplitude 
/o as defined by equation (3-6), we have 

F(r) = --iKIo cos ^(/ - r) + (Ra + iXa)Io sin ^(/ -- r), 

Y — tP 

loir) = lo sin ^(/ - r) + ^ Jo cos i5(/ - r). 

The real part of the principal current is practically unaltered except in 
the vicinity of the current nodes. These equations are in agreement with 
the general theory concerning the current distribution on thin wires. 

The imperfect conductivity of the ground has a much more marked 
effect on the radiation pattern than the deviations in the current distri- 
bution from the limiting distribution Iq sin /S(/ — r). Thus the radiation 
intensity of a quarter-wave antenna in the ground plane is zero for an 
imperfectly conducting ground; an effect in comparison with which the 
effect of finite K is altogether negligible. 

11.8. Inclined Wires and Wires Energized Unsyfnmetrically 

The principal waves on inclined wires [see Figs. 11.19(6) and 11.19(7)] 
have been considered in section 8.14. The functions Ra and Xa niay be 
calculated by the method outlined in section 4; the M and N functions 
are obtained from the theory of nonuniform transmission lines; in terms 
of these functions the impedance is given by equation (6-1). 

* In this figure the current does not quite vanish at the end of the antenna because 
only the first two complementary waves were included; the higher order waves reduce 
the end current to zero but do not affect the current appreciably at any distance from 
the end. 
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The calculation of the complementary current waves is more compli- 
cated. If the angles ^pi and ^2 o? the conical wares are small compared 
with the angle d- between their axes, the proximity effect is small and the 
current distribution in each wire is substantially uniform round its axis. 
Then the radial electric intensity is proportional to the following function 

T(due2) = ^Pni- cos ^i) + BPni- COS ^2). 


where and 62 are the angles made by a typical radius with the axes of the 
w’ires. This function must vanish on the surfaces of the wires and we have 
approximately 


APn{— cos t/'l) + 5Pn(— cos = 0, 
APn{- cos t?) + PPn(~ cos ^^ 2 ) = & 


( 8 - 1 ) 


Hence n must be a root of 

Pn(— cos ;^i)Pn(— COS ^2) == [Pn(“- COS . 


For equal cones this equation becomes Pn(— cos \j/) = zt:Pn(— cos 
Once ?7 is found, the ratio AjB is obtained from (1) and the TAunctiQn is 
determined except for a constant factor. The field is then computed from 
the P-fiinction. 

Other antenna problems arise if the generator is not at the center. For 
example, in the case of a biconical antenna the generator may be at some 

point A (Fig. 11.29). In general the 
current distribution in the antenna is 
not symmetric about the center and 
waves corresponding to all values of « 
given by (1-10) and (US) are gener- 
ated. There are two principal waves, 
the symmetric corresponding to = 0 
and the antisymmetric corresponding 
to ^ — 120/JC. The symmetric trans- 
mission modes correspond to the case 
in which one-half of the total electro- 
motive force P is applied at A and 
the other half at ^'j(Fig. 11.29); the 

Fig. 11 . 29 . The cros^ection of a con- antisymmetric _ modes _ correspond to 
ical antenna and boundary spheres. case in which 2 ^ applied at A 

and — §P at A\ In region (1) only 
/n-fiinctions are permissible (when ^ > 0) and in region (2) iV'^-functions 
should be included. 
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Another method of approach is based on considering two cones of un- 
equal length with a generator at the common apex 0 (Fig. 11.30), The 
field in region (1) is similar to that in 
region (1) of the preceding problem. 

The field in region (2) consists of 
waves corresponding to a different set 
of values for n since in this region the 
field must be finite for 0 = tt and con- 
sequently T{&) == cos d). The 

values of n are then obtained from 
the equation Pn(-" cos =0. If ^ 
is small, the roots are approximately 
m 60/ A”, m = 0,1,2, • • 

Transmission of waves on a wire 
energized near one of its ends may 
also be studied by considering waves 
on a cone surmounted by a small 
sphere (Fig. 11.31). The electromotive force may be applied either be- 
tween the cone and the spherical surface round 
the circumference AB or between the apices at 0, 
one apex belonging to the original cone and the 
other to a small cone leading to the surface of the 
sphere. Approximate solutions of these problems 
can be found without much difficulty and extended 
to wires of other shapes. These solutions will 
supplement the conclusions drawn from the solu- 
tion of the principal problem of two equal cones of equal length. 



Fig. 11.30. The cross-section of a 
conical antenna and boundary spheres. 



B 


Fig. 11.31. The cross- 
section of a conical 
antenna and a small 
sphere at its apex. 


11.9. Spherical Antennas 

Equation (2-3) is the general expression for the terminal admittance Ye of a, bi- 
conical antenna consisting of two equal and oppositely directed cones. When the 
cone angle and the length / are sufficiently small, the total current /(/) is so nearly 
equal to zero that the terminal admittance is determined substantially by the comple- 
mentary current. But as the cone angle increases the total current makes an increas- 
ingly important contribution to the admittance. When the cone angle ^ is nearly 
90 d^rees, the biconical antenna becomes a pair of nearly hemispherical conductors 
fed by a cone transmission line from the center (Fig, 1 1.32). In this case the comple- 
mentary current 7(/) becomes small and the terminal admittance is determined largely 
by the total current /(/). That the complementary^ current becomes relatively small 
can be seen if we observe that in the present case the cone line is approximately a 
disc line with variable separation between the “ parallel planes.” When the separa- 
tion is small compared with the wavelength, all transmission modes except the prin- 
cipal are attenuated and the eneigy associated with these modes is concentrated in 



472 


ELECTRO^L\GNETIC WAVES 


Chap. 11 


the region where the conical feeders join the sphere. The depth of this region (in the 
direction toward the center) is comparable to the separation between the edges of 
the two hemispheres. The capacitance representing this local storage of energy will 
be small compared with the external capacitance bettv^een the hemispheres. 



spherical antenna or a double cone 
of large angle surmounted by large 
spherical caps. 



Fig. 11.33. A spherical antenna fed 
along an arbitrary circle of parallel. 


Thus w’e may assume that the approximate voltage distribution over the aperture 
of the cone transmission line in Fig. 11.32 or in the more general case shown in 
Fig. 11.33 is governed by the principal wave. Let ^be the total transverse voltage 
at r = I = ay where a is the radius of the sphere; then E${ay6) — 0 except in the 
interval ^ ^ ^ where 


60F 

d~ Ka sin^ ' 


( 9 - 1 ) 


In accordance with equations (1-1) the meridian electric intensity for r > ^2 may be 
represented as follows 

rEe{r,e) = VY. (9-2) 


In the theory of spherical harmonics it has been established that an arbitrary function 
f{d) (subject to certain limitations) can be expanded in the form 

2 «(« + 1 ) Jo 

Hence the coefficient in the expansion for aEe (ayO) is 


f /(0)Pn(cos B) sin B dB. 

' «/o 




60(2«+l) d 


J nrf, 

J' 


de 


P„(cos 9) dd 


Inin + lWJ^ 

30(2« + l)[P„(cos T+^) - Pnicosm 
»(h+1)7C 


(9-3) 
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From (2) and (1-1) we obtain the remaining intensities 

tji0r) , 


rHAr,e) =-yZ Pl(cos ff), 

n=l TjKnKtpa) 

. Tj- ^ »(« + l)A'„(/) 5 r) 

tuer-Er = y , Pn(cos 9). 


n=l 


7}]in(ij3a) 


The conduction current in the sphere, flowing in the direction of decreasing coordinate 
6y is 

ac 

1(9) = E in(e), 7n(e) = sin e Piicos 6), ( 9 - 4 ) 

71=1 

where Mn is the radial admittance of the 72th zonal wave at the surface of the sphere 

M = _ J„(0a) - iS-Jfia) 

” -T i J'r.(_Sa)Y 

The conjugate complex power flow across the aperture of the cone is 

^*=1 r'"" aEliafi)! {8). 

t/l£r 


\dd 


1800t^2 X 2 n + \ 

E — -Jkf„[P„(coS^+ t?) - PnicOS^P)]-. 
A- „ = 1 i- 1 ; 


From this we obtain the average admittance at the aperture of the cone line Yav = 

This value may be taken as the approximate value of the terminal admit- 
tance Yt — Yav, The exact value would be obtained if we used the exact expression 
for Ed{afi) instead of the approximation (1). 

Let us compare this expression with the ratio of the total current I flowing across 
the edge of the upper hemisphere to the transverse voltage 

^ E sin \p Pi (cos ^^)[P„(cos vi' + i?) — P„(cos yp)]. (9-5) 

When ^ + d-fl = rr/l this ratio represents one component of the terminal admit- 
tance as defined by (2-3). For other values of if/ we should take the average value* 
[/ i^)]/2F. The characteristic impedance of the cone line is 

. A A ^ 

/ * ^ + A . »“(>f + 2j + “5' 

K = 60 log (cot - tan — — ) = 60 log j . 

sin f + 2 j — sin — 

* The inequality of I (ip) and I(if/ + t?) is due to secondary waves and affects the 
input impedance only indirectly through these waves. For the principal current 
/oOW = /o(^+^). ’ 
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When ^ is small compared with -r then we have approximately 


120 sin 


sin I y/ 




In this case we also have, except when n is large, 

Pn(cOS i/ + ^) — Pn(cOS F COS + 


Substituting these approximations in Yt Yav and in (5), we obtain 


Yi *= r sin 


’ {^" [“» + f)]F- 

(S 

^ sb + 1) E M-„PUcos ^)Pl [cos + I)] . 


IT sin \j/ sin 


The tvr'o expressions tend to become equal as t? approaches zero. For large values of 
n the original terms in the expansions foi Yt and l{\}/)/F must be retained since (6) 
will no longer be a good approximation. While the individual terms are small, the 
approximation (6) will lead to a divergent series if used for unrestricted values of n. 
Thus we have the following approximate expression for the terminal admittance 


3600t 


2;? + 1 




MnlPnicOS rp+ — Pn (cOS 


When computing this expression the first few terms may be replaced by the corre- 
sponding terms in the series (7) for Yu The terminal admittance tends to infinity 
as approaches zero; this is as it should be since the capacitance between the two 
hemispheres will increase indefinitely as the distance between the edges diminishes. 
On the other hand, Fig. 11.4 shows that when n increases, Gn rapidly approaches 
zero and only a few terms are needed to compute Gt quite accurately. 

If ^ = (x — 1 ?), 2, only the odd terms in (8) remain; thus 


TIOOtt ^ 4;72 + 3 

io(«+l)(2w + l) 


r / T- Al* 

P2m+1 ( cos 1 


For small values of t? the real part may conveniently be computed from (7) ; thus 


TT ^ 4m + 3 

+ r)(2^"+l) 




( 9 - 10 ) 


The values of the associated L^endre functions and the ^’s are 
^ ^ + _ 1.3-5 •..(2* + 1) 








1 • 3 - 5 • . • (2« + 1) 
2 ■ 4 • 6 • . ■ 2»2 
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30(4m + 2)P^i 


= 




(m + l)(2m + 1)K 


(4m + 3)P|^i(0) 
4(m+l)(2m + l)" 


^1— — -f, Az ^5 Az 


11 A 

* ' * ^2m^l 




Hence the first two terms of 1(d) art 

hid) =^MiFsm^e, IziB)^ 


21 T 


MzFsm^Bil - f sin^ $), 


The amplitude of the first current wave is maximum at the edges of the hemispheres 
and vanishes at their poles; the next wave has an additional maximum and an addi- 
tional node. When the circumference of the sphere equals the wavelength, then 
pa — I and 


Ml = 


im = 


l + i ^ 0.00047 + /0.359 

120^’ 120x ’ 

7^(1 + i) „ 

sin2 e, h(e) -s -i0.0157;^ sin® 6(1 - f sin® 6). 


The current wave in phase with F is given almost entirely by the real part of Ii(9)\ 
on the other hand the reactive component of Iz may be larger in magnitude than that 
of/i. 

We shall now prove that as z? approaches zero, Bt increases indefinitely as log l/t^. 
If d- is very small and X not too large, the principal term in the capacitance between 
two spheres must be equal to the principal term in the capacitance betw'een two halves 
of a 180-degree wedge transmission line (section 8.7). Thus, if j = <3?? is the distance 
between the edges of the hemispheres, Bt — > 2ioiea log \/s as .f 0. The following 
direct method of proving this asymptotic property is also useful for computing Bt 
from (8). For large values of n we may use the asymptotic formulae 

/ 2 X ioi€a 

Pnicos 6) ; - sin (n + l)d + — , Mn ^ . 

\ nT sin 6 4 n 


Assuming that yp + = x/2, substituting in the imaginary part of (8), rejecting 

the first term, expanding the coefficient in a power series, and retaining only the prin- 
cipal term, we obtain 


Bt ^ 


toiea 




1 — cos 


! 2fa>G2 


(log ^+ 1 . 5 ). 


As m increases the difference between the corresponding terms in the exact series for 
Bt and in the above approximate series approaches zero as l/m^; hence the series 
formed by subtracting one of these series from the other converges more rapidly than 
the original series. 

An approximate formula for the conductance of a large spherical antenna can also 
be obtained by regarding the sphere as a 180-d^ree wedge transmission line; thus 
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Gt ^a/l20 = x^/60X. This approximation is fairly good even for moderate values 
of ^a. 

The outstanding feature of the spherical antenna which is shared by other “ broad 
surface ” radiators is the comparatively slow' variation of its impedance with frequency 
as contrasted wdth the rapid variation of the impedance of thin wires. 

11.10. The Reciprocity Theorem 

The Reciprocity Theorem may be briefly stated as follows: the posi- 
tions of an mipedanceless generator and ammeter 7nay be interchanged without 
afectmg the ammeter reading. One t>q)e of proof is very similar to the 
proof of the Reciprocity Theorem for electric networks (see section 5.1), 
In this section we shall prove the theorem first for transmission lines and 
then for antennas. 

Consider a transmission line of length / and let and be two 

distributions of applied series electromotive forces; then 

^ = -Z/i + E^{x\ ^ = -FFi, 

dV^ dU 

Multiplying the first equation by the last by V ^ and adding, we obtain 
4 (Yih) = -Z/i/2 - + Eih. 


Integrating from x- = 0 to x == /, and rearranging the terms^ we h^ve 

r E 1 J 2 dx = r Zhl 2 dx + C YV^V 2 dx + 

The first two terms on the right are obviously symmetric in the subscripts; 
the last is also symmetric since 
M 

yj2 = Z(r)ii(i)i2(0 - z(0)/i(0)/2(0). 


where Z(0) and Z(/) are the terminal impedances. Therefore 

f Eih dx = r E2I1 dx. 

0 do 

This is the general Reciprocity Theorem for transmission lines. 

In the special case when Ei{x) and E 2 ix) are concentrated in infinitely 
short intervals at x = and x == { 2 ? we have 

El dx = 71 (^ 2 ) / E 2 (x) dx^ 

~0 d __o 
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or 

If the impressed electromotive forces are equal, then / 2 (li) = /iCfe)- 
In three dimensions we write 

curl El = —Ml — curl = (^ + io>e)Ei^ 

curl E 2 = —M 2 — curl H 2 = {g + zo)€)E 2 . 

Multiplying scalarly the first equation by H 2 , the last by Ei, and subtract- 
ing,* we have 


El • curl H2 — H2' curl Ei = Mi • H2 + ioiHi - H2+ (g + icoe)Ei • £2* 


The left side equals div (H 2 X £ 1 ); multiplying by dvy integrating over a 
volume (v)y replacing the volume integral of the divergence by the surface 
integral of the normal component, and rearranging the terms, we have 


Iff Ml • H2 dv — — Iff ioofiHi • H2 dv 

-ffh + ico€)Ei • £2 dv + J f(ff2XEi)nJS, 


where (6*) is the boundary of (v). The first two terms on the right are 
symmetric in the subscripts. The last term is also symmetric since we 
are free to choose (v) as an infinite sphere, in vrhich case Ee — E^ = 
—rjHdy and consequently 

//® X Ei)ndS — —7j J* J' (He,iHe^2 + H^,iHtp,2) dS, 
and (10-1) 

/// Ml • H^dv = SSI M 2 • Hi dv. 

This equation holds even if gy fi, and e are functions of position. 

Consider now a special case of two antennas (Fig. 11.34) energized at 
points H and JS- Two voltages H i {A) and V 2 (£) may be applied by means 
of two infinitely small magnetic current loops round points A and By carry- 
ing the following magnetic currents 

Kii^A) = -Vi{A\ K2(B) = -H2iB). 

Under these conditions (1 ) becomes 

Fi<iA)l2(A) = F2(B)Ii(B). 

* Subtracting rather than adding since the electromagnetic equations are and- 
symmetric. 
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The above is the most frequently used reciprocity theorem. Another 
theorem is: the positions of a generator and a voltmeter^ both of infinite im- 
pedance^ may be interchanged ^jsithout affecting the voltmeter reading. The 
more general form of this theorem tor transmission lines is 

C JxV^dx^ C J 2V Ydx, 

J Q Jo 

where Jiiy) and /oGv) are two current distributions applied in shunt with 
the line. Similarly in the three dimensional case we have 

////.. ////.. 


One corollary of the Reciprocity Theorem is: the directivity patterns 
of an antenna are the same whether the antenna is used as a transmitter 

or as a receiver. This follows at once from 
the definition of such patterns. The direc- 
tive pattern of a transmitter is explored at 
an “ infinite distance by a tuned doublet 
so oriented that maximum power is received 
by the doublet. The directive pattern of 
a receiver is found by obtaining its re- 
sponse to plane waves arriving from differ- 
ent directions, the electric vectors of these 
waves being so oriented that maximum power is received by the antenna. 



11.11. Receiving Antennas 

In the case of a receiving antenna the electromotive force is impressed 
at all points of the antenna and the complete theory of a receiving antenna 
depends on the solution of the most general transmitter problem. On 
the other hand, the solution for a transmitting antenna 
energized at the center is sulEcient, in view of the Reci- 
procity Theorem, to enable us to find the performance of 
the same antenna when the electromotive force is removed 
and the internal impedance of the generator is used as a 
load. 

Thus consider an antenna and a tuned current ele- 
ment at a large distance from it (Fig. 11.35), and suppose 
first that the antenna is being used as a transmitter. 

Let p be the moment of the current distribution in 

the antenna when an electromotive force V\% acting vxAyp ^ J I(z) dz. 

The voltage F impressed on the element and hence the current in it 


|B 


11.35. Illus- 
trating the Reci- 
procity Theorem. 
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are 


F^{B) = 


2Xr 


hiB) = 


2Xri? ’ 


where R is the radiation resistance of the element. Now let the current 
element act as transmitter with the antenna as receiver, then the current 
in the element and consequently the electric intensity impressed on the 
antenna are 


V 

h{B) = - , 


2XrR ' 


By the Reciprocity Theorem the current at ^ in response to this field is 
equal to IiiB); expressing this in terms of E, we have 


72 (^) = = 


pE 

V 



Eh 

•2.4 + 2x, ’ 


where h is the effective height of the antenna, and are respectively 

the antenna and load impedances. Thus the current in the antenna when 
used as a receiver has been expressed in terms of the current distribution 
in the antenna when used as a transmitter. In applying the Reciprocity 
Theorem care should be taken not to change the impedances. 



CHAPTER XII 
The Impedance Concept 


12.1. In Retrospect 

Most concepts grow with their use. OriginaUy the word “ number *’ 
meant what we now call “ integer then in successive steps the meaning 
has been broadened to include rational fractions, irrational fractions, nega- 
tive numbers, and finally complex numbers. The impedance concept is no 
exception and it has grown considerably in the half-century of its existence. 
The term “ impedance ” was proposed in 1886 by Oliver Heaviside for the 
voltage, current amplitude ratio in a circuit comprised of a resistor and an 
inductor.* In 1889 a further impetus to its use in the same sense was given 
by Oliver Lodge.! Three years later F. Bedell and A. Crehore proposed 
the term “ impediment ’’ for a similar ratio in a circuit including a capacitor 
as well as a resistor and an inductor. However, there was no real need for a 
separate term and the word “ impedance was soon used in a broader 
sense. It w^as not very long before it was used for any voltage/current 
ratio, expressed as a complex number with its absolute value equal to the 
amplitude ratio and its phase to the phase difference between the voltage 
and current. It is outside the scope of the present book to follow the his- 
torical development of the impedance concept and the above remarks have 
been made only to give a probable date of its inception. What concerns us 
primarily is the actual meaning of the concept and its uses. 

First let us consider stationary fields and the simpler concept resistance. 

The resistance of a conductor AB (Fig. 12.1) is defined 
as V/I-i where V is the electromotive force along Ah 
and I is the current in the conductor. The current in 
the conductor is the same across all cross-sections and 
Fig. 12.L A wire be- the voltage between the terminals AB is independent 
tween two terminals. along which the electric intensity is in- 

tegrated. Thus our definition of the resistance requires no further 
qualification. 

The situation becomes quite different when an alternating voltage is 
applied between the terminals A and R. The voltage depends on the 
path joining the terminals and the current varies along the conductor. 

* The Electrician, July 23, 1886, p. 212. 

t Electrical Review, May 3, 1889. 
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A 

Fig. 12.2. A wire 
whose terminals 
are close together. 



If the distance between the terminals is small (Fig. 12.2), the voltage 
is nearly the same for paths going more or less directly ” from A to B 
and the current flowing out of let us say, is nearly equal to the current 
flowing into B, The input imped- 
ance is then defined as the voltage 
divided by the input current. In 
practice, the distance between the 
terminals is small ” if the voltage 
is nearly independent of the path 
from one terminal to the other. In 
theory we might be tempted to as- 
sume that the terminals are infinitely 
close; but unfortunately the capacitance, and hence 
the admittance, between terminals of finite size tends 
to infinity as the distance between them approaches 
zero. This is a purely theoretical situation; in prac- 
tice the distance is merely small and the capacitance is also usually 
small. A way out of this difficulty is found by assuming that the terminals 
are tapered off to mere points (Fig. 12.3). If such conical terminals are co- 
axial, then the admittance between them, ignoring the rest of the circuit, is 


Fig. 12J5, A wire 
with pointed ter- 
minals which can 
be brought infi- 
nitely close to- 
gether without 
making the capac- 
itance between the 
terminals infinite. 




Ifl. 

\k'' 


60X log 


1 + cos 4' 
sin ^ 


== / ' 


60X log 


k + 


( 1 - 1 ) 


where h and a are respectively the height and the maximum radius of each 
cone. If h = a, we have 


' 7 =- = z0.0840 - mhos. 

60X log (1 + V2) X 


(1-2) 


This admittance is very small unless the waves are very short; even if it 
is doubled or trebled by increasing A, it will have a negligible effect on the 
impedance of the circuit unless the latter is very large. 

If a is kept constant while h approaches zero, we have 


Y 


6 ^ 


/0.0524 


U’ 


(1-3) 


this admittance is equal to the admittance of two parallel circular discs 
of radius separated by distance h. As A approaches zero its value in- 
a-eases indefinitely but, except for very short waves, h has to be very small 
indeed before the impedance of the entire circuit is noticeably affected. 

The conception of impedance does not depend on the existence of ter- 
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minals. Thus in dealing with the transmission of waves on perfectly con- 
ducting parallel wires (Fig. 12.4), the series impedance per unit length of 
the transmission line is defined as the following ratio 

2 . - v..n , _ 

In defining the transverse voltage I^bc the path of integration must be 
^ ^ restricted to the plane perpendicular to the 

• • wires; it does not have to lead directly from 

one wire to the other and may deviate con- 
siderably from a straight path as long as it 
A B remains in the transverse plane; but it should 

Fig. i2,^. lilustxaring the im- not leave the plane. The transverse voltage 
pedance per unit length of a be measured directly only when the separa- 
transmission line. between the wires is small and the im- 

pedance of the leads connecting B and C with the terminals of the volt- 
meter does not appreciably affect the measurement. 

The impedance per unit length of the parallel pair of wires as defined 
above does not have quite the same meaning as the resistance per unit 
length of a wire, or the impedance per unit length of a long coil. In the 
latter cases there exist actual voltages between two points on the wire 
or between two turns of the coil, and the impedance is similar to the input 
impedance of a circuit. But in the transmission line consisting of per- 
fectly conducting wires, the voltage between ^ and B along the wire is 
zero; so is the voltage between C and D. Yet the line as a whole acts as 
if it had an impedance between a terminal ” D and another terminal 
5,C. 

The next step in extending the impedance concept was to include ratios 
of electric and magnetic intensities. This extension has served to unify 
many diverse problems concerning the reflection of electromagnetic waves 
so that each problem has become a special case of a general problem. Con- 
sider for example a metal tube (or a coaxial pair) 
filled with two homogeneous dielectrics and let the 
boundary" between the dielectrics be perpendicular 
to the axis of the tube (Fig. 12.5). For each trans- 
mission mode the field distribution in transverse 
planes is independent of the constants of the di- Fig. 12.5. Reflection in 
electric and the reflection and transmission co- at a simple 

efficients depend solely on the ratio K'//Kg of the ^scontmuity. 

wave impedances in the direction of the tube. The same general formula 
applies when plane waves are incident normally or obliquely to the plane 
interface between two media, provided either E or H is parallel to the 
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interface; it applies when cylindrical waves are incident normally on 
cylindrical bodies and when spherical waves are incident normally on 
spherical bodies. 

The impedance normal to a surface separating two media is defined as 
the ratio of the tangential electric intensity to the tangential magnetic 
intensity. The impedance normal to a thin film with a sheet of infinite 
impedance just behind it is equal to the surface impedance of the film 
itself, that is, the ratio of the electric intensity to the current density. In 
general the only practical means of approximating in elFect a sheet of infinite 
impedance behind the film is to place a good conductor a quarter wave- 
length (or an odd number of quarter wavelengths) behind the film. The 
wavelength in question should be that in the direction normal to the film. 

Any wave guide may be terminated in a resistance film, normal to its 
axis, and designed to absorb all the energy carried by a wave traveling 
in one particular transmission mode; we need only make the surface resist- 
ance Rs of the film equal to the wave impedance of the incoming wave 

Rs == (1~5) 

The surface resistance of a thin film of thickness / is substantially equal to 
its d“^ resistance Rs = Since the conductivity of very thin films 

is not necessarily equal to the conductivity of the material of the film in 
bulk, Rs should be measured. 

For the dominant mode in air-filled coaxial pairs we have = 120x 
and the impedances are matched when Rs == 1203r. The d-c resistance 
of an annular film is 


Z? R^ y ^ 


(l-«) 


where a and b are the radii of the boundaries of the film. If the radii of 
the coaxial pair are equal to a and then the matching condition becomes 
where K is the integrated characteristic impedance of the coaxial 

pair. 

In the case of circular wave guides the matching resistance films are 
circular discs. To determine the surface resistance of these discs the d~c 
resistance between a pair of concentric circular electrodes in contact with 
the discs may be measured. Since from (6) we have 


2irR 



a 
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where a and b are the radii of the electrodes, the matching condition (5) 
may be expressed in terms of this measured resistance 




For transverse magnetic and transverse electric waves this becomes respec- 
tively 


R 


1 — ^ 
2w 



27r\/ 1 — 



In the case of rectangular guides the matching films are rectangular. 
If the dimensions of the rectangle are a and b and the d— c resistance R is 
measured between the sides having the length then R f= {bfa^Rs and 
the matching condition (5) becomes R = {b/a)Kz^ 

We have seen that a sufficiently thick conductor can be regarded as an 
impedance sheet whose surface impedance is equal to the intrinsic imped- 
ance ^ of the conductor. If the thickness t of the conductor is small com- 
pared with the radius of curvature, then the surface impedance is y\ coth cr/. 
When an actual conductor is replaced by an impedance sheet, consisting 
of a sheet of finite impedance over a sheet of infinite impedance, many 
problems are simplified. No energy can flow across an infinite impedance 
and the media on either side of the impedance sheet may be treated as 
electromagnetically independent. Also it becomes unnecessary to con- 
sider the field in the conductor itself. 


12.2. Wave Propagation between Two Impedance Sheets 
Consider two parallel impedance sheets CD and C^D^ (Eig- 12.6) and 
let the surface impedance of each be Z. Then the field will be symmetric 




WWWWWWWWAWVWWWAWWAYAX Q 



rrm n rr/ri/ijrimrn/T TT /f / r/ r/mrim rr r n rr n 0' 
Fig. 12.6. Parallel impedance sheets. 


with respect to the plane jdB midway between the sheets. If we confine 
our attention to fields in which the jFf-lines are parallel to the y-axis, the 
non-vanishing field intensities will be Rx, Rzy Hy, From the assumed 
symmetry about the central plane we conclude that the electric lines are 
either perpendicular or parallel to this plane. In the former case a perfect 
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conductor and in the latter a sheet of infinite impedance may be inserted 
at the plane, without disturbing the field distribution. 

hen the ^’s-plane is a perfect conductor, then for progressive weaves 
in the positive 2 -direction we have 


Hy == J cosh yx e + y^ ^ , 


Ex = J — cosh yxe sinh yxe'^^y 

i02e jo)e 


( 2 - 1 ) 


where T and y are respectively the longitudinal and transverse propagation 
constants and J is the conduction current density in AB. The condition 
for natural waves is then 


tanh yb = — Z, (2-2) 

ioie 


where b is the distance between AB and CD. Thus we have the following 
expressions for the propagation constants 


T 




(2-3) 


where w is o. root of the following equation 

jjSbZ 

w tanh w = — /a>c^Z , (2-4) 

When Z = 0, we have w == nTri, If « = 0, y = 0, vanishes identi- 
cally and we have the principal wave. If | PbZ ] is small compared with 77 , 
then one root of (4) is small compared with unity and we have approxi- 
mately 

^ ^ ^ ^ ^ ^ V + (2-5) 

We have already seen that this formula can be obtained directly from the 
integral equations of electromagnetic induction by assuming that the 
longitudinal displacement current is zero. Actually the longitudinal 
electric intensity varies almost linearly with x and the magnetic intensity 
is approximately constant 


Then the current density in the sheet CD is — / 4- thus this 

density is slightly different from the current density in the sheet JB. 
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At the other extreme when the right-hand side of (4) is infinite we have 
tp = /(» H- 5 ')x, and when the right-hand side is large but finite, then 


w = i{n + |)7r ^ 


1 + 


k \ 


For the principal wave 72 = 0 and w = /ir/2 — The longitudinal 

electric intensity is nearly sinusoidal, rising from zero at the plane AB to 
a maximum at the plane CD. The current in the sheet CD nearly vanishes 
and the dielectric between the planes serves as the “ return circuit.” 

In solving (4) for intermediate values of the right-hand side we shall 
consider only the case in which Z is a pure resistance 


Z = i?, k 


^hR 

V 


bR 

60X’ 


the numerical coefficient in the last equation corresponding to free space 
between the planes. Since w is complex, we write ze? = « + iv. Substi- 
tuting in (4) and separating the real and imaginary parts, we have 

u sinh u cos v — v cosh u sin v = k sinh u sin t?, 

V sinh u cos v + u cosh 2 ^ sin t? = —k cosh u cos v. 

Eliminating we obtain 

u sinh 2u = V sin 2v. , (2-6) 

Since u is essentially real, the left side of this equation is positive and the 
values of v are confined to the following intervals 


Thus the functional relationship between the transverse attenuation con- 
stant and the transverse phase constant is independent of i?; hence this 
is also true for the longitudinal attenuation and phase constants. At 
each end of the admissible :?-intervals w = 0. From (5) we conclude that 
in the present case u and v are of opposite sign; and since v has been as- 
sumed positive, u must be negative. The left side of (6) is a monotonic 
increasing function of u and consequently u is minimum when the right- 
hand side is maximum, that is, when tan 2v = —2v, The smallest root is 
1.015“ and the corresponding maximum value of o sin 2v is 0.91. Thus in 
the entire first interval the absolute value of u is less than unity and a 
rough approximation for u is 


u = — sin 2o. 


(2-7) 
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This approximation is at its worst in the vicinity of the minimum value of u; 
thus from equation (7) this value of u is found to be —0.67 while the ex- 
act value is near —0.60. Figure 12.7 shows the first branch of the curve 




0.1 0.2 03 04 05 06 07 ^ 08 09 1.0 1.1 12 1.3 3.5 i£ 

Fig. 12.7. Transverse attenuation constant vs. transverse phase constant. 


represented by equation (6). For each pair of values of u and t?, we obtain 
the longitudinal propagation constant from 


r = — liuD. 

b 


( 2 - 8 ) 


Taking the absolute value of (4), we have 




+ v^) (cosh 2u — cos 2o) 
cosh 2u + cos 2a 


This equation enables us to plot as a function of either u or r?; Fig. 12.8 
represents as a function of v for the principal wave. It should be noted 



Fig. 12.8. Transverse phase constant vs. impedance ratio. 

that while k may vary from zero to infinity, the ranges of u and v are limited 
for each transmission mode. 
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Consider now the principal wave as the frequency increases from zero 
to infinity while R remains constant. In the lower frequency range k is 
small and the propagation constant is given substantially by (5) which in 
the present case becomes 

/ i(j)6 

^ = yj {ioi\Lb + i?) — . 

At sufficiently low frequencies the inductance term is negligible compared 
with the resistance and 

(1 + 0 . 

Thus the attenuation and phase constants are equal. As the frequency in- 
creases, the inductance term becomes predominant and we have the usual 
transmission line formula 




As the frequency becomes so high that k is no longer small, F should be 
obtained from the exact formula (8). In this formula u and v are finite 
while increases indefinitely; hence the attenuation constant approaches 
zero and the phase constant remains approximately equal to the intrinsic 
phase constant. Over the entire frequency range we have roughly 

r = ^ yj sin 2v, 

If the frequency is kept constant but R is made to increase from zero to 
infinity, the behavior of F will depend on the magnitude of in comparison 
with unity. When is large, the longitudinal phase constant is approxi- 
mately equal to ^ in the entire range while the attenuation constant varies 
from zero to a maximum and then back to zero. If is not very large, 
b ut larger th an x/2, the phase constant varies from /S at i? = 0 to 
at i? = 00 . Finally if < x/2, then the phase constant 
diminishes from at i? = 0 to zero a t I? = qq ; at the same time the atten- 
uation constant rises from zero to 

It should be remembered that R is the impedance normal to the sheet CD 
and, if CD is a thin film of some conducting substance, R is equal to the 
surface resistance of the film itself only when the impedance normal to the 
sheet on the other side of it is infinite. This condition is obtained, for 
example, for all values of R when the resistance film is placed half-way 
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between two perfectly conducting planes (Fig. 12.9) carrying equal currents 
in the same direction. At the plane of the film the magnetic intensity 
vanishes and we have in effect a surface of infinite impedance. The above 
equations will apply to this case if 


R == 2i?f5ini* 

The above discussion has been based 
directly on the solutions of the differ- 
ential equations (4.12-18) appropriate 
to the actual problem. For each trans- 
mission mode these equations can be 
converted into the conventional form 
of transmission line equations in which the Ar-coordinate is suppressed. 
Eliminating Ez we have 


>) ) )>> )) - )))))))))))>>)>^^ ^^ ^ ^ ^^ ^ 


Fig. 12.9. Resistance sheet between 
perfectly conducting planes. 


dE:z 

dz 





BHy 

dz 


— icaeEx^ 


Integrating each of these equations with respect to x from x 0 to x — 
we have 

^ (y^ — u^)p 2uvp\ j. ^ 
dz \ ^ meab caeab / ^ dz pb ^ 

F^J^E^dx, p = y^f^Hydx. 

I is the conduction current in the plane AB between y = 0 and j = the 
constant p is unity when Hy is uniform. When k is small, p is nearly unity, 
the second term in the expression for the distributed series impedance is 
negligible, the third term becomes R/a^ and the equations reduce to the 
engineering form based on neglecting the longitucHnal displacement cur- 
rents. When k is comparable to unity, the expressions for the distributed 
series impedance and shunt admittance become complicated; as k becomes 
large, these expressions are again simplified. 

If the ^5-plane is a surface of infinite impedance, the equation for the 
transverse propagation constant becomes 

•r~ coth yb = — Z. 

This equation has no solution in the vicinity of y = 0 and it defines trans- 
mission modes similar to the higher transmission modes in the preceding 


case 
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12.3. On Impedance and Reflection of Waves at Certain Irregularities in 
Wave Guides 

Let us consider a wave guide of rectangular cross-section (Fig. 12.10) 
y bounded by two planes of zero impedance = 0, 

^ ^ X = a^ and two planes of infinite impedance jy = 0, 
^ ^ J “ Such a wave guide is an idealization of a 

^ \£ f of parallel conducting strips; the infinite im- 

^ 1 f pedance sheets serve to eliminate the edge effect, 

^ ^ and thus sim.plify the mathematical problem. 
^ ^ The transverse electric intensity in the plane 

^ walJSidef 2 = 0 is, in general, an arbitrary function of and 

are of zero impedance J. This function determines completely the field 
and the other two of the wave guide. We shall take a simple case as 
infinite impedance. example and assume that Ex = 0, Ey{x^yjd) = 

/(y). In this case Hy — Hz = 0. Then for an infinitely long guide the 
field intensities are of the following form 


Ey= ZE^ COS ^ r„ = 

n=0 c> 


— S MijEn COS 
n=0 


— p j 

1 n 


Er 


t nM^En sin ^ 


In the plane 2 — 0 we have 

£» = i; cos ^ = -Z MnEn COS (3-2) 

n=0 b n=0 b 

Consequently the conjugate complex power flow across z — 0 is 

iMoEoE§ + iZ MnEnEt). (3-3) 

i n=l 

The coefficients En are obtained by expanding /(y) in a cosine series of 
the form (2); thus 

where i^is the transverse voltage between the conducting strips. Thus the 
power flow across the plane z = 0 may be expressed in terms of the trans- 
verse voltage and the form of its distribution over the plane. The input 
impedance may new be defined so that 


(3-5) 
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Substituting from (4) in (3) and using (5), we obtain 

Z * ^ o i ^ -n 27 IT* ' (3-0) 

^7)b n—X Pti EqEq 

The first term is the characteristic admittance of the guide to the prin- 
cipal wave. If X > 2^5 the second term is imaginary. As X increases 
indefinitely we have 

„ nir P 2b ^ 

and the reactive part of the input admittance approaches zero regardless 
of the form of the voltage distribution. Thus for “ low frequencies the 
input impedance of the guide is nearly equal to its characteristic impedance 
to the principal wave. 

Let us consider a specific numerical example in which the electric in- 
tensity Ey in the plane z = 0 is zero except in the interval d < y < d + 







Fig. 12.11. Two wave guides joined together. 

where it is Vis. This distribution approximates that at the mouth of 
wave guide of height r, joining another wave guide of larger height 
(Fig. 12-11). In this case we have 


?n 2^T. 

— = Sir 

irQ tl'SCS L 


mr{d + s) 


. mrd^ 
sin = 

b 


4:b . fiTTS mr(2d + s) 

— sin -tt' cos 


When d + s/2 = b/2y we obtain 

^ ^ E2m , 23 . niTTS 

£2^1=0, (-r~sm — . 

jCfQ TTiirs o 

Substituting in (6), we have Yi = G,* + iBiy Gi — M ^/'oby and 


ii.. Xf V b. f 

As the wavelength increases, this ratio becomes approximately 


« 

2 2\ 2-. 
'K S Xj/i.^X 


1 — cos 
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By (3.7-53) we have 


M 


X 

€3 

T 


lo6,- + U 


log - 


1 

144 

0.338 + 

144 


(Ty--] 


ioiCi 

~M 


When / = ICOO and b = 0.02, lb:\ = 1.3 X 10”^ If j = O.OU, then 
Bi: M = 5.6 X 10“' . Even if/ is raised to 10®, the ratio of the susceptance 
to the characteristic admittance is still small. But when the frequency 
becomes so high that X is comparable to by then the susceptance may become 
appreciable. 

Consider now a wave guide of uniform rectangular cross-section with a 
metal diaphragm or iris across it (Fig. 12.12). Again we assume that two 
faces of the guide are of zero impedance and the other two of infinite imped- 
ance. Let a wave in the dominant mode impinge on the iris. The re- 



Fig. 12.12. An iris in a rectangular wave guide. 

fleeted and transmitted waves will consist of higher order waves as well as 
the dominant one. Let the electric intensity of the incident wave in the 
plane of the iris (the xy plane), be Eq. The electric and magnetic intensi- 
ties of the transmitted field are of the form (2). Since the total electric 
intensity tangential to the iris is continuous across the plane of the latter, 
the intensity of the reflected wave in this plane is 

E; = (Eo - 4) + £ cos ^ . 

n=l b 

From this w^e obtain the magnetic intensity of the reflected field 
HI = Mo(£o - £S) + E cos ^ . 

n«l b 

The magnetic intensity is continuous over the aperture of the iris; there 
we have HI + = Hx, so that 

— MfyEi + Mq(Eq — Eo) + S ^nEn COS M^En COS - 

n=l b n=0 b 




THE IMPEDANCE CONCEPT 


493 


Transposing the terms, we obtain 

EM„£„cos^’. (3-7) 

n=0 b ^ ^ 

Multiplying by 

^ ^ mry 

EEn cos— (3-8) 

and integrating over the iris,* we have 

= MoEoE^ab + ^ab ^ MnEnE*^ 

n=l 

s.l.i+lf "-as 

Ett ■ 

This equation represents the reciprocal of the transmission coefficient 
across the iris for the dominant wave. 

Now the admittance (6) of either half of the wave guide as seen from the 
iris may be represented in the following form 


Yi = M+f, 


:e _ 1 " 

M 2 n= iMq EqE^ 


Consequently we have 1/p == 1 + f^/M. Comparing with (7.13-10) we 
find that the transmission coefficient for the dominant wave is the same as 
if the iris acted as an admittance = lY in shunt with a transmission 
line whose characteristic admittance is M. The impedances of the two 
faces of the iris are thus in parallel, as is evident by inspection. 

That the iris should act as an admittance in shunt with the guide could 
have been assumed to begin with, since the voltage of the dominant wave 
is continuous at the iris and the current is discontinuous. When \> 2b, 
then Y and are pure reactances. But when \ < 2b, Yg has in general 
a real component. While there is no loss of power at the iris, some power 
is carried beyond the iris and reflected back in other modes than the domi- 
nant; this represents an effective loss of power in the dominant wave. 

The theory of transverse irises in wave guides in which all four faces 
are perfect conductors is similar to the above. Thus if the edges of the 
iris are parallel to the E-vector of the dominant wave, then in the range 
a < \ < la, the iris acts as an inductive reactance in shunt with the guide. 
If the £-vector is perpendicular to the edges, the effective reactance is 
negative and the iris acts as a capacitor. Similarly a transverse wire par- 

*This is permissible even though (7) is true only over the aperture since (8) van- 
ishes outside the aperture. 
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allel to the E-vector acts as a shunt inductance. These phenomena are 
not peculiar to high frequencies. When a conventional inductance coil 
or a capacitor is inserted in shunt with a transmission line consisting of 
parallel wires and operated at low frequencies, the field of the dominant 
wave is disturbed and the local field in and around the inserted structure 
abstracts some energy from the dominant wave during one half cycle and 
returns it during the other half; the dominant w^ave therefore suffers reflec- 
tion. 

12.4. The Impedance Seen by a Transverse Wire in a Rectangular W ave Guide 

The impedance seen by a transverse wire in a rectangular wave guide 
(Fig, 12.13) is of interest because it approximates the impedance seen by 
a coaxial pair (Fig. 12.14) when the shorter side b is small compared with 
a quarter wavelength so that the current distribution in the wire is substan- 
tially uniform. There are at least three methods available for the calcula- 




Fig. 12.13. Fig. 12.14. 

tion of this impedance. We can express the free space field of the current I 
in the wire by a contour integral of the type given in problem 10.9 and 
add to it another field, expressed by a similar integral, so as to satisfy the 
boundary conditions at the surface of the guide. The contour integrals 
are then evaluated. Another method consists in considering the total 
field in the guide as due to superposition of the free space fields of the cur- 
rent in the wire and its images in the walls of the guide. A third method 
is based on the following considerations. If the radius of the wire is small, 
then the field at the surface of the wire is nearly equal to that produced 
by an infinitely thin current filament on the axis of the wire. The latter 
filament can be regarded as the limit of a current strip; and the current 
strip represents a known discontinuity in if, which can be expanded in a 
series of the form X-ffn sin mrxja^ appropriate to TE-waves. Then the 
complete field is determined and the impedance is obtained as the ratio 
—bEy/I^ where Ey is the intensity on the surface of the wire. 

Thus if the guide extends to infinity in both directions, then by the second 
method we obtain for the real and imaginary parts of the impedance seen 



■mE IMPEDANCE CONCEPT 


495 


from a wire of radius r respectively 

^ = hWo(j3r) + 2 E /o(2»;8a) 

n=0 

~ S JoC^-nffa + 2/3<f) — E /o(2w^fl 0a — 20d)]; 

n=0 n=0 

X = -ivmNom + 2 E Xo(2«j3«) 

71 = 0 

- E iV-o(2«^^z + 2/3^ - E No(2n0a + 0a - 20d)]. 

n~0 n=0 

Thus in the case of thin wires the resistance component is nearly independ- 
ent of the radius and the reactance is a constant depending on a and ^plus 
a logarithmic function of r. In fact we have 

X(r 2 ) -X(rx) =^log^. 

A r2 

A simple expression for R can be obtained either by the first or by the 
third method. Thus in the frequency range betw^een the absolute cut-ofF 
and the next higher it will be found that 



As the frequency increases and passes the cut-ofF frequencies for the suc- 
cessive TE-waves other terms will be added and we shall have in general 
R = R\ -f” i ?2 4” Rz “h * * ‘ j where 



is the resistance corresponding to the wth transmission mode. 

The above impedance is that looking into the wave guide extending 
to infinity in both directions. The two semi-infinite halves of the guide 
are in parallel and consequently the impedance looking into either half is 
2Z. lif now a < \ < la^ so that only the dominant wave carries power 
to any distance along the guide, and if we have a conducting piston at 
distance / from the axis of the wire, then the resistance component of the 
impedance seen by the wire becomes 



where X is the wavelength along the guide. The additional factor comes 
in because of reflection of the dominant wave by the piston. On the other 
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hand the reactance represents the local field round the wire and is substan- 
tially unaffected by the piston unless it is quite close to the wire. 

The methods outlined above can be used equally well for calculating 
the mutual impedance between two parallel wires in the guide and hence 
for the solution of any problem involving a system of parallel wires. The 
above results can be generalized by assuming a sinusoidal distribution of 
current in the wire. 



Probuems 

1-1. Prove that if ^ is the angle between two directions and then 

cos ^ = cos B\ cos ^2 + sin Si sin 62 cos (^1 — ^2). 

1.2. Prove the following relations between vector components in cartesian, cylin- 
drical, and spherical coordinates: 

sin 0 cos (p + sin ^ sin ^ cos 
Ab = Ax cos 6 cos <p + Ay cos 0 sin ^ — Az sin 
A^ = -^Ax sin <p Ay cos (p\ 

Ax = Ar sin 0 cos (p + Ab cos B cos (p — A^ sin 95, 

Ay = Ar sin 6 sm <p + Ab cos ^ sin ^ + A^p cos <p, 

Az = Ar cos B — Ab sin B\ 

Ap — Ax cos <p + Ay sin A^ = —Ax sin Ay cos (p; 

Ax = Ap cos p — A(p sin Ay — Ap sin p + Ax cos p; 

Ar = Ap sin B As cos Ab = Ap cos B — Az sin B; 

Ap = Ar sin B + Ae cos By Ag = Ar cos B — Ab siri 6, 

1-3. Orthogonal curvilinear cylindrical coordinates iupjyZ) may be defined by 
means of functions of a complex variable 

u 4 - it’ = F{x + iy)y X + iy ^ f{u -f if), s = 2. 


Prove that 

= \f(u + iv) Y{du- + dv-) 4 - dzK 
1.4. Bicylindrical coordinates may be defined as follows: 

^ 4- (^ -{_ ly'^ ^ 

u + iid =- log 7 — —7-7 , x+ ty ^ a tanh — , 2 = s. 

a — {x + ty) i 


Show that 


_ {a-{~x)^ + y^ „ ^ , 

« = § log 7 7o~ T ~~i > = tan ^ — — 4- tan 

— at)" 4“y a 'T- X 

sinh u sin ^ 

^ cosh « 4- cos ^ cosh + cos 7^ ’ 


^ cosh u — cos d- 

p — X + y ^ ^ > 

a^(du^ + d^^-) 

(cosh u 4- cos t?) ^ 
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L5. Elliptic coordinates may be defined by the following equations: 

X iy = I cosh {u + i-d'). 2 = 2 , 

or 

X ^ I cosh u cos y I sinh u sin 

Show that 

= |^/-(cosh 2u — cos 2?^) (du^ + 
p2 == i/2 (cosh 2u + cos 2^}. 

The M-surfaces are elliptic cylinders 


P cosh- u ‘ P sinh^ u 


and the ^^-surfaces, confocal h} 3 >erbolic cylinders 




1 . 


P cos- ^ P sin^ 

If Pi and P 2 are the distances from the focal lines, then 

pi = /(cosh u — cos ^), p 2 ~ /(cosh u + cos z?), 

P 1 P 2 = i/-(cosh 2u — cos 2t?). 

1.6, Prolate spheroidal coordinates may be defined as follows*. 

2 + /p = / cosh (u + (p == (py 

2 = / cosh u cos t?, p — I sinh u sin 

Show that 

ds“ == /-(sinh^ u + sin^ d-) {du^ + dd-^) + P sinh^ u sm^ d- d(p^. 

1.7. Oblate spheroidal coordinates may be defined as follows: 

p + iz = I cosh {u + /^)> <p — (py 

p = I cosh u cos t?, z ^ I sinh u sin 

Show that 

ds^ == /-(cosh- u “ cos^ {du^ + d'&^) + P cosh^ u cos^ id- d(p^^ 

2.1. Prove that (cos <p i sin Kp)^ — cos rt i sin n<p. 

2.2. Prove that 

n{n “1) 

cos n(p — cos"' ip — — ^ — cos" ^ ip sin^ ^ + ' * • , 

_ n{n — l)(w — 2) 

sin n<p ^ n sin tp cos" ^ ip — — - — sin^ (p cos"“^ ^ . 


1-2-3 
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2.3. Show that 
cos^ <p 




cos n<p+n cos (w — 2)^ + — — cos (w - 4)^? + 


w(w - 1) 


where the last term is ■ 




1 •2' 


n - 1 


1 -2 


cos ^ if » is odd and 




if n IS even. Similarly if n is even, then 


1 - 2 - 


n 

2 


sm“v> = 


cos n<p — n cos (« — 2}if> + — - — - — cos (» 


1-2 


- 4V J , 


and if « is odd, then 

(— ) (n-i)/2 p 

sin" (p ■ 7 


i 


n(n - 1) 

sm — w sm (n — 2)^ d p— — sin (« 


-4)^ j . 


2.4. The even part of is called the hyperbolic cosine of x and is designated by 
cosh at; the odd part is the hyperbolic sine, sinh x. Obtain formulae for hyperbolic 
functions analogous to those in problems 2.1, 2.2, 2.3. 

2.5. Let (p,<p) and {pu<pi) be the polar coordinates of the same point with respect 

to two systems having the same polar axis. Let (7,0) be the origin of the second 
system with respect to the first. Using == — 7, show that 

« 

log Pi = log p — S “ cos p > 7, 
n-lWP 

cos -TT;; in-mpm ^qs 

m-0 Kn --171)1 

If p < 7, then p and 7 are interchanged in the first equation; the second equation 
remains unaltered. 

2.6. Obtain the following identities 

\ = /<0, — / = / < 0, 

27rtJ{c)P^ 


t, />0; 


= -:,/> 0 . 


n\ 


2.7. Let F{/) be a function which vanishes for / < 0, starts rising linearly at / == 0 
and reaches unity in r seconds; subsequently it remains constant. Show that 




r 

2-rtr J (c) 


e^'dp. 
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Note that this integral is the difference of two int^rals, each representing a linear 
function of f; one function starts from r = 0 and the other from t — t. 



2.8. Show that for the function defined by Fig. 2 

e—VT g—p(.T+T) g—viT+ir) 

'(C) 


1 r 1 

“ 2«t 


,pt 


dp^ 



2.9. Show that the spectrum of a sinusoid of unit amplitude and finite duratior 

F(/)=0, /<0; 

= cos (OJ/ + <p)i 0 < t <T; 

= 0, f>T; 


S(p) 


Note that 


where 


I Pi I 

— : : d 

4wi \_ p io> p + too 


S(p) = Si(p,<p) - e-^^Si(p,<p + ooT), 
1 / \ 



The spectrum *5*1 is independent of the duration T of the sinusoid; it is the spectrum 
of the sinusoid starting at / = 0 and continuing indefinitely. The second term in 
S{p) is a similar sinusoid, starting at / = T with just the right phase to cancel the 
first sinusoid ever after. Thus* for the semi-infinite sinusoid beginning at / = 0, 
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we have 


4t/ t/((7) \p — ici) p-\-i<aJ IttiJ^c) 


p cos — c*) sin ^ 
p2 -f“ 


dp. 


2 JO. For a circuit consisting of a resistor and an inductor in series 2 (p) = J- pL, 
If a steady electromotive force V is impressed at / = 0 and is discontinued bX t = r, 
then 


I{t) = ;^ (1 - 0 < / < r. 


and 

I{t) = J ^ 

K. 

If Rr/L is large, then for / > r 

/(/) = ^,-(RILKt-r) 

K 


1 

j 

V 



; Vr ^ 

^ r 



1 " * 


-VV\AAAMW57i?J^ 

R L 

Fig. 3 


2J1. For a circuit consisting of a resistor and a capacitor in series Z(p) = R+l/pC. 
Show that for 0 < / < T, 

V 

I{t) = - exp I 



r t and for / > r. 


o — vwvvv-|[- 
R c 
Fig. 4 


(-fc)- 


If r/i?C is large, the first term in the second equation may 
be ignored. 

From these equations obtain the electric charge in the capacitor 


- O' [exp (- - »P (- 

The electric charge could be obtained directly by the 
contour integral method if, instead of the impedance 
Z(p), we used the impediment Z(p) — pR + 1/C. 

2.12. For a circuit consisting of a resistor, a capacitor, 
and an inductor in series Z{p) = R + pL+ \/pC, 
Show that for 0 < / < r 

Vevit y^v^t 

I(t) = hit) = ^ ^ 2piL R + 2piL ’ 

where pi and pt are the zeros of Z(p), and for / > t 

m = hit) - hit - r). 


<t <T, 
t > T. 
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R _Lc 


t 

Fig. 5 
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2.13. An electromotive force 


/< 0 ; 

== V cos (o;/ + / > 0; 

is impressed on a circuit consisting of Z., and C in series. Show that 

y ^ ypi{pi cos 93—0) sin 

rr / 1 i r\rr f ? 1 


2Z(ia)) ' 2Z(-io)) ‘ 01+ c«)2)(i2H-2^iZ) 

Vp 2 {p 2 cos ^ — o) sin (p)e^^ 


+ 


Ol + a)2)(i^ + 2^2L) 


The sxim of the first two terms is the real part of this is the steady 

state term and could have been obtained directly. 

Obtain the solution for the case i? = 0 and o) = the natural frequency of the circuit. 
2.14. In a transmission line described by (2.10-3) the impressed electromotive force 
E{x) is a progressive wa/e over a section 0 < ^ < / and is zero elsewhere. 

Show that 


- s 




to 

I ^-iv+mn 

^ 1K(X + </3i) 

1 

— jy>» Tx X I' 

2K{-T + ipi) ’ ’ 

“ r* + + 2£(-r + »/3x) “ 2ii:(r + m 

I ^ g-iT-H$i)l 

= ~ ■2(r + //s,) 

1 -- 

2{-T + ipy)^ . 

— Tia J_ Xj2 "I 




0 < A? < /; 


Prove these equations first by evaluating the contour integrals and second by the 
method of section 7.9. Note that y = — fjSi is not a pole of the complete integrands 
and hence contributes nothing either when a: < 0 or when * > /; in the r^on 
0 < * < /, the int^rand must be split into two terms, and y = — is a pole and 
contributes the “ forced term." In the second method the interval (0,i) again differs 
from the remainder of the line in that when x is an interior point the definite 
integrals must be split at this point because the int^X^nds are different on its two 
sides; but when * is an exterior point such splitting is unnecessary. 

Consider also the special case = 0 when the applied electromotive force is uni- 
form, equal to E in the interval (0,1) and to zero outside this interval. 
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2.15. Consider the function shown in Fig. 6. Show that 

, (1 - + e-3yo - tf-sro -j ) ^ 

J(C) y 


rw-i.r 


^Tri Jm] 




ho 7(1 + '?“>■“) 

The poles of the integrand are given by 

7 = 0 and 1 + = 0; 

that is, 

(2m + l)7r/ . ^ „ 

To = 0, T« = , m = 0, ±1, ±2, • - • . 

a 

Hence, = 0 if ;f < 0; if a; > 0, then 

, 1 , 1 ^ 1 _ 1,2^ 1 . {2m +l)TX 

2 iZ — 00 Tn» ■JT ^=0 “p 1 ^ 

F(x) 

1 


Fig. 6 

2.16. Consider a function f(x) which vanishes identically outside the interval (0,/), 
so that 


fix) = f SMe-'^dy, ^{ y ) = -^ f /{x)e—'== dx. 


( 1 ) 


Consider a new function F(x) which vanishes identically for at < 0 and is periodic 
of period / for > 0, being equal toJ(x) in the interval (0,/)- Then, 


F(x) = r S(y) (1 +. + ^- 27 ^ + . , .)^7* ^ 


( 2 ) 


'(C) 

The poles of the integrand are 


= f 

J(0 1 — ^ 


7» = » = 0. ±1. ±2, 


F(*) = 


/ ii 




hence, for ;; > 0, 
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If /(at) is a real function, let 


so that 


Then 


(^n — ih^l 
Airi 


Siy.) 

2 Imrx . 

/(,x) COS , 

, 2 . 2mrx 

in = J J fw sin 

1 , . 2mrx\ 

F(x) = S I ^n cos — ^ + in Sin — y— 1 . 


(3) 

(4) 

(5) 


Evidently, the “ Fourier series (5) defines a periodic function in the interval 
(— CO ,00 ) and not only in (0,oo ). Equation (2), on the other hand, defines a function 
which vanishes for <0 and is given by (2) for ^ > 0. 

The coefficients am in of the Fourier series can be obtained either from the conven- 
tional formulae (4) or from (1) and (3). Thus 

an - iin Tr» 


2.17. Consider the function defined by Fig. 7 in the interval (0,/). Prove that in 
this interval 

As ^ f 2mrx . 2nTx\ 

f{x) = — + 2-) I cos -~y- + in Sin f 

where 


A 

. 2nT{d + s) 

. 2mrd^ 

— - 

sin 

— sm — — 

mr 

/ 

^ J 

A 

2nird 

2mc{d “h j)"! 

n-K 

cos cos 

/ 

/ J 




Prove also that in this interval 


As 4A 

/M = y + 


ty/ * 1 . nvs . A 

— E “ sin — cos — ( ) 

Tin 21 I \ 2/ 


cos • 


nTTX 
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Likewise, prove that in the same interval 

,, , 4^ " 1 . mrs . mr 

JW = — 2-/ - sin — sm 
TT I n 11 




sm ■ 


4.1. Show that the external inductance L, the capacitance C, and the conductance 
G per unit length of two coaxial cylinders whose radii are a and h^h> are 


27r ^ 

log- 

a 


G = 


log - 
a 


4.2. Show that for two parallel wires whose axes are separated by distance /, large 
compared with the radii, we have approximately 


L = ^Iog-^, C = 

^ \/ab 


log — 
ah 


G = 




log 


^sfah 


4.3. Show that if the radii a and b of two metal spheres are small compared with the 
distance 1 between their centers, then the capacitance is approximately 


47r€ 

, 1 2' 


4.4. Consider two perfectly conducting concentric spheres and a homogeneous 
conducting medium between them. Along some radius imagine a filament, insulated 
from the rest of the medium, and let an impressed electromotive force sustain a steady 
current I from the outer sphere to the inner. Calculate the field between the spheres, 
the impressed electromotive force, and the conductance between the spheres. What 
happens if the medium between the spheres is a perfect dielectric? 

4.5. Show that the total force exerted by an electric particle qi moving with velocity 
Vi on a particle moving with velocity V 2 is 

E, qmr 12 , mm(ri2 Xvi) Xv2 

^ . 3 * A 3 

47r€ri2 47rri2 

Show then that the force between two electric current elements of moments IiTi and 
^2^2 is 

yJil2^i2 X /i) X Tz 

-r~^ • 

4xrx2 

(An electric current element is a short filament carrying uniform current.) 

5.1. Discuss free and forced oscillations in two inductively coupled simple series 
circuits. Consider in particular the case of two high Q circuits, tuned to the same 
frequency and show that in this case there exists a critical coefficient of coupling 
% = Z 12 /VZ 11 L 22 = f/^QiQz that for k> % the current in the secondary 
circuit passes through two maxima and one minimum while for k ^ i there is only 
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one maximum. Show that if ^ the relative band width (in the same sense as 
for simple tuned circuits) is ^^ 2/0102 if Qi and Q 2 are of the same order of magnitude, 
but it is approximately 2/Qi if ^ 02 ^ 1* 

5.2. Thevenin’s Theorem: At a pair of accessible terminals any linear network 
containing one or more impedanceless generators acts as a generator whose electro- 
motive force equals the voltage appearing across the terminals when no load imped- 
ance is connected and whose internal impedance is the impedance measured between 
the terminals if ail the generators are short-circuited. Prove it. 

6.1. Consider the wave produced by an electric current element situated at the 
origin along the s-axis. Let I be the radial current flowing outward through the 
hemisphere 6 < w/l and F be the transverse voltage along a meridian (or along any 
path in the surface r = const.) from the radius = 0 to the radius ^ = x. Show 
that y and I satisfy the following transmission equations 


Jr 



t03€Tr^ 




-7 = — icaeirV, 
dr 


6.2. Consider the wave produced by a small electric current loop situated in the 
5<rj-plane at the origin. Let K be the radial magnetic current flowing outward through 
the hemisphere B < x/2 and U the magnetomotive force along a meridian from the 
radius — 0 to the radius = x. Show that K and TJ satisfy the following trans- 
mission equations 


dK 

dr 


—fco^txC/, 


d£ 

dr 


( ia)€ 2 \ 

l~ + - -] 

\ X /aj^Ltxry 


K. 


6.3. Consider two equally and oppositely charged conductors. The regions sub- 
tended by the conductors and bounded by electric lines are called tui^es of ftow\ the 
regions bounded by equipotential surfaces are equipotential layers. Show that the 
tubes of flow are in parallel with each other and that the equipotential layers are in 
aeries. Hence show that the capacitance of the two conductors is 


C= € 



where F{SyU^v) dS is the area of the normal cross-section of a typical elementary tube; 
s is the distance along the lines of flow, and v are the coordinates of a point on one 
of the conductors. 

The corresponding formula for the conductance is obtained if e is replaced by g, 

6.4. Assume a conducting cylinder of radius a^ placed in a uniform electric field 
normal to the axis of the cylinder. Find the charge distribution on the cylinder. 

6.5. Assume a conducting cylinder of radius a and a uniformly charged filament 
parallel to the cylinder at distance / from the axis. Find the field when the charge 
per unit length of the cylinder is equal and opposite to that on the filament. Consider 
two cases. (1 ) the filament is outside the cylinder, (2) the filament is inside the cylin- 
der. 
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6.6. Assume a circular cylinder of radius a whose permeability is placed in a 
medium with permeability no normally to a uniform magnetic field. Find the field 
inside the cylinder and the reflected field outside the cylinder. 

6.7. Solve 6.4 if the cylinder is replaced by a sphere. 

6.8. Solve 6.6 if the cylinder is replaced by (I) a sphere, (2) a spherical shell. 

6.9. Solve problem 6.6 if the cylinder is replaced by a cylindrical shell. 

7.1. Show that the admittance seen by the generator in Fig. 7.4 is 

Y=^^{K cosh rf + Zi sinh ra[Ji: cosh !(/ - ^) + Za sinh r(/ - $)] 
and that the impedance seen by the generator in Fig. 7.S is 

2 ^ = — sinh + Zi cosh r|][X* sinh r(/ — ^) + Zo cosh r(/ — ^)]. 

7.2. ODnsider a transmission line of length /, terminated at both ends into its char- 
acteristic impedance and let the impressed series voltage per unit length be 
where x is the distance from one end. Find the transverse voltage and longitudinal 
current 



7.3. Let Zi be connected in shunt with a line at distance / from the input terminals 
and let the line be terminated in Z 2 at distance h beyond Zi. Find the input imped- 
ance by two methods: (1) using (7.6-2) or (7.6-6), (2) using (7.11—11). 

7.4. An attenuator is a device which, when inserted in a transmission line, absorbs 
power without introducing reflections. Design a symmetric T-type attenuator and 
calculate the attenuation ratio. 

7.5. Design an attenuator, using series resistors only. 

7.6. Discuss resonance in a non-dissipative transmission line shorted at one end 
and terminated into a capacitor at the other end. Show that if the terminal capaci- 
tance Cl is small compared with the total d-c capacitance Cl of the line, then the 
longest resonant wavelength is 4(7+ /i), where Ci = C/i. 

7.7. Treat the problem of section 7.8 by another method. Starting with the im- 
pedances Zx, and Zr looking respectively to the left and to the right from the genera- 
tor, determine (in the case shown in Fig. 7.4) i^(? + 0) and Vi}; — 0) in terms of 
/(^); then use (7.4-10) to obtain the voltage and current distribution. Treat simi- 
larly the case shown in Fig. 7.5. 

8.L Consider n parallel thin wdres and let Em be the electric intensity' impressed 
uniformly on the mth wire. Show that the currents in the wires may be obtained 
from 

2^ ZmjJk == Emy = 1, 2, • • ' K, 

k 

where Zm,m is the sum of the internal and external impedances of the mxh. wire and 
Zmk = {l/lTr)iui^KQ((xlmk)y where Imk is the interaxial distance between the wires. 
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Discuss the special case of two equal wires energized in parallel (Ei = E 2 ) and in 
push-pull (El = — £2 = |jE). Show that if the interaxial separation in the latter 
case is small, then E = [2Zf + log //a]I, where Zi is the internal impedance 

per unit length of each wire, 

8.2. Prove that in the case of three equal, perfectly conducting, equispaced, coplanar 
wires, energized in parallel (Ei = E 2 = E 3 ) the approximate ratio of the current in 
the middle wire to that in either of the other wires is 1 — log 2/log Ija^ where I is the 
distance between adjacent wires and a is the radius. 

8.3. Prove that if the interaxial distances between three equal, parallel wires are 
small and if E2 - £3 = 0, then /2 + /s — —-^1 and a larger fraction of the total 
current flows in the wire nearest to the first wire. 

8.4. Show that the inductance of a solenoid of radius <2, coaxial with a perfectly 

conducting shield of radius ^ is Z. = — — I 1 — ~ 1 , where / is the length, S the 


area of the cross-section of the solenoid, and N is the total number of turns. Show 
that the circulating current in the shield is opposite to that in the solenoid and that 
the current ratio is 

8.5. Obtain the exact expressions for the internal impedance of a conducting cylin- 
drical shell: (1) with an external return, (2) with an internal return. Obtain the 
transfer impedance. 

8.6. Taking into consideration only the principal wave discussed in section 8.14, 
obtain the expressions for the input impedance and the current in a large circular 
loop and in a rhombus fed at one of its vertices, 

8.7. Consider an infinitely long electric current filament, carrying current 7, and 
a conducting cylinder of radius a whose generators are parallel to the filament. Find 
the current distribution and the power dissipated in the cylinder on the assumption 
that the distance / between the filament and the axis of the cylinder is small. In 
particular consider the high frequency case when the current is near the surface of 
the cylinder, 

8.8. Discuss the dominant transverse magnetic wave in a rectangular wave guide. 

For this wave magnetic lines form a single set of loops (Fig. 6.20) and the longitudinal 
electric intensity has only one maximiim. Obtain the expressions for the field, the 
longitudinal current, and the transverse voltage between the axis and the walls of 
the guide. Show that the cut-off wavelength is Xc = and that the 

attenuation constant a= 291 (a^ + P)/[ 7 ja^(a^ + P)^l — where — X/X^. 
Obtain the integrated impedances 


4(^2 64(^2 


AahK^ 


where the wave impedance at a typical point \s Kz — 77 V"l ~~ p\ 

8.9. In problem 8.8 the longitudinal propagation constant vanishes when X = 
and then the electric lines become parallel to the guide. Assuming two conducting 
planes normal to these lines, we obtain a parallelopipedal cavity with free oscillations 
in it. Show that the eneiigy content is TT = where c is the dimension 

of the ca%d ty parallel to E and F is the maximum voltage amplitude. Show that the 
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total power loss in the cavity and the Q are 

4,2 2t \P ayj ’ ^ - 91X[1 + + r»)l * 

If l> = then Q = Tr}c/3i + 2^:). 

8.10. Discuss circular magnetic waves (that is waves with circular magnetic lines) 
in a circular tube. Find the field and show that the cut-ofF frequencies are 
Xc.m = where km is a typical zero of Jo(x). For the lowest cut-offXc = 1.3 

d = 0.76Xc 5 where d — 2a^ Show that the attenuation constant is a = I — 

and that 


— 


47r^ 


Ky,,^ 


K, 


2xrkJ,{k) * 


Ks = TjV'l - 


For the lowest mode Ky, j ^ 48 V 1 — and Kjy, j = 30 V I — if the tube is filled 
with air. 

8.11. Show that the cut-off frequencies of circular electric waves are given by 
Xc,m ~ iTca/km^ where km is a non-vanishing zero of Ji{x), For the lowest mode 
Xc == 0.8204f. Obtain the attenuation constant a = SlvV'^J^Vl — v-. 

8.12. Discuss circular magnetic waves in perfect dielectric “ "wires.” 

9.1. Obtain the radiation intensity and the power radiated by a uniform current 
loop of any radius a: 

^ = \STr(fia)H^j\(^a sin B)y 


W = 30T^^ar 


J ^2pa 
0 


9.2. Obtain the radiation intensity and the power radiated by the condenser antenna 
(by a pair of parallel circular places, energized from the axis of the condenser 
-so formed): 


W 

480 



du 


9.3. Calculate the power radiated from an open end of a coaxial pair. W = 

/ S 

rv; rr l where V is the voltage across the open end. 

360 \X^ log hi a / 

9.4. Obtain the radiation Intensity of a rhombic antenna in free space. Consider 
the case in which prc^ressive waves are established in the antenna and assume that 
the amplitude is unaffected by radiation. 

10.1. Prove the orthogonality of the ^-functions corresponding to regions enclosed 
by perfectly conducting cylindrical surfaces; that is, show that 2iT2 dS = 0, 

where (S) is the cross-section of the cylindrical guide and T^i, Ts are functions corre- 
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spending to the same boundary condition (T = 0 or dT/dn = 0) but to different 
values of x- 

10.2. Consider a uniform plane wave impinging on a conducting wire of small radius 
a in such a way that H is normal to the wire. Let the angle between the wire and 
the direction of the plane wave be arbitrary. Find the scattered wave and the current 
in the wire. 

10.3. Study the normal incidence of a uniform plane wave on a homogeneous cylin- 
der with arbitrary electromagnetic properties and of arbitrary radius a. Consider 
both cases: (1) Eis parallel to the cylinder, (2) H is parallel to the cylinder. 

10.4. Consider the problem of reflection of uniform plane waves from a perfectly 
conducting sphere. Find the reflected field and study some special cases. 

10.5. Consider a perfectly conducting sphere and a current element in the direction 
of some radius. Find the field. 

10.6. Solve the preceding problem for a small electric current loop coaxial with 
some radius. 

10.7. Obtain the field of a typical transverse current element in a metal tube of 
circular cross-section. 

10.8. Consider a cylindrical cavity of radius a and height h and inside it a uniform 
electric current filament parallel to the axis of the cavity. Find the impedance seen 
by the filament. 

10.9. Prove that Kq (ap) = I — z ^ < 0> where P = Vtr^ — 7®. 

2i t/ (O') r 

11.1. Consider two conducting wires of length / normal to a conducting disc large 
enough to ensure almost complete reflection. Show that at the principal resonance 
such a structure behaves as a simple (that is, single transmission mode) line of length 
4 short-circuited at one end and terminated into an admittance G + icoCy where 
G = 607rr/K^\' and C — lea + 60 (j — a)/K^voy s being the distance between the 
axes of the wires and K the characteristic impedance. Show that the resonant wave- 
length is approximately X = 4/ + 4:VqCK = 4/ + (S/tt) a log {s/a) + 240 {s — a)/K. 

12.1. Find an approximate expression for the reactance of the iris shown in 
Fig. 12.11 to the dominant wave in the frequency range between the absolute cut-off 
and the next higher when all faces of the wave guide are conductors. Consider the 
case in which the E-iines are parallel to the edges of the iris and then the case in which 
they are normal. Show that in the first case the iris possesses an inductive reactance 
and in the second capacitive. 

Questions and Exercises 

1. What is the capacitance of a sphere of radius 1 cm. in free space? 1.1 p/xf. 

2. What is the magnetic intensity inside a conducting wire of radius a carrying 
a uniform current /? Ip/lica^. 

3. What is the internal magnetic energy per unit length of a wire carrying a uni- 
» formly distributed current? |Lt/4 where Li = p/Sir. 

4. What is the internal inductance of a copper wire ? An iron wire whose relative 
permeability is 100? 0.05 ph, 5 ph per meter. 
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5. What is the capacitance between parallel plates in air, one miliimeter apart, 
if the radius of each plate is 10 cm? 278 fjLfif (except for the edge effect). 

6. W hat is the capacitance in Ex. 5 if mica is inserted between the metal plates ? 

7. What is the capacitance per meter of a coaxial pair, with air between the cylin- 
ders, for the diameter ratio e? What is the inductance? 55.6 /i/zf, 0.2 /ih. 

8. Estimate the external inductance of a circular loop of radius made of wire 
of radius a. yJ? log bla. 

9. What is the approximate resistance of a 40 watt electric bulb.-? 

10- What is the motional electromotive force developed in a rectangular wire loop 
rotating in a uniform magnetic field with the frequency o) radians per second ? As- 
sume that initially the plane of the loop is normal to the field and that S is the area 
of the loop. ESiii sin c*j/. 

11. What is the order of magnitude of the Q of coils employed in radio communica- 
tion ? The !? of a coil is defined as the ratio coLIR where R is the resistance of the coil. 

12. The power J actor of a capacitor is defined as the reciprocal of its 0 = 0 i>C/Gy 
where G is the conductance of the capacitor. What is the order of magnitude of the 
power factor of capacitors employed in radio communication ? 

13. What is the resonant frequency and the characteristic impedance of a circuit 
in which L == 10 mh, C = 100 ypiff f — (l/2ir)10® =159 kilocycles per second, 
K ** 10,000 ohms. 

14. Let the Q of the circuit in Ex. 13 be 200. What is the series impedance (1) at 
resonance, (2) at twice the resonant frequency, (3) at half the resonant frequency ? 
50, 50 + /15,000, 50 - /15,000 ohms. 

15. In Ex. 14 what is the shunt impedance (the impedance measured across the coil 
or the capacitor? (1) at resonance, (2) at twice the resonant frequency, (3) at half 
the resonant frequency? 2 X 10®, 22 — /6667, 22 + f6667 ohms. 

16. In the case of natural oscillations in the above circuit how long would it take 
for the amplitude to decrease by 1 neper? 400 microseconds. 

17. In the case of natural oscillations what is the rate of decay in nepers (1) per 
second, (2) per radian, (3) per cycle? w/2|2, l/^& '^/Q- 

18. In a series resonant circuit, what is the approximate ratio of the current at 
resonance to that at twice (or half) the resonant frequency? ISQ. 

19. In a parallel resonant circuit, what is the approximate ratio of the voltage 
across the capacitor at resonance to that at twice the resonant frequency ? 

20. What is the radiation resistance of a wire one meter long, energized at the 
center, when Xo == 10 m? 1.97 ohms. 

21- What is the electric intensity at distance 100 km from a current element radi- 
ating 10 watts in free space? 300 microvolts per meter. 

22. In Ex. 21 assume that the current element is at the ground surface (assumed to 
be a perfect conductor) and normal to it. What is the intensity ? 424 microvolts 
per meter. 

23. What is the electric intensity if the current element is replaced by a small cur- 
rent loop ? 

24. Estimate the capacitance between the outside surfaces of a capacitor formed by 
two parallel circular discs of radius distance h apart (the external capacitance of 
the dis:s). Assume h. Roughly ea log afh. 
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25. What is the reflection coefficient in the case of two to one impedance mismatch ? 

26. What is the amplitude of the reflection coefficient if the line is terminated into 

+ 0.45. 

27. What is the resonant impedance of a dissipative quarter wave section of a trans- 
mission line short-circuited at the far end ? AK/olK. 

28. Express the answer in Ex. 27 in terms of the series resistance R per unit length, 
assuming that there are no shunt losses. 2>K^/R\, 

29. Express the shunt conductance by an equivalent series resistance. GK\ 

30. Express the quarter wave resonant impedance in Ex. 27 in terms of the Q. 
(4/x)A-0. 

31. What is the Brewster angle when the ground Q is unity When Q is small,? 
When Q is large ? 



32- What is the Q of an air-fllied cylindrical resonator of radius 20 cm and height 
5 cm, assuming copper walls ? 

33. Show that for an air-filled cylindrical cavity Q — kh\^\Q/{a + A), where 
k — 13V 

34. Calculate the longitudinal electric intensity in a coaxial pair having air as 


the dielectric. Ez = 


60/ / 


K 




0 


. Za log - 4- Zft log ~ ) where Za and Z^ are the internal 
P 

impedances of the cylinders. 

35. How does the total longitudinal displacement current between coaxial cylinders 
compare with the conduction current in the inner cylinder.? 

36. If the diameter of the outer cylinder is fixed, what is the diameter ratio for 

h a b 

which the attenuation is minimum ? log “" = 1 + 7 > ~ = 3.59. 

a b a 

37. What are the conditions for maximum Q \n 2 i coaxial section when the diameter 
of the outer cylinder is small compared with the length of the section .? 

38. What is the approximate Qoi single circular turn of wire if the radius of the 
wire is a and that of the loop b} Q = (fia log b/a)ril3l. 

39. What is the approximate 0 of a doublet antenna assumed so short that radiation 

losses can be neglected .? Q ^ 


3aKf 21 \rj 


40. What is the expression for the maximum received power IVr in terms of the 
power radiated by the transmitter? PFr = (l/167r^)gi^2(XA)^^<« If the direc- 
tivities are measured with respect to short doublets, then fFr — 0.0l42gig2Q</r)Wt. 
In terms of the effective areas of the receiver and transmitter, W^/TVt = 
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SYMBOLS USED IN TEXT NOT INCLUDED IN 
TABLE I, PAGE 61 


PAGE 

/; frequency in cycles per 


second 21 

i\ imaginary unit ' 14 

ki impedance ratio 212 

pi oscillation constant 23 

p (with subscript): trans- 
mission coefficient 211 

q (with subscript): reflec- 
tion coefficient 210 

VI wave velocity 23 

A : magnetic vector poten- 
tial 128 

j 8: susceptance == im(Y) 27 

Cl Euler’s constant 48 

Fi electric vector potential 128 

Gi conductance = re(y) 27 

Qi of a medium 83 

Qi of a circuit 115 

Ri resistance = re(Z) 27 

* W : power 

X: reactance = im(Z) 27 


PAGE 


ai attenuation constant = 

re(r) 23 

jfl: phase constant = im(r) 23 
rii intrinsic impedance S'! 

X: wavelength 23 

VI frequency ratio 317 

f : growth constant == re(^^ 22 

cr: intrinsic propagation 

constant 81 

X (with subscript) : transfer 

ratio 206 

w : angular velocity 

= im(^) 21 

F: propagation constant 23 
A: Laplacian 12 

radiation intensity 333 

complex power 31 

4^: stream function 174 

0: solid angle 161 

* work or energy 
9?: intrinsic resistance 82 


* No page references are given for and g since their exact significance varies somewhat 
from one formula to another. In each case the symbol is clearly defined in the context. 




INDEX 


Absolute cut-ofF, 155 
polarization, 93 
value, 15 

Absorption of plane wave by thin 
plate, 247 
Admittance, 27 
coefficients, 103 

expansion in partial fractions, 121, 
123 

in shunt with rectangular guide, 
493 

uniform line, 212, 217 
terms of complex power, 31 
of parallel circular discs, 481 
Ampere’s law, 66, 101, 149 
Amplitude, IS, 21 

distribution function, 376, 383 
Angle of incidence, 252 
reflection, 253 
refraction, 255, 257 
total internal reflection, 256 
Angular points, 143 
Antenna theory, 44 Iff 
Arrays, of radiators, 335iF 
broadside, 342, 345, 348, 352 
continuous, 347, 348, 351 
end-fire, 342, 345, 351 
linear, 342 
rectangular, 353 

with assigned null directions, 
350 

binomial amplitude distribu- 
tion, 349 

nonuniform amplitude distri- 
bution, 349 

uniform amplitude distribu- 
tion, 342 

Associated Legendre functions, 45, 
53, 402, 474 


Attenuation constant, 23, 82 

expressed as power ratio, 196 
for chain of transducers, 109 
circular guide, 324, 390, 509 
conductors, 89 

deformed circular guide, 398 
rectangular guide, 318, 321, 
388, 389, 508 

TE-waves in wave guide, 
387 

TM-waves in wave guide, 
386 

uniform line, 196, 197 
unit of, 26 

in cylindrical shields, 304 
magnetostatic shields, 308 
loss, 304 
ratio, 314 
Attenuators, 507 

Average characteristic impedance ot 
antennas, 462 
cylindrical -wires, 293 
power, 31 

for plane waves in cylindrical 
guides, 385 

spherical waves, 403, 405 
uniform linear 191 

Baffles in wave guides, 392 
Bedell, F., 480 
Bel, 25 

Bending of wave guides, 324 
Bessel functions, 45ff 

expansion in Fourier series, 
300 

Biconical antennas, 441flF 
nonsymmetric, 470 
Bilinear functions, 17, 199 
Boundary conditions, 46 ^^ 



518 


INDEX 


Boundary conditions, at interface 
between two media, 
73,88, 157, 164, 172 
for perfectly conducting cyl- 
inders, 383 

Brewster angle, 253, 260, 512 

Capacitance, 27, 64 
coefficients, 165 
of concentric spheres, 64, 436 
cylindrical wire, 290 
parallel plates, 100 
sphere, 64 

spherical caps on antennas, 

465 

thin circular wire, 182 
two conductors, 506 
spheres, 505 
wedge, 181 
sheet, 270 

Capacitors, 27, 98, 99, 511 
representing system of conduc- 
tors, 166 

Cauchy-Riemann equations, 180 
Cavity resonators, coaxial pair as, 
280 

conical, 288 
cylindrical, 267, 437 
parallelopipedal, 508 
spherical, 294, 298 
Characteristic admittance, 198 
See Characteristic impedance 
constants of uniform line, 195 
impedance, 81 

of bent wave guide, 326, 328, 
329 

chain of transducers, 110 
coaxial cylinders, 244, 276, 
277 

cone line, 287, 473 
conical antenna, 450, 454 
cylindrical wire, 290 
inclined wires, 293 
laminated medium, 315 
plane wave between parallel 
Strips, 243 


Characteristic impedance, of series 
circuit, 115 
tapered line, 222 
uniform line, 193 
velocity, 76, 82, 256 

wavelength, 82 

Circular aperture in absorbing 
screen, 356, 367 
electric waves, 298, 390, 509 
magnetic waves, 294, 441, 509 
wave guides, 322, 389, 411, 483 
Circularly polarized waves, 249 
Circulating current sheet, 273 
waves, 328, 409 
Circulation, 7 

Closed line, see Short-circuited line 
Coaxial cones, TEM waves on, 286 
cylinders, characteristic imped- 
ance of, 244 

distributed constants of, 505 
half wavelength section of, 280 
natural waves between, 390 
TEM waves between, 275 
TM waves between, 418 
uniform cylindrical waves be- 
tween, 269 

Coils wound on magnetic cores, 310 
Complementary current waves, 449^ 
450, 466, 470 
Complex numbers, 14 
point functions, 6 
potential, 179ff 
power, 31 

for transducer, 106 
uniform cylindrical wave, 262 
line, 191 
plane wave, 245 
flow, 79 

Poynting vector, 80, 249, 250 
space factor, 335 
spectrum, 35 

stream function, 179, 183 
variables, 14 
functions of, 179 
Concentric spheres, 63, 90 
waves between^ 435 
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Conductance, 27, 62 
of large spherical antenna, 475 
Conductivity, 60 
Conductors, 60 
intrinsic constants of, 83 
in dielectric medium, 159 
Cone of constant phase, 409 
silence, 337 

transmission line, 287, 472 
Conical antenna, 441fF 
waves, 432 

Conjugate complex power, 106 
numbers, 16 

Constant current generator, 204, 
228 

voltage generator, 204, 229 
Contact forces, 70 
Contour (C) in propagation con- 
stant plane, 41, 43 
integrals for step and impulse 
functions, 34 
lines and surfaces, 3 
Convection current density, 68 
Coordinate lines and surfaces, 9 
systems, 8 

bicylindrical, 497 
curvilinear cylindrical, 497 
cylindrical, 8 
elliptic, 498 
rectangular, 8 
spherical, 8 
spheroidal, 498 
Cornu’s spiral, 362, 363, 367 
Coulomb’s law, 64, 70 
Crehore, A., 480 
Critical frequency, 281 
Crosstalk, 236, 279 
Curl, definition, 7 

differential expressions for, 11 
Current distribution, in antennas, 
449, 466 

distant field of, 331 
field of, 126ff, 139 
in circular guide, 323 
cylindrical cavity, 268 
nonuniform line, 208 


Current distribution, in rectangular 
^ide, 321 
uniform line, 200 
sheets, 74, 76, 244 
as shunt generators, 245 
field of parallel, 245 
transfer ratio, 108,r206, 223 
Currents across a closed surface, 72 
Curvature effect, 324, 391, 435 
Cut-off frequency, 113 

for bent wave guide, 329 
circular guide, 151, 323, 390 
coaxial cylinders, 391 
cylindrical guide, 384 
dielectric wires, 427 
rectangular guide, 317, 387 
TE waves, 381 
TM waves, 377, 387 
triangular guide, 394 
wavelength, 152, see Cut-off fre- 
quency 
Cycles per second, 21 
Cylindrical antenna, input imped- 
ance of, 461, 463 
cavity with coaxial plunger, 272 
guided waves, 430 
shields, 304 
wave guides, 383ff 
waves, 24, 260, 312, 406, 410, 430 

Decibel, 25 
Dielectric constant, 63 
loss, 440 

plate, waves over, 428 
wires, waves in, 425 
Differential invariants, 12 
Diffracted field, 266, 355 
Diffraction by narrow slit, 274 
by thin wire, 266, 315 
Fraunhofer, 365 
Fresnel, 365ff 
Direct capacitance, 167 
Direction components, 2 
Directional derivatives, 4 
Directive gain, 335, see Directivity 
pattern, 335 
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Directivity, 335 
of electric current element, 336 
loop, 338 
horns, 362 
end-fire array, 346 
vertical antenna, 339 
wave guide as radiator, 360 
Disc transmission line, 261, 471 
Discontinuities, continuous distribu- 
tion of, 208 

in wave guides, 482, 491 
moving surface, 75 
Displacement, 64 
current density, 67 
density, 62, 63 

Distributed constants, of medium, 81 
uniform line, 112 
see Transmission equations 
mutual admittance, '235 
impedance, 235 
Divergence, definition, 6 
differential expressions for, 10 
Dominant transmission mode, 156 
wave, 281 

between coaxial conductors, 
420 

impedance sheets, 488 
in biconical antennas, 442 
circular guide, 322, 390 
rectangular guide, 316, 387, 
410, 508 

Double layer of charge, 160, 180 
mode transmission line, 250 

Eccentricity effect, 285 
Edge effect, 358 
Effective area, 360, 365 
Electric current density, 60, 68 

on perfectly conducting sheet, 
157 

element, directive properties of, 
336 

distant field of, 133 
field of, 129, 412flF 
moment of, 129 
radiation from, 133, 334 


Electric current filament, 75, 175, 
264, 300 

inside metal tube, 424 
loop, 70, 98 

directive properties of, 338 
distant field of, 163 
equivalent to magnetic 
double layer, 162 
field of, 163 
impedance of, 144 
inductance of, 68, 293, 312 
inside sphere, 298 
radiation from, 147 
sheet, 74, 158 
strip, field of, 303 
horns, 360ff 
intensity, 60 
radiation vector, 332 
Electrically oriented waves, 407 
Electrolytic cell, 70 
Electromagnetic constants of me- 
dium, 81, 84, 85 

equations, see Maxwell’s equa- 
tions 

field in terms of two scalar wave 
functions, 382 
radiation vectors, 333, 
induction, laws of, 66 
quantities, table of, 61 
Electromechanical impedance, 27 
Electromotive force, 60 

of self-induction, 68, 99 
Electrostatic fields, 159 
induction, 62 
potential, 159 
reciprocity theorem, 166 
EUiptically polarized waves, 249, 
378, 382, 407 

End effects in antennas, 465 
Energy content of cylindrical cavity, 
268, 508 
densities, 78 

of system of parallel wires, 176, 
177 

stored in cylindrical resonators, 
438 
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Energy, theorems, 77 

for harmonic fields, 79 
nondissipative lines, 239 
stationary fields, 168 
uniform lines, 191 
Equiamplitude planes, 88 
Equiangular spirals, 22 
Equiphase planes, 88, 256, 282 
surfaces, 6, 24, 415, 432 
Equipotential layers, 506 
lines, 378, 382 
surfaces, 169, 283 
Equivalence theorem, 158 
for stationary fields, 164 
uniform lines, 217 
Euler’s constant, 48 
Exponential functions, 18 
integral, 56 
oscillations, 19 
waves, 39, 86, 282 
Exponentially tapered line, 222 
External capacitance, 263, 511 
impedance, 98 

of infinite plane strip, 266 
thin wire, 263 

inductance of a finite wire, 263 
loop, 146, 511 

Factorial, generalized, 47 
Faraday, M., 63, 65 
Faraday’s law, 66, 98, 101, 149, 150 
Field slice, 76, 78 
Filters, 112fF 
band pass, 114 
high pass, 113, 151, 155, 223 
low pass, 113 

Force between two charges, 64, 70 
moving charges, 505 
on moving charge, 72 
Forced oscillations, 29 

in simple parallel circuit, 
119 

series circuit, 115 
waves, 40 

in dielectric wire, 428 
metal tube, 423 


Fourier integral, 32, 35 
series, 32, 503, 504 
Fraunhofer diffraction, 365 
Free oscillations, 29 
space constants, 82 
Frequency, 21, 26 
ratio, 317, 378, 381 
Fresnel diffraction, 365ff 
integrals, 57, 361, 363 
zones, 367 

Fringing capacitance, 272 
Functions of position, 3 
Fundamental electromagnetic equa- 
tions, 60fF 

Gain, 335 

in logarithmic units, 336 
terms of solid angle, 351 
of broadside arrays, 348 
electric current element, 337 
loop, 339 

end-fire arrays, 346 
General radiation formula, 333 
Generator impedances, 107 
Generators, 68, 70 
in phase, 141 
push-pull, 140, 143, 189 
of infinite impedance, 189, 190 
202, 217, 228, 478 
zero impedance, 189, 190, 201, 
217, 229 

Gior^, G., 60 
Gradient, definition, 4 

differential expressions for, 10 
Green’s function, 33 
theorems, 12, 168, 176, 384 
Ground conductivity, 469 
effect, 337, 353 
Growth constant, 22 

Haukel functions, 49 
Harmonic oscillations, 21 
High frequency impedance of uni- 
form line, 233 

resistance of finite wire, 264 
metallic conductor, 264 
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High frequency resistance of parallel 
wires, 284 

impedance field, 307 
Q circuits, 117, 119, 120, 505 
dielectrics, 318 
Hobson, E. W*, 53, 406 
Hollow metal sphere, 294, 298 
Huygens, C., 357 
source, 354 

distant field of, 366 
Hybrid waves, 154 
Hyperbolic functions, 499 
Hypergeometric functions, 53 

Images, method of, 169 

of various elementary sources, 
171 

Imaginary part of complex number, 
14 

unit, 14 
Impedance, 27 
circle, 199 

coefficients, 102, 313 
concept, 26, 319, 480 
coupled, 228 

diagram for conical antenna, 457, 
459 

input, see Input impedance 
in series with line, 211, 217 
terms of complex power, 31 
matching, 136, 211, 219, 232 
mismatch, 232, 305 
normal to conducting plate, 246 
interface, 89, 252 
surface, 80, 483 
thin film, 483 
of a loop, 99, 146 
ratio, 212, 258, 304, 320, 487 
of two current filaments, 308 
metals, 305 

seen by transverse wire in rectan- 
gular guide, 494 
sheets, 74, 80, 431, 484ff 
Impedances, diagrammatic repre- 
sentation of, 28 
Impediment, 27, 480 


Impedors, 26, 97 
in parallel, 101 
series, 101 

Impressed currents, 68, 138, 189 
electromotive force, 68, 189 
field, 157 
forces, 70 
potential, 164 
Impulse function, 31, 413 
Incident wave, 252, 254, 431 
Inclined wires, 292, 469 
Index of refraction, 83 
Indicial admittance, 34 
Induced admittance, 229 

current theory of shielding, 
307 

impedance, 228 
Inductance, 27 

coefficients of parallel wires, 177, 
179 

of cylindrical wire, 290 
loop, 68, 293, 312 
solenoid, 273, 508 
thin circular wire, 183 
two cylindrical wires, 284 
Induction theorem, 158, 355, 357 
for stationary fields, 164 
uniform lines, 217 
Inductively coupled circuits, 505 
Inductor, 27, 98, 99 
Infinite current sheet, 379, 382 
impedance sheet, 74, 246, 483, 
489 

Infinitely long wire, 262, 417 
Initial phase, 21 

Input admittance, expansion in par- 
tial fractions, 121, 232 
of coaxial cylinders, 420 
conducting plate, 247 
conical antennas, 454 
infinite wire, 418 
parallel wires, 423 
series circuit, 116, 117 
uniform line, 198, 232 
wedge line, 274 
impedance, 42, 107, 481 



INDEX 


523 


Input impedance, expansion in par- 
tial fractions, 121, ‘232 
of antenna inside sphere, 295 
antennas of arbitrary shape, 
459ff 

chain of transducers, 108 
conical antennas, 447, 449, 
4S4fF 

resonator, 289 

cylindrical antennas, 461, 463 
infinite wire, 291 
loop in spherical cavity, 299 
nonuniform line, 206 
parallel circuit, 119 
strips, 490 
terminated line, 228 
uniform line, 197, 232 
Insertion loss, 309 
Instantaneous energy fluctuations, 
118 

Integral cosine and sine functions, 
56 

Integrated characteristic imped- 
ances, 319, 320, 324, 
508, 509 

Intensity ratios, 26 
Internal capacitance of parallel 
discs, 263, 272 
impedance, 98, 263 

of conducting wire, 264, 277 
inductance of finite wire, 263 
Intrinsic impedance, 76, 81 
propagation constant, 81 
reactance, 82 
resistance, 82 
Inverse impedance, 198 
points, 16 

terminal impedance, 452, 453, 457 
Iris in wave guide, 492 
Irregularities in wave guides, 490 
Isotropic medium, 62 
Iterative structures, 108, 236, 312 

Jahnke and Emde, 48 

Kirchhofif’s laws, 101, 102 


Lagrange, J. L., de, 61 
Laminated conducting cylinders, 
279 

shields, 309, 312fF 
Laplace transform, 35 
Laplace’s equation, 164, 173, 179, 
283, 383 

Laplacian, 12 
Large distance, 132 
Legendre functions, 54, 401, 402 
of fractional order, 447fF 
Level lines and surfaces, 3 
Line integral, 7 

source, uniform, 174 
Linear differential equations, solu- 
tion of, 19 

Linearly polarized waves, 248, 378, 
382 

Lodge, O., 480 
Logarithmic derivative, 18 
of generalized factorial, 48 
increment (or decrement), 22 
spiral, 22 

Lorentz, H. A., 128 
Low frequency capacitance of paral- 
lel discs, 263 

resistance of finite wire, 263 
impedance field, 307 

MKS system of units, 60 
Magnetic charge, 69 
current, 66 
density, 66, 69 

element, vector potential of, 
131 

filament, 75 
sheet, 74, 158 
strip, field of, 303 
displacement, 65 
current, 68 
doublet, 70 
field, 64 
flux, 65 
density, 65 
intensity, 65 
lines, 64 
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Magnetic pole, 69 
radiation vector, 332 
shields, 305 

Magnetically oriented waves, 407 
Magnetomotive force, 66 
Magnetostatic double layer, 162 
potential, 159 

of electric current loop, 162 
shielding, 308 

Major radiation lobe, 343, 347, 350 
Matching of impedances, 136, 211, 
219, 232 
resistance films, 483 
Mathieu equation, 394 
Maxima and minima of superposed 
waves, 215 

Maximum received power, 136, 218, 
512 

Maxwell, J. C., 66 
Maxwell's equations, 70, 81 
differential form of, 73 
integral form of, 69 
special forms of, 94 
Mechanical impedance, 27 
Modified Bessel functions, 50 
Modular constant, 385 
Modulus, 15 

Moment of current distribution, 
134 

current element, electric, 129 
magnetic, 162 

Motional electromotive force, 68, 71 
Multiple reflections, 224 
transmission lines, 235 
Mutual admittance, 105, see Mutual 
impedance 

electrostatic induction, coeffi- 
cients of, 166 

Mutual impedance, 102, 105 

in terms of mutual power, 107 
of antenna and sphere, 295, 299 
current elements, 134 
loops, 145, 146 
terminated lines, 228 
inductance of current loops, 146 
power, 106, 137, 372 


Mutual radiation resistance of cur- 
rent elements, 138 
loops, 145, 339 

Natural frequency, see Natural oscil- 
lations 

oscillation constants, see Natural 
oscillations 
oscillations, 29 

in cylindrical cavity resonators, 
267, 437 

hollow metal sphere, 296, 
299 

simple series circuit, 118 
slightly dissipative network, 
122 

uniform lines, 229, 232 
propagation constants, see Natu- 
ral waves 

waves, 40 

between coaxial cylinders, 390 
parallel impedance sheets, 
485 

in circular guides, 389 
cylindrical guides, 383 
dielectric plates, 429 
multiple lines, 235 
rectangular guides, 387 
Neper, 25 
Networks, lOOfF 
Neumann number, 424 
Nondissipative medium, constants 
of, 82 

Nonharmonic current distribution, 
138 

Nonuniform lines, 205, 437 

first order corrections for, 
209 

terminated section of, 237 
wave functions for, 207 
with constant r, 210, 238, 291, 
460 

Null directions, 343, 347 

Oblique incidence, 251, 358 
Ohm's law, 60 



INDEX 


525 


Onc-directlonal wave in nondissipa- 
tive medium, 245 
uniform line, 203, 218 
Open end of wave guide, radiation 
from, 359 

line, 194, 198, 200, 219, 231, 233, 
237 

Optimum thickness of conducting 
shell, 278 

Orthogonality, 509 
Oscillation constant, 23, see Natural 
oscillations 
mode, 156, 234 

Output impedance, 107, 206, 460 

Parallel circuit, 119, 120, 511 
conducting strips, 243, 490 
bending of, 324, 328 
current filaments on cylinder, 302 
cylinders, 283, 284 
impedance sheets, 484 
planes, surface charges on, 91 
waves between, 261, 411 
plates, 99 

wires, constants of, 505 
currents in, 507 
energized in push-pull, 140, 143, 
422, 508 

mutual impedance of, 372 
potentials for, 141 
power radiated by, 372, 373 
transmission equations for, 149 
waves on, 39, 72, 283, 320, 421 
Partial diiferential equations, reduc- 
tion of, 44 
fractions, 121, 232 
reflection and transmission coeffi- 
cients, 224 

Perfect conductor, 74 
dielectric, 62, 74 
magnetic conductor, 170 
Perfectly conducting wires, 140, 142 
Perforated cylindrical cavity, 269 
Period of oscillation, 21 
revolution, 21 
Permeability, 65 


Phase, 15, 21, 23 
amplitude pattern, 252 
constant, 23, 24, 26, 82 
of bent wave guide, 326, 328 
chain of transducers, 109 
rectangular guide, 318 
uniform line, 196 
length, 452 
slowness, 25 
velocity, 23, 25 
Plane conducting strip, 266 
earth, waves over, 259, 431 
of incidence, 251 
waves, 24, 242, 410 
Pohl, R. W., 60 

Point charge in semi-infinite me- 
dium, 172 
functions, 3 

generators, 41, 42, 190, 201, 202, 
217 

sources, 189, 201 
Poisson’s equation, 176 
Polarization, 90 
currents, 92, 157 

Poles of impedance function, 30, 
31 

Potential coefficients, 165 
distribution on perfectly conduct- 
ing wires, 140 
functions, 282, 286, 399 
of line charges, 181fF 

magnetostatic double layer, 161 
point charges, 169, 170 
simple and double layers, 165 
layer, 160 

Power absorption, 218, 288, 320, 
324, 439 

dissipation, 62, 116, 321 
factor, 511 

flow in rectangular guide, 319 
ratio for circular aperture, 357 
ratios, 25 

received by load resistance, 136 
reflection and transmission coeffi- 
cients, 212 
Poynting vector, 78 
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Primary constants of medium, 81, 90 
uniform line, 195 
Principal oscillation mode, 155 
transmission mode in antenna re- 
gion, 445, 447 
voltage and current, 449 
wave, 281, see Dominant wave 
Principle of conser\^ation of charge, 
143, 151 
energy, 77 

Progressive waves, 26 
cylindrical, 300 
in bent guides, 325 
nonuniform lines, 206 
uniform lines, 193 
on a wire, 348 
on coaxial cones, 287 
Propagation constant, 23, 81 
of chain of transducers, 109 
coaxial cylinder, 276, 277 
compound conductors, 280 
iterative structure, 237 
plane wave between parallel 
strips, 243 

rectangular guides, 317 
TE waves, 381 
TEM waves, 281, 286 
TM waves, 377 
uniform line, 112, 192 
waves between impedance 
sheets, 484 
Proximity effect, 285 
Push-pull, generators in, 140, 143,189 

Q definition, 22, 83 

in terms of energy and power, 
116 

of conical resonators, 289 

cylindrical cavity, 269, 439, 512 
doublet antenna, 512 
parallel circuit, 119 
rectangular cavity, 509 
resonant section of coaxial pair, 
280 

series circuit, 115 
spherical cavity, 296, 299 


Q, of uniform line, 230 
wire loop, 512 

Quarter wave section of uniform li ne, 
219 

Quasi-conductor, 84 
Quasi-dielectric, 84 
Quasi-static waves, 302 

Radial admittance 272, see Radial 
impedance 
capacitance, 272 
impedance, 261 
of biconical antennas, 442 
coaxial cylinders, 269, Til 
coil on magnetic core, 311 
current filaments, 308 
cylindrical waves, 273, 301, 
304, 306 

spherical waves, 401, 404 
propagation constant, 407 
Radians per second, 21 
Radiated power, 333 

effect of radius of wire on, 341 
field of current element in terms 
of, 134 

from antenna energized at cen- 
ter, 373 

current element, 133 
loop, 509 

open end of coaxial pair, 
509 

perfectly conducting wire, 
144 

two current elements, 137 
parallel wires, 372, 373 
Radiation from current sheets, 354 
open end of rectangular guide, 
359 

progressive current waves on a 
wire, 348 

intensity, 333, 509 
approximate forms of, 351, 352 
pattern, 335 

for broadside array, 348 
conical antennas, 469 
end-fire array, 347 
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Radiation^ resistance of current ele- 
ment, 134 
loop, 147 

perfectly conducting wire, 
144 

vertical antenna, 340 
vectors, 332, 334 
Reactance, 27, 30 
Real part of complex number, 14 
Receiving antennas, 478 
Reciprocity theorem for antennas, 
477 

electric networks, 103 
mutual inductance coeffi- 
cients, 179 

uniform lines, 202, 476 
Rectangular aperture in absorbing 
screen, 355, 358, 367, 
368 

wave guides, 154, 316, 484, 490, 
494, 508 

bending of, 324, 328 
Reflected field, 157, 433 
potential, 164 
waves, 218, 252, 294 
Reflection, 156 

at oblique incidence, 251 

discontinuities in wave guides, 
492 

charts, 213ff 
coefficients, 232 

as functions of the impedance 
ratio, 212 

for dielectric plate, 429 
iterative structures, 237 
magnetostatic shields, 309 
nonuniform lines, 226 
power, 212 
uniform line, 210 
sections, 226 

plane waves, 247, 253, 254, 
257, 258 

waves over plane earth, 433 
formation of wave functions 
using, 227 

from circular plate, 358 


Reflection, in wave guides, 320, 490 
loss, 304ff 
Refracted field, 157 
waves, 255 

Region enclosed by a curve, 185 
Relative derivative, 18 
dielectric constant, 83 
directions of E, //, v, 242 
permeability, 83 
polarization, 91 

width ot resonance curve, 117, 506 
Resistance, 27, 30, 62, 480 
film as guide terminator, 483 
between perfectly conducting 
planes, 489 

normal to metal plate, 90 
sheets, 246 
Resistor, 27, 98 
Resonance, 115 
curves, 115, 117, 271 
in cylindrical cavities, 269 
slightly nonuniform lines, 237 
spherical cavities, 292, 296, 
299 

uniform lines, 507 
Resonant frequency, 115 

impedance of cylindrical anten- 
nas, 464 

lengths of antennas, 454, 456, 465 
wavelength 237, see Resonance 
Response of linear system to arbi- 
trary force, 32, 36, 37 
unit impulse, 36, 37 
voltage step, 36 
Retarded potential, 128 
Rhombic antenna, 461 
Riemann space, 409 
Root mean square radial electric 
current, 403 
magnetic current, 405 
Roots of Jn{k) = 0, 389 
fr.{k) = 0, 390 

Scalar potential, 128, 375, 380 

product, 2, 16 

Schwarz transformation, 184fF 



528 


INDEX 


Secondary electromagnetic con- 
stants, 81 

Sectorial waves, 153 
Self-impedance of finite wire, 373 
Self-reactance of antenna, 295 
Semi-infinite line, 108 
Series circuit, 29, 37, 115, SOI, 511 
distributed constants, 188, 195 
generator, 189 
impedance, 39 

reactance for impedance match- 
ing, 221 

Shielding, 303fF 

attenuation ratio, 314 
effectiveness, 247 
efficiency, 306 
improvement, 305 
ratio, 308, 310 

Short-circuited line, 194, 197, 200, 
230, 233, 237 
Short-circuiting caps, 280 
Shunt admittance, 39 
distributed constants, 188, 195 
generator, 189 

susceptance for impedance match- 
ing, 220 

Simple layer of charge, 160 
transmission line, 156 
Sinusoidal current distribution on 
wire, 369 
functions, 31, 142 
Skin depth, 90 
effect, 265 

Sliding wire betw^een parallel wires, 
71 

Slightly noncircular wave guides,397 
nonuniform lines, 209, 237 
Small distance, 132 
Solenoids, 99, 273, 508 
Solid angle, 161, 350 
Sommerfeld, A., 430 
Space factor, 335ff 
Spectrum, 35, 500 
Spherical antennas, 471 
caps on ends of antennas, 450, 465 
harmonics, 45, 53, 55, 401, 472 


Spherical shields, 306, 309 
waves, 24, 285, 410 
Spheroidal antennas, 461 
Stationary fields, 159, 179, 282 
waves, 26, 294 
cylindrical, 300 
in bent wave guide, 327 
uniform line, 195 
Steady-state oscillations, 29 
Step function, 31 
Stieltjes integral, 34 
Stream function, 174 

for parallel filaments, 175, 176 
Strength of double layer, 160, 162 
impulse, 31 

Successive approximations, 208, 231, 
291 

reflections, 224 
Surface admittance, 80 
charges, 91, 93 
conductance, 80 
divergence, 7 

impedance, 80, 98, 277, 278, 296, 
483 

resistance, 80, 278, 483 
self-impedance, 279 
transfer impedance, 278 
waves, 430 
Susceptance, 27 
of cone line, 475 
System of conductors, 165 

TE waves, see Transverse electric 
TEM waves, see Transverse electro- 
magnetic 

TM waves, see Transverse magnetic 
Terminal admittance of conical an- 
tennas, 452, 471 

impedance of conical antennas, 
450,452,459 

impedance, reflection from, 216 
Terminals, 480 
Thevenin’s theorem, 506 
Time growth constant, 26 
Toroidal cavity, 269 
Transducers, 104, 201, 236 
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Transducers, chains of, 108, 236 
Transfer admittance, 105 

constant of chain of transducers, 
109 

impedance, 105, 237 
ratios, 206, 308, 310, 313 
Transformation of impedances, 219 
Transient oscillations, 29 
Translation formula for radiation 
vectors, 334 

Transmission coefficients, 223, see 
Reflection coefficients 
for iris in wave guide, 493 
equations for bent wave guides, 
326 

coa.dal cylinders, 276 
concentric spheres, 436 
conical guides, 406 
current element, 506 
loop, 506 
disc line, 261 
parallel strips, 243 
wires, 144, 188, 283 
perfectly conducting wires, 
143 

rectangular guide, 321 
TE waves, 155, 381, 404 
TEM waves, 282, 286 
TM waves, 151, 378, 400 
uniform lines, 188 
plane waves, 242 
waves between impedance 
sheets, 489 

lines,39,112, 148,188,502,507 
as transducers, 201 
constants of, 39, 188, 195 
dissipative, 192, 196, 200 
nondissipative, 195, 198, 215 
wave functions, for, 192 
modes, 155, 235, 411 
in antenna region, 446 
theory of shielding, 307 
Transmitted field, 157 
potential, 164 
waves, 218, 255, 257 
Transverse electric waves, 154 


Transverse electric waves, average 
energy in, 385 

between coaxial cylinders, 391 
cylindrical, 300, 408 
Clines for, 395 
in cylindrical cavities, 438 
guides, 383, 484 
rectangular tube, 154, 316, 
388 

plane, 380 
spherical, 403 

electromagnetic waves, 154, 242, 
260, 320 

between coaxial cylinders,275 
on coaxial cones, 286 
cylindrical wires, 290 
parallel wires, 283 
plane, 281 
spherical, 285 
magnetic waves, 154 

average energy in, 385 
between coaxial cylinders, 390 
cylindrical, 303, 408 
iodines for, 396 
in cylindrical cavities, 438 
guides, 383, 484 
rectangular guides, 508 
plane, 375 
spherical, 399 
wire in wave guide, 494 
Tubes of flow, 506 
Two-dimensional fields, 299 
stationary, 173 
Two-wire shield, 307 

Uniform cylindrical waves, 260 
field slice, 76, 78 
lines, see Transmission lines 
plane waves, 87, 242, 433 
Unit complex number, 16 
impulse, 32 

contour integral for, 35 
source, 32 
step, 31 

contour integral for, 34 
Units in MKS system, 60 
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TTniversal resonance curves, 117 

Vector, 1 

components of, 2 
point function, 6 
potential, 128 
nonharmonic, 138 
of current distribution, 132, 331 
product, 3, 16 

Vectors, addition and subtraction of, 

1,2 

Vertical antennas, 339, 461, 463 
Voltage transfer ratio, 206, 223 

Watson, G. N., 49 
Wave equation, 86 
functions, 23 
guides, 148 
circular, ISO, 322 
of miscellaneous cross-sections, 
392 

variable cross-section, 405 
rectangular, 154, 316 
triangular, 393 

impedance, 38, 206, 244, 250, 282, 
286, 482 
for TE waves, 381 
TM waves, 377 
normals, 24 
potentials, 128 
velocity, 23 
Wavefront, 75, 139 
Wavelength, 23 
Waves, 22 

at interface between two media, 88 


Waves, between coaxial cylinders, 
275 

concentric spheres, 435 
impedance sheets, 484 
from arbitrary distributions of 
sources, 204 
in conductors, 88 
dielectric wires, 425 
dielectrics, 87 

transmission lines, 39, 188fF 
on coaxial conductors, 418 
inclined wires, 292, 469 
infinitely long wire, 417 
parallel wires, 39, 188, 421 
single wire, radiation from, 348 
over dielectric plate, 428 
plane earth, 431 

Wedge, potential of line cha^-ge in- 
side, 183, 185 
transmission line, 274, 475 

Wheeler, H. A., 285 

Wires energized unsymmetrically, 
470 

normal to conducting disc, 510 
of finite length, field of, 369, 371 
radius, constants of, 263 
power radiated by, 341 
with tapered terminals, 481 

Zenneck, J., 430 

Zero impedance sheet, 74, 246, 485 

Zeros of impedance function, 30, 37, 
118, 297 

Zonal harmonics, 451 
waves, 442 




